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Preface

This volume consists of the proceedings of the Sixth International Conference
on Formal Modelling and Analysis of Timed Systems (FORMATS 2008). The
main goal of this series of conferences is to bring together diverse communities of
researchers that deal with the timing aspects of computing systems. Both fun-
damental and practical aspects of timed systems are addressed. Further, three
invited talks that survey various aspects of this broad research domain were
presented at the conference: “Composing Web Services in an Open World: QoS
Issues” (Albert Benveniste); “Recent Results in Metric Temporal Logic” (Joél
Ouaknine); “Comparing the Expressiveness of Timed Automata and Timed Ex-
tensions of Petri Nets” (Jiri Srba).

FORMATS 2008 was co-located with QEST 2008 (Fifth International Confer-
ence on the Quantitative Evaluation of SysTems) and took place in Saint-Malo,
France, during September 14-17, 2008. Detailed information about FORMATS
2008 can be found at http://formats08.inria.fr/, while, the generic link for
the QEST conference series is http://www.qgest.org. This was a great oppor-
tunity for researchers of both communities to share their scientific interests in
timed systems.

This year we received 37 submissions and the Programme Committee selected
17 submissions for presentation at the conference. FORMATS 2008 used the
EasyChair conference system to manage the reviewing process. The topics dealt
with by the accepted papers cover: the theory of timed and hybrid systems,
analysis and verification techniques and case studies. We wish to thank the
Programme Committee members and the other reviewers for their competent
and timely review of the submissions. We also wish to sincerely thank the three
invited speakers, Albert Benveniste, Joél Ouaknine, and Jiri Srba, for accepting
our invitation and providing extended abstracts of their talks to be included in
the proceedings. As always, the Springer LNCS team provided excellent support
in the preparation of this volume.

July 2008 Franck Cassez
Claude Jard



Programme Chairs

Franck Cassez
Claude Jard

Organization

CNRS, IRCCyN, France
ENS de Cachan, IRISA, France

Programme Committee

Eugene Asarin
Patricia Bouyer
Ed Brinksma

Franck Cassez
Flavio Corradini
Deepak D’Souza
Martin Fréanzle
Goran Frehse
Claude Jard
Joost-Pieter Katoen
Bruce Krogh
Salvatore La Torre
Insup Lee

Rupak Majumdar
Brian Nielsen

Joél Ouaknine
Paritosh Pandya
Paul Pettersson
Jean-Francois Raskin
P.S. Thiagarajan
Stavros Tripakis

Frits Vaandrager
Farn Wang

Wang Yi
Tomohiro Yoneda

Local Organization

LIAFA, University of Paris 7 and CNRS, France

CNRS, LSV, France

ESI, University of Twente and Eindhoven
University of Technology, The Netherlands

CNRS, IRCCyN, France

University of Camerino, Italy

CSA, TISc, Bangalore, India

University of Oldenbourg, Germany

University of Grenoble 1, Verimag, France

ENS de Cachan, IRISA, France

RWTH Aachen University, Germany

Carnegie Mellon University, USA

University of Salerno, Italy

University of Pennsylvania, USA

UCLA, USA

CISS and Aalborg University, Denmark

Oxford University, UK

TIFR, India

Malardalen University, Sweden

ULB, Belgium

National University of Singapore

Cadence Research Labs and Verimag/CNRS,
Berkeley, USA

Radboud University Nijmegen, The Netherlands

National Taiwan University, Taiwan

Uppsala University, Sweden

NII, Tokyo, Japan

Léna Baudoin, INRIA, France

Laurence Dinh, INRIA, France

Claude Jard, ENS de Cachan, IRISA, France
Elisabeth Lebret, INRIA, France



VIII Organization

Sponsors

The organization of FORMATS 2008 was supported by: CNRS, ENS-Cachan,
INRIA. FORMATS 2008 was financially supported by: CNRS, ENS-Cachan,
INRIA, GDR ASR et MACS du CNRS: groupe AFSEC, Université de Rennes 1,
Rennes Métropole, Région Bretagne.

External Reviewers

Erika Abraham Kamal Lodaya

David Arney Morgan Magnin
Henrik Bohnenkamp Junkil Park

Diletta Romana Cacciagrano Pavithra Prabhakar
Thomas Chatain Jan-David Quesel
Taloue Chen Rajarshi Ray

Vivien Chinnapongse Pierre-Alain Reynier
Martin De Wulf Oliviero Riganelli
Maria Rita Di Berardini Olivier Henri Roux
Amir Hossein Ghamarian Pritam Roy

Nan Guan Prahladavaradan Sampath
Christoph Haase Cristina Seceleanu
Tingting Han Jeremy Sproston

Loic Hélouét Ingo Stierand
Maneesh Khattri Jagadish Suryadevara
Daniel Klink Tino Teige

Pavel Krcal Luca Tesei

Didier Lime Louis-Marie Traounez

Birgitta Lindstrom



Table of Contents

Invited Talks

Some Recent Results in Metric Temporal Logic ...................... 1
Joél Ouaknine and James Worrell

Composing Web Services in an Open World: Issues of Quality of
31 e S 14
Albert Benveniste

Comparing the Expressiveness of Timed Automata and Timed
Extensions of Petri Nets . ... i 15
Jirt Srba

Session 1. Extensions of Timed Automata and
Semantics

Infinite Runs in Weighted Timed Automata with Energy Constraints . . . 33
Patricia Bouyer, Uli Fahrenberg, Kim G. Larsen,
Nicolas Markey, and Jiri Srba

Concavely-Priced Timed Automata (Extended Abstract).............. 48
Marcin Jurdziriski and Ashutosh Trivedi

Average-Price and Reachability-Price Games on Hybrid Automata

with Strong Resets . ... ... 63
Patricia Bouyer, Thomas Brihaye, Marcin Jurdziniski,
Ranko Lazié¢, and Michat Rutkowski

Timed Automata with Integer Resets: Language Inclusion and
EXpressiveness . . . ... 78
P. Vijay Suman, Paritosh K. Pandya,
Shankara Narayanan Krishna, and Lakshmi Manasa

Session 2. Timed Games and Logic

Complexity of Metric Temporal Logics with Counting and the Pnueli
Modalities .. ...t 93
Alexander Rabinovich

MTL with Bounded Variability: Decidability and Complexity .......... 109
Carlo A. Furia and Matteo Rossi



X Table of Contents

Timed Parity Games: Complexity and Robustness ...................
Krishnendu Chatterjee, Thomas A. Henzinger, and
Vinayak S. Prabhu

On Scheduling Policies for Streams of Structured Jobs ................
Aldric Degorre and Oded Maler

Session 3. Case Studies

A Framework for Distributing Real-Time Functions ..................
Frédéric Boniol, Pierre-Emmanuel Hladik, Claire Pagetti,
Frédéric Aspro, and Victor Jégu

Formal Modeling and Scheduling of Datapaths of Digital Document
Printers. ...
Georgeta Igna, Venkatesh Kannan, Yang Yang, Twan Basten,
Marc Geilen, Frits Vaandrager, Marc Voorhoeve,
Sebastian de Smet, and Lou Somers

Session 4. Model-Checking of Probabilistic Systems

A Uniformization-Based Algorithm for Model Checking the CSL Until
Operator on Labeled Queueing Networks. .. ...... .. ... ... ... ......
Anne Remke and Boudewijn R. Haverkort

Model Checking HML on Piecewise-Constant Inhomogeneous Markov
Chains . ...
Joost-Pieter Katoen and Alexandru Mereacre

Session 5. Verification and Test

Convergence Verification: From Shared Memory to Partially
Synchronous Systems .. ... ..
K. Mani Chandy, Sayan Mitra, and Concetta Pilotto

Compositional Abstraction in Real-Time Model Checking .............
Jasper Berendsen and Frits Vaandrager

On Conformance Testing for Timed Systems ........................
Julien Schmaltz and Jan Tretmans

Session 6. Time Petri Nets

Relevant Timed Schedules/Clock Valuations for Constructing Time
Petri Net Reachability Graphs .. ..... ... ... .. . i i ..
Hanifa Boucheneb and Kamel Barkaoui



Table of Contents XI

Parametric Model-Checking of Time Petri Nets with Stopwatches
Using the State-Class Graph ........ .. ... .. .. . . ... 280
Louis-Marie Traonouez, Didier Lime, and Olivier H. Roux

Author Index . . ... ... . 295



Some Recent Results in Metric Temporal Logic

Joél Ouaknine and James Worrell

Oxford University Computing Laboratory, UK
{joel, jbu}@comlab.ox.ac.uk

Abstract. Metric Temporal Logic (MTL) is a widely-studied real-time
extension of Linear Temporal Logic. In this paper we survey results
about the complexity of the satisfiability and model checking problems
for fragments of MTL with respect to different semantic models. We show
that these fragments have widely differing complexities: from polynomial
space to non-primitive recursive and even undecidable. However we show
that the most commonly occurring real-time properties, such as invari-
ance and bounded response, can be expressed in fragments of MTL for
which model checking, if not satisfiability, can be decided in polynomial
or exponential space.

1 Introduction

Linear temporal logic (LTL) is a popular formalism for the specification and
verification of concurrent and reactive systems [28]. Most approaches that use
LTL adopt a discrete model of time, where a run of a system produces a sequence
of observations. Such a model is inadequate for real-time systems, where a run
of a system is modelled either as a sequence of events that are time-stamped
with reals or as a trajectory with domain the set R4 of non-negative reals.

In fact, interpretations of LTL on the reals were considered long before tem-
poral logic became popular in verification. For example, the celebrated result
of Kamp [20] that LTL with the “until” and “since” modalities is expressively
complete for the first-order monadic logic over (N, <) also holds for the struc-
ture (R, <). A more recent development has been the extension of LTL to allow
specifying quantitative or metric properties over the reals [2T23]. For example,
when specifying the behaviour of a real-time system one may want to stipulate
deadlines between environment events and corresponding system responses: ev-
ery alarm is followed by a shutdown event in 10 time units unless all clear is
sounded first.

The most widely known such extension is Metric Temporal Logic (MTL) in
which the modalities of LTL are augmented with timing constraints [2I]. For
example, the informally stated property above might be rendered

O(alarm — (<O (o,10) allclear V < 110y shutdown))

in MTL. Here < (g 10) means sometime in the next 10 time units, while Gy
means in exactly 10 time units.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 1[13] 2008.
© Springer-Verlag Berlin Heidelberg 2008



2 J. Ouaknine and J. Worrell

An alternative approach to extending LTL is embodied in Timed Propositional
Temporal Logic (TPTL) [6]. TPTL is a version of first-order temporal logic in
which first-order variables range over the time domain and there is a restricted
form of quantification, called freeze quantification, in which every variable is
bound to the time of a particular state. In TPTL the above property could be
written

Oz.(alarm — (Cy.(allclear Ny — x < 10) V Cz.(shutdown A z — xz = 10)) .

Here x is bound to the time of the alarm event, y is bound to the time of the
allclear event, and z is bound to the time of the shutdown event.

The relative expressiveness of MTL and TPTL is investigated in [§]. In par-
ticular it was shown there that MTL corresponds to a proper subset of the
two-variable fragment of TPTL. In general it seems that the extra expressive-
ness of TPTL compared to MTL makes it harder to identify interesting decidable
fragments of the former.

Yet another approach to reasoning about metric properties of computations is
to work within the framework of monadic predicate logic [BIT7IIRIZT]. For exam-
ple, Hirshfeld and Rabinovich [I7] introduce the Quantitative Monadic Logic of
Order (QMLO), a fragment of first-order monadic logic over (R, <,+1). QMLO
carefully restricts the use of the +1 function to a type of bounded quantification.
For example, given a QMLO formula ¢ with one free variable,

Ft)Sietle =3t(to <t <to+ 1 A(t))

denotes a formula with free variable tg. It turns out that QMLO has the same
expressiveness as a well-known decidable subset of MTL [I7].

In this paper we concentrate on Metric Temporal Logic, although naturally
many of the ideas we develop apply more widely. We survey a wide variety
of complexity and decidability results for fragments MTL and show that these
fragments have widely differing complexities: from PSPACE to non-primitive re-
cursive and even undecidable. Reinforcing the message of [15], our objective is
to illustrate that great care must be exercised in extending LTL to handle metric
properties if one is to avoid a blow-up in the complexity of verification.

2 Metric Temporal Logic

Given a set P of atomic propositions, the formulas of MTL are built from P using
Boolean connectives, and time-constrained versions of the until operator U as
follows:

pu=ploploneleUrp,

where I C (0, 00) is an interval of reals with endpoints in NU{co}. We sometimes
abbreviate U o) to U, calling this the unconstrained until operator.

Further connectives can be defined following standard conventions. In ad-
dition to propositions T (true) and L (false), and to disjunction V, we have
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the constrained eventually operator Gro = T Up @, the constrained always op-
erator Oy = —Crnp, and the constrained dual until operator o1 Ur g2 =
=((=p1) Ur (—p2)). Admitting only U; as an extra connective one can transform
any MTL formula into an equivalent negation normal form, in which negation is
only applied to propositional variables.

Sometimes MTL is presented with past connectives (e.g., constrained versions
of the “since” connective from LTL) as well future connectives [5]. However we
do not consider past connectives in this paper.

Next we describe two commonly adopted semantics for MTL.

Continuous Semantics. Denote by R the set of nonnegative real numbers. Given
a set of propositions P, a signal is a function f: R, — 2F mapping t € R, to
the set f(t) of propositions holding at time t. We say that f has finite variability
if its set of discontinuities has no accumulation points. Given an MTL formula ¢
over the set of propositional variables P, the satisfaction relation f | ¢ is
defined inductively, with the classical rules for atomic propositions and Boolean
operators, and with the following rule for the “until” modality, where f* denotes
the signal f(s) = f(t + s):

fE @1 U poiff for some t € I, f' = ¢o and f* = ¢y for all u € (0,¢).

Pointwise Semantics. In the pointwise semantics MTL formulas are interpreted
over timed words. Given an alphabet of events X, a timed word p is a finite or
infinite sequence (09, 79)(01,71) ... where o; € X and 7; € Ry, such that the
sequence (7;) is strictly increasing and non-Zeno (i.e., it is either finite or it
diverges to infinity). The requirement of non-Zenoness is closely related to the
condition of finite variability in the continuous semantics. It reflects the intuition
that a system has only finitely many state changes in bounded time interval.

Given a (finite or infinite) timed word p = (o, 7) over alphabet 2° and an
MTL formula ¢, the satisfaction relation p,i = ¢ (read p satisfies ¢ at position
i) is defined inductively, with the classical rules for Boolean operators, and with
the following rule for the “until” modality:

p,1 = 1 Ur @2 iff there exists j such that i < j <|p|, p,j = w2, 7j — i € I,
and p, k = ¢ for all k with i <k <j.

The pointwise semantics is less natural if one thinks of temporal logics as
encoding fragments of monadic logic over the reals. On the other hand it seems
more suitable when considering MTL formulas as specifications on timed au-
tomata. In this vein, when adopting the pointwise semantics it is natural to
think of atomic propositions in MTL as referring to events (corresponding to
state changes) rather than to states themselves.

For example, consider the specification of a traffic light. In the continuous
semantics one might introduce propositions such as green and red to denote the
state of the light. Then one could write a formula O(green — (green U 5) red))
to say that whenever the light is green it stays green until turning red in at most
five time units. By contrast, in the pointwise semantics one would introduce
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propositions referring to events. For example, suppose the propositions green
and red hold of events that respectively turn the traffic light green and red.
Then the specification O(green — (—red Uysy red)) says that after the traffic
light turns green it next becomes red after exactly 5 time units.

Decision Problems. This paper focuses on the following two fundamental decision
problems:

— The satisfiability problem, asking whether a given MTL formula ¢ is satisfi-
able by some signal (or timed word).

— The model-checking problem, asking whether a given timed automaton A
satisfies a given MTL formula ¢, i.e., whether all signals (or timed words)
accepted by A satisfy ¢ (see [3] for details).

We consider satisfiability and model checking for various fragments of MTL,
relative to the continuous semantics and both the finite-word and infinite-word
variants of the pointwise semantics.

3 Alternating Timed Automata

In this section we review the notion of alternating timed automata. This class of
automata is closely related to MTL and plays a key role in decision procedures
for the latter over the pointwise semantics. (By contrast, over the continuous
semantics it generally seems possible to avoid the use of automata in decision
procedures [17].)

Following [22I27] we define an alternating timed automaton to be an alter-
nating automaton augmented with a single clock variableﬂ, which is denoted
x. Given a finite set S of locations we define a set of formulas @(S,z) by the
gramiar:

pu=p1Ap2 1V |s|z~clayp,

where ¢ € N, ~ € {<,<,>,>}, and s € S. A term of the form x ~ ¢ should
be thought of as a clock constraint, whereas the expression x.p is a binding
construct corresponding to the operation of resetting the clock x to 0.

In an alternating timed automaton the transition function maps each location
s € S and event a € X' to an expression in @(S, ). Thus alternating automata
allow two modes of branching: existential branching, represented by disjunction,
and universal branching, represented by conjunction.

Formally an alternating timed automaton is a tuple A = (X, S, s, F, ), where

— X is a finite alphabet

— S is a finite set of locations

— 89 € S is the initial location

— I C S is a set of accepting locations

—6: 8% X — &S, x) is the transition function.

! Virtually all decision problems, and in particular language emptiness, are undecid-
able for alternating automata with more than one clock.
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Before stating the formal definition of a run of an alternating timed automaton,
we give an example of how an MTL formula can be translated into an equivalent
automaton.

Ezample 1. The MTL formula O(a — <©y13b) (‘for every a-event there is a b-
event exactly one time unit later’) can be expressed by the following automaton
A. Let A have two locations {s, ¢} with s the initial and only accepting location,
and transition function 6 given by the following table:

a b
ssAx.t S
t t (x=1)Vt

Location s represents an invariant. When an a-event occurs, the conjunction in
the definition of é(s, a) results in the creation of a new thread of computation,
starting in location t¢. Since this location is not accepting, the automaton must
eventually leave it. This is only possible if a b-event happens exactly one time
unit after the new thread was spawned.

We now proceed to formally define a run of an alternating timed automaton A.
A state of A is a pair (s,v), where s € S is a location and v € Ry is a clock
value. Write @ = S x R for the set of all states of A and define a configuration
to be a finite subset of Q). A configuration M C @ and a clock value v € R
defines a Boolean valuation on @(S, z) as follows:

— My o1 Apa if M |=y 1 and M =, )
- ME,p1 Vit M =, o1 or M =, oo
- M=, sif (s,v) e M
-ME,z~cifv~c

- M,z if M=o .

A tree is a non-empty prefix closed set of nodes T C N*. A run of an alter-
nating timed automaton A on a timed word p = (o, 7) consists of a tree T and a
labelling | : T — @ of the nodes of T' by states of A such that: (i) [(¢) = (s0,0)
(the root is labelled by the initial state); and (4) for each node t € T with
I(t) = (s,v), we have that M =, 6(s,0,), where n = [t| is the depth of ¢,
vV =v+ (1 —Tp—1) and M = {l(t-n) : t-n € T,n € N} is the set of labels
of the children of ¢. Finally, an infinite run is accepting if every infinite branch
contains infinitely many accepting locations, while a run on a finite word p is
accepting if every node at depth |p| is accepting.

Example [[] can be generalised to show that for each MTL formula ¢ there is
an alternating timed automaton A, such that {p : p = ¢} is the set of timed
words accepted by A. We refer the reader to [27] for details.

Well-quasi-order on Configurations. Recall that a quasi-order (W, <) consists
of a set W together with a reflexive, transitive relation <. An infinite sequence
w1, wae, w3, ... in (W, =) is said to be saturating if there exist indices 7 < j such
that w; < wj;. (W, <) is said to be a well-quasi-order (wgo) if every infinite
sequence is saturating.
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Recall that the set of states of a classical (non-deterministic) timed automaton
admits a finite quotient: the so called clock regions construction [1I2]. In the
case of alternating timed automata this generalises to a well-quasi-order on the
set of configurations as we shortly explain. This well-quasi-order is important
in establishing the termination of several decision procedures for MTL, e.g.,
in [26127].

Given an alternating timed automaton A, let ¢4, be the maximum clock
constant in the description of A. Given configurations C' and D, define C' 5 D if
there is an injection f : C'— D such that: (1) f(s,u) = (t,v) implies s = ¢ and
either [u| = [v] or |u], [v] > Cmaz; () if f(s,u) = (s,u’) and f(s,v) = (¢,0'),
then frac(u) < frac(v) iff frac(u’) < frac(v’). This quasi-order can be shown to
be a well-quasi-order using Higman’s Lemma [19/27].

4 Decidable Sublogics: Continuous Semantics

It is well known that both model checking and satisfiability for MTL in the con-
tinuous semantics are highly undecidable (X{-complete) [3]. In this section we
explain how this undecidability arises, we discuss some of the syntactic restric-
tions that have been imposed to recover decidability, and we state the complexity
of model checking and satisfiability for the resulting fragments of MTL.

4.1 Punctuality

From one point of view, the source of undecidability in MTL is the excessive
precision of the timing constraints. In particular, MTL allows so-called punctual
formulas, such as <1y p, in which the constraint is a singleton interval. Using such
punctual formulas, given an arbitrary Turing machine M with input X, one can
construct an MTL formula @7, x such that the signals satisfying ¢as x encode
accepting computations of M on X. Thus one reduces the halting problem to
the MTL satisfiability problem.

Assume that the set of atomic propositions P includes a proposition for each
tape symbol and control state of M. A configuration of M is then encoded by a
sequence of propositions holding in a unit-length time interval in a given signal.
The formula ¢ x includes a component ¢y to ensure that the first config-
uration agrees with X and a component ¢rrany that ensures that successive
configurations respect the transition function of M. For example, the punctual
formula p < <yp is used in prran to indicate that a given tape cell is un-
changed from one configuration to the next. Since there is no a priori bound on
the length of M’s computations ¢ rran appears in ¢ar,x under the scope of the
“always” operator .

Researchers were thus led to propose syntactic subsets of MTL in which punc-
tual formulas are not expressible. For example, the sub-logic MTLg o [BI15] arises
by requiring that the constraining interval I in any temporal modality either has
left endpoint 0 or right endpoint co. This logic allows one to speak about the
earliest or latest times that a formula becomes true; for example O(p — <(0,5)q)
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is an MTLp o formula saying that every p-state is followed by a g-state within
5 time units. Satisfiability and model checking for MTLg o, are both PSPACE-
complete. Thus the addition of upper- and lower-bound timing constraints to
LTL incurs no complexity blow-up.

A more general fragment of MTL that prohibits punctual specifications is
Metric Interval Temporal Logic (MITL). This is the subset of MTL in which
the constraining interval I in any temporal modality is required to be non-
singular. Alur, Feder and Henzinger [3] describe an exponential translation of
MITL formulas into equivalent non-deterministic timed automata, leading to an
EXPSPACE decision procedure for both model checking and satisfiability. It was
shown in [I8] that over the continuous semantics MTLg o and MITL are equally
expressive, although the latter is exponentially more succinct. Over the pointwise
semantics, however, MITL is strictly more expressive than MTLg o [15].

A version of MITL called Quantitative Temporal Logic (QTL) has been intro-
duced by Hirshfeld and Rabinovich [I7]. This logic simply augments LTL with
the modality < (g1) (and the correspond past modality). They show that QTL
has the same expressiveness as the version of MITL with both “until” and “since”
and give a PSPACE decision procedure for the satisfiability problem. In contrast
to the approach of [3] this procedure does not involve automata, but rather goes
via a satisfiability preserving translation of QTL into LTL. For each QTL formula
o using set of atomic propositions P one can define an LTL formula ¢, over an
augmented set of propositions PUQ, such that a signal f : R, — 2PY? satisfies
@ iff there exists a piecewise-linear monotone bijection g : Ry — R4 such that
f o g satisfies ¢. Intuitively, sets of signals that are definable in QTL (or MITL)
are also definable in LTL up to some stretching.

4.2 Boundedness

A complementary route to obtaining decidable subsets of MTL has recently been
propounded in [9IT0]. The idea is that rather than ban constraining intervals
that are too small, one bans constraining intervals that are too big. (Note in this
regard that the undecidability proof for MTL described above involved both the
punctual “eventually” connective <1y and the unbounded “always” connective
0.) Thus [10] defines BMTL to be the subset of MTL in which all constraining
intervals have finite length. For example, ¢ = O(g,10)(p < <¢q13q) is a BMTL
formula.

As with MITL, the satisfiability and model checking problems for BMTL are
ExpspACE-complete. However, unlike MITL, it is not the case that BMTL for-
mulas can be translated into equivalent timed automata. Indeed a variation on a
well-known result tells us that the set of signals satisfying the example formula
© above cannot be the language of a timed automaton [2J7].

Note that the above-defined encoding of Turing machines in MTL does not,
when restricted to BMTL, yield EXPSPACE-hardness. Since we encode Turing-
machine configurations in unit-length intervals, a BMTL version of the
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formula s x, described above, that has size polynomial in | X | can only encode
computations for which the number of steps is exponential in |X|. To achieve
ExXPsPACE-hardness requires a slightly different idea, although still crucially us-
ing punctuality.

Given a 2™-space-bounded Turing machine M with input X, we construct
in logarithmic space a BMTL formula ¢, x that is satisfiable if and only if M
accepts X. The definition of ¢, x involves a set of atomic propositions P U P,
where P is as in the undecidability proof for MTL and P = {p:pe€ P} The
dot is used as a pointer to aid in simulating M. The idea is to encode the entire
computation of M in a single time unit, rather than encoding one configuration
per time unit. In any signal satisfying a7, x the sequence of propositions holding
in the time interval [0, 1) is meant to encode the computation history of M on
input X. In this time interval we assume that the dot superscript decorates the
first tape cell of each configuration of the computation.

The definition of ¢y, x involves a formula

Ycopy = /\ Opo,21x11(p — Gy (p VD))
peP

A /\ Oo,21x11((P Ugo,1) @) < 132 Ugo,1) 9)) 5

p,qEP

that copies the sequence of propositions holding in each unit-duration time in-
terval into the subsequent time interval, at the same time moving the dot super-
script ‘one place to the right’. Thus the sequence of propositions holding in each
subsequent time interval [k, k +1), k = 1,...,2/%I — 1, should also represent
the computation history of M on X. The only difference is that in the interval
[k, k + 1) the dot decorates exactly those propositions encoding the contents of
the k-th tape cell in each configuration in the computation history.

In addition to ¢copry, ¢am,x has another component pcprck. For a given
unit-length time interval [k, k + 1), woupckx uses the dots as pointers to check
the correctness of the k-th tape cell in each configuration. Thus, in 2/ time
units the whole computation is checked.

4.3 Flatness

MITL and BMTL represent two different approaches to obtaining decidable met-
ric temporal logics, and they have incomparable expressive power. In particular,
BMTL is not capable of expressing invariance—one of the most basic safety
specifications. To repair this deficiency [10] consider the syntactic property of
flatness as a generalisation of boundedness. The term flatness here is motivated
by by similarities with logics introduced in [T2JT3]. Intuitively an MTL formula
is flat if no punctual subformula appears within the scope of a connective that
involves unbounded universal quantification over the time domain. In fact the
most natural way to state the results of [I0] is in terms of the dual notion to
flatness, called coflatness.

The condition of coflatness applies to formulas in negation normal form. Recall
that such formulas feature the constrained dual until operator Uy in addition to
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the constrained until operator. Formally we say an MTL formula in negation
normal form is coflat if (i) in any subformula of the form 3 Ur o, either T is
bounded or ¢9 is in MITL, and (%) in any subformula of the form ¢ U; 02,
either I is bounded or ¢, is in MITL. If we write CFMTL for the sublogic of coflat
formulas then CFMTL includes both BMTL and MITL, is closed under O0; for
arbitrary I (invariance), and is closed under Uy for bounded I (bounded liveness).
Thus, for specifications, coflatness is a very natural and mild restriction.

The formula O(req — < (0,1)(acq A Opiyrel)) says that every time a lock is
requested, it is acquired within one time unit, and released after exactly one
further time unit. This formula is in CFMTL, but is not in BMTL (due to the
unconstrained 0) nor is it in MITL (due to the punctual <yy).

The main result of [I0] is that the model-checking problem for CFMTL is
ExXPsPACE-complete; moreover this result holds irrespective of whether the con-
stants in the timing constraints are encoded in unary or binary. In the case that
constants are encoded in unary, the proof of EXPSPACE-hardness follows the
same idea as the EXPSPACE-hardness proof for BMTL satisfiability. The match-
ing upper bound is via a translation to LTL that incurs an exponential blow-up.
Thus for the most commonly occurring specification patterns, such as invariance
and bounded response, punctuality can be accommodated while model checking
remains in EXPSPACE.

We emphasise that the above refers to model checking and not satisfiability.
In fact the satisfiability problem for CFMTL is undecidable for the simple reason
that all the formulas used in the proof of undecidability of satisfiability for MTL
are coflat. (Note that CFMTL is not closed under negation.)

5 Decidable Sublogics: Pointwise Semantics

From another point of view, the source of undecidability in MTL is the richness
of the semantic model. A natural restriction on the semantics is to interpret
the logic on timed words in which all timestamps are integers. Indeed it is of-
ten argued that integer time suffices for most applications [I6]. With respect
to integer-valued timed words, satisfiability and model checking for MTL are
easily seen to be EXPSPACE-complete, matching the complexity of MITL over
the continuous semantics. The exponential blow-up over LTL arises from the
possibility to write timing constraints succinctly in binary. We note that such
succinct timing constraints are also the cause of the exponential blow-up in the
complexity of MITL over MTL: if timing constraints are written in unary then
model checking and satisfiability for MITL in the continuous semantics are both
PspAaCE-complete.

Keeping with timed words, but now allowing timestamps to be arbitrary real
numbers, the situation becomes more delicate. Over finite timed words both
model checking and satisfiability for MTL are decidable but not primitive re-
cursive [27]. Over infinite timed words both problems are undecidable. Thus in
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the pointwise semantics the situation between decidability and undecidability is
finely balanced.

The decidability of satisfiability and model checking for MTL over finite timed
words was proved in [27] by giving a procedure for deciding language emptiness
for alternating timed automata over finite words. That procedure used forward
reachability analysis to search for an accepting computation tree on a given
automaton. The well-quasi-order on configurations identified in Section [3] was
used to prove the termination of such a search.

At this point it is instructive to see why the undecidability proof for MTL over
the continuous semantics fails over the pointwise semantics. Consider the formula
O(a < Ogya). For a timed word to satisfy this formula every a-event should
be followed by another a-event after exactly one time unit. However the formula
does not force every a-event to be preceded by an a-event one time unit earlier
(for the reason that the former might not be preceded by any event exactly one
time unit earlier). Thus if we try to encode computations of a Turing machine
as timed words in MTL, we find that we can only encode the computations of a
machine with insertion errors.

In fact, when considering such erroneous computation devices it is more con-
venient to talk about a class of computing devices called insertion channel ma-
chines with emptiness-testing, or ICMET [25]. Such devices consist of a finite
control together with a fixed number of unbounded channels (or queues). Tran-
sitions between control states can write messages to the tail of a channel, read
messages from the head of a channel, or perform an emptiness test on a channel
There is a formal duality between such ICMETSs and lossy channel machines [30].

The control-state reachability problem for ICMETSs asks whether a given
ICMET has a finite computation starting from the initial state and ending in an
accepting control state. The recurrent-state problem for ICMETSs asks whether a
given ICMET has an infinite computation that visits an accepting state infinitely
often. The control-state reachability problem is decidable, but not primitive re-
cursive, while the recurrent-state problem is undecidable [2527130].

As suggested above, one can encode finite computations of ICMETSs using
MTL formulas over finite timed words; thus one shows that satisfiability and
model-checking for MTL over finite timed words are not primitive recursive.
Similarly one can reduce the recurrent-state problem for ICMETSs to the satisfi-
ability and model checking problems for MTL over infinite words, showing that
the latter two problems are undecidable. In particular the formula O<Cp is used
to encode the fact that a computation visits an accepting state infinitely often.

5.1 Safety

The last remark above suggests that one might recover decidability over infi-
nite timed words by restricting to safety properties. This approach was taken

2 In contrast to models of asynchronous communication, we assume that the same
finite control automaton writes to and reads from the channels.
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in [26l27] which defined a syntactic fragment of MTL called Safety MTL (SMTL).
An MTL formula in negation normal form is said to be in SMTL if in any subfor-
mula of the form o1 U @2 the interval I is bounded. No restrictions are placed
on the dual until connective U. For example, if ¢ € SMTL then Oy and (g 59
are both in SMTL. Informally the requirement for a formula to be in SMTL is
that all eventualities be bounded.

Following the classical semantic definition of safety property in the untimed
setting, a set IT of infinite timed words is said to be a safety property if any
timed word p ¢ II has a finite prefix p’, such that no extension of p’ lies in
I1. Due to the assumption that timed words are non-Zeno, Henzinger [14] calls
such properties ‘safety relative to the divergence of time’. (In a dense-time model
a bounded-response property, such as (g 5)p, can only be considered a safety
property thanks to the assumption of non-Zenoness.) All SMTL formulas define
semantic safety properties.

Continuing the thread of ideas from above, the undecidability proof for MTL
over infinite timed words does not apply to SMTL, since the latter cannot en-
code a recurrent computation of an ICMET. One can reduce the termination
problem for ICMETSs [I1] to the satisfiability problem for SMTL, but the former
is decidable though non-elementary. In fact one can again use alternating timed
automata and the well-quasi-order from SectionBlto show that both satisfiability
and model checking for SMTL are decidable [26/27].

Similarly to CFMTL, SMTL is suitable for defining invariance and time-bounded
response properties. Comparing the two logics, we note that SMTL is more permis-
sive in its use of U, but less permissive in its use of U (cf. SectionH]). Notwithstand-
ing this superficial similarity, there is a chasm between the respective complexities
of the model checking problem. Model checking for SMTL is non-primitive recur-
sive [27] while it is EXPSPACE-complete for CFMTL.

6 Summary

We summarise the relationships between the various logics introduced in Sections
[ and Blin the following diagram (where < indicates a syntactic inclusion):

BMTL <’ SMTL \

LTL —— MTLo,c © MITL CFMTL — MTL

We also summarise complexity results for model-checking and satisfiability
for different fragments of MTL in Table[Il In this table results that refer to the
pointwise semantics are shaded in grey; all other results refer to the continuous
semantics. The legend ‘MTL (fin.)” in the last row stands for MTL over finite
timed words.
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Table 1. Complexity of fragments of MTL
Model Checking Satisfiability
LTL PspacE-c. PspACE-c.
MTLo,00 PspACE-c. PspPACE-c.
MITL EXPSPACE-c. EXPSPACE-c.
BMTL EXPSPACE-c. EXPSPACE-c.
SMTL Non-Prim.-Rec. Non-Elem.
CFMTL EXPSPACE-c. Undec.
MTL Undec. Undec.
MTL (fin.) Non-Prim.-Rec Non-Prim.-Rec
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Abstract. Orchestrating Web services has become the method of choice
for building new services on top of existing ones. One area of interest for
this technology is business processes. Languages and methods have been
developed and are now getting widely used, BPEL being the typical in-
stance. When exposing the profile of a Web service, Quality of Service
(QoS) must be specified. Besides security aspects, QoS involves a vari-
ety of parameters related to performance, query throughput, as well as
quality of the returned data. How should QoS be handled in this context
of Web Services Orchestrations? A number of novel and not so well iden-
tified issues occur that make this topic deviating from QoS for networks
in a substantial way.

Firstly, since Web services aim at hiding details for the external world,
no information regarding the infrastructure or resources supporting a
Web service is generally exposed. This prevents from using classical re-
source based performance models. Contracts are preferred instead. Con-
tracts expose what a service offers, in terms of both function and QoS;
in turn, contracts may or may not assume certain constraints on how the
service should be invoked.

A second important feature is that, unlike in networks, the control
in orchestrations may depend on the carried data. Consequently per-
formance and data interfere, which can cause orchestrations to become
non-monotonic with respect to QoS—improving the QoS of some called
service may degrade the overall QoS of the orchestration. Unfortunately,
relying on QoS contracts implicitly assumes monotonicity.

In a contract-based framework, a central question is to relate the
contract that the orchestration can offer to its customers, to the contracts
it has established with its subcontractors regarding the called services.
This is not so simple when dealing with Web Services Orchestrations
because actual QoS parameters vary a lot for different calls and are
better described by means of a probability distribution. I shall discuss
probabilistic soft contracts and how to compose them. Such contracts
must be monitored by the orchestration for possible violations. I shall
advocate using testing techniques from statistics for this purpose.

Orchestration reconfiguration (e.g., to cope with breaching) is another
important issue that is beyond the scope of my presentation, however.
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Abstract. Time dependant models have been intensively studied for
many reasons, among others because of their applications in software
verification and due to the development of embedded platforms where
reliability and safety depend to a large extent on the time features. Many
of the time dependant models were suggested as real-time extensions of
several well-known untimed models. The most studied formalisms include
Networks of Timed Automata which extend the model of communicat-
ing finite-state machines with a finite number of real-valued clocks, and
timed extensions of Petri nets where the added time constructs include
e.g. time intervals that are assigned to the transitions (Time Petri Nets)
or to the arcs (Timed-Arc Petri Nets). In this paper, we shall semi-
formally introduce these models, discuss their strengths and weaknesses,
and provide an overview of the known results about the relationships
among the models.

1 Introduction

In formal modelling and verification of software and hardware systems there is an
obvious need for considering time features and hence the study of so-called time
dependant models has become increasingly important. The overall research in
this area is motivated, among others, by the development of embedded platforms
which use time features and should be reliable and correct [53].

As mentioned in [83], majority of these formalisms rely on the assumption
of orthogonality between discrete and continuous (time delay) changes which
significantly simplifies the underlying semantics of time dependant models. A
run of the system can be then seen as a sequence of steps where continuous time
progress and discrete events alternate. We are going to adopt such an approach
also in this paper.

In what follows, we shall take a closer look at three prominent examples of time
dependant systems, namely Networks of Timed Automata (NTA), Time Petri
Nets (TPN) and Timed-Arc Petri Nets (TAPN). These models have existed for
a relatively long period of time but they have been developed to a large extent

* The author is supported in part by a grant of the Ministry of Education of the Czech
Republic, project No. 1M0545.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 15[32] 2008.
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independently of each other, even though they share many common features. Cit-
ing [21]: “In spite of many technical resemblances and their overlapping applica-
tion domains, few material was available until recently comparing expressiveness
of these ... models.” Fortunately, there has recently been a growing interest in
mutual comparisons of different models that include real-time constructs. One
reason for this development could be the recent availability of efficient verifica-
tion tools for timed automata, which stimulates the translation approaches from
TPN and TAPN to TA, rather than the development TPN/TAPN verification
techniques that resemble those already available for timed automata.

In this paper we will, by means of examples, introduce the models of timed au-
tomata, time Petri nets and timed-arc Petri nets. Then we provide an overview of
decidable and undecidable problems related to these models and present a sum-
mary of their strengths and weaknesses. Finally, we give an up-to-date overview
of work that aims at comparing the relative expressive power of these models. In
the last section we finish with a few concluding remarks and the possible future
development in this area.

2 Time Dependant Models

Time dependant models are often obtained by extending the untimed ones with
time constructs that enable to manipulate in different ways the passing of time.
Two well-studied approaches include the extension of finite automata resp. net-
works of communicating finite automata with a number of real-valued clocks and
different timed extensions of Petri nets.

2.1 Timed Automata and Networks of Timed Automata

Timed Automata. Timed automata were introduced by Alur and Dill [6] [7] and
have by now been recognized as one of the classical formalisms for modelling
real-time systems with dense time.

A timed automaton (TA) is a finite-state machine extended with a finite num-
ber of synchronous clocks. Transitions in the automaton are conditioned on the
clock values and taking a transition can affect (reset) the values of selected
clocks. A typical transition in a timed automaton looks like

¢ g,a,r fl

where ¢ and ¢ are locations (or states) of the automaton, g is a clock guard, a
is a label (or action) of the transition, and 7 is a subset of clocks that are reset
when the transition is taken. Guards are defined by the abstract syntax

gu=axk|z—yxk|gAhg

where x,y are elements from a given finite set of clocks, k is an integer, and
< € {<,<,>,>,=}. A timed automaton which does not contain any guard of
the form = — y < k is called diagonal-free.
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x:=0 b xr>2

Fig. 1. Example of TA

Guards can be also associated with locations and then they are called in-
variants. Invariants restrict the amount of time that can be spent in a given
location and we usually consider only invariants given by the abstract syntax:
gui=x<k|lz<k|gAhg.

A configuration of a timed automaton is a pair of a location and a clock
valuation, which is a function assigning to each clock a nonnegative real number
(the time that has elapsed since the last clock reset). Consider an example of a
timed automaton in Figure [[l where £ is a given initial location.

Starting from the configuration ({g, [x = 0]) where the value of the clock =
is zero, we can delay for any nonnegative real number d and reach the valua-
tion (¢p, [z = d]). This is called a time elapsing step. As long as we are in the
configuration where d < 1, we can also perform a discrete step by taking the
transition labelled by a. This is because the guard x < 1 is satisfied. We then
reach the configuration (41, [x = d]). In the location ¢; we can now delay for at
most 3 —d time units because of the invariant x < 3 associated with the location
f1. As soon as the value of the clock x is at least 2 we can also take the discrete
transition labelled with b and return to the initial configuration ({y, [z = 0])
because the value of the clock x is reset to 0 by taking this transition.

Networks of Timed Automata. Single timed automata can be also run in parallel.
A network of timed automata (NTA) is a parallel composition of a finite number
of timed automata where the actions are partitioned into the set of output
(suffixed with !) and input (suffixed with ?) actions. A component in the parallel
composition can make a discrete step under an action a! only if there is another
component ready to make a discrete step under the complementary action a?. In
this case the two parallel components perform a handshake synchronization and
move simultaneously to their new locations. Other types of synchronization, e.g.
in the style of Arnold-Nivat [I0] via synchronization functions, are also possible
and studied. The parallel components may also perform a time elapsing step
and in this case all the clocks age in a synchronous manner. Networks of timed
automata are not more expressive than a single timed automaton (which can
be shown by a standard product construction) but they are exponentially more
concise.

2.2 DPetri Nets

Untimed Petri Nets. Petri nets (PN) were first suggested in early sixties by Carl
Adam Petri in his PhD thesis [73] and have since then become a popular and
wide-spread model of distributed systems with many applications and a large
number of academic as well as industrial tools (see [5I] for an updated list). One
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11 P4

to

Fig. 2. Example of PN

of the main advantages of this model is its intuitive graphical representation.
Consider an example of a Petri net in Figure

The circles are called places, boxes are called transitions and arrows (also
called arcs) can connect only a place to a transition, or a transition to a place.
The dot in the place p; is called a token and it is connected with the behaviour
of the net. One place can hold several tokens. A token assignment to the places is
called a marking. A transition ¢, in a given marking, that has a token in every of
its input places (those connected to ¢ by an arc) is called enabled and can fire by
consuming one token from every of its input places and producing a new token
to every of its output places (having an incoming arc from the transition ¢).

In our example the transition ¢; is enabled and when it fires it consumes the
token in the place p; and produces two new tokens, one into the place ps and
the other into the place p3. Now either the transition ¢5 can fire and return the
net to its initial marking, or the transition ¢3 can fire, consume the token from
p3, and produce a new token into the places p3 and ps. Now the transition ts
can fire again, leaving the token in ps and producing a second token into the
place py4. It is easy to see that by repeatedly firing the transition ¢3, an arbitrary
large number of tokens will be placed into ps. This net is hence an example of
so-called unbounded net.

Formally, a net is called bounded or safe if the number of tokens in all reachable
markings is bounded by some a priori given constant. A special case when every
place in any reachable marking contains at most one token is called I-safe.

Remark 1. Despite the infinite state-spaces of unbounded Petri nets, several
properties like marking reachability, coverability, boundedness and others are
still decidable (for an overview see e.g. [47, [46]), while strong bisimilarity and
some other related problems are undecidable [54]. In order to compare the expres-
sive power of Petri nets (and their extensions with time) with finite automata-
based models, we usually consider only bounded nets. They are still useful for
modelling and analyzing many real-life problems (for an overview of different
case studies see e.g. [52]).
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Ezxtending Petri Nets with Time. Unlike timed automata, Petri nets offer several
options where the time constructs can be associated to. For example timed tran-
sitions Petri nets were proposed in [76] where transitions are annotated with
their durations. A model in which time parameters are associated with places is
called timed places Petri nets and it was introduced in [82]. For an overview of
the different extensions see e.g. [32], [72] 8S].

In this paper we shall focus on two other, perhaps the most studied, extensions
called Time Petri Nets of Merlin and Faber [66] [67] introduced in 1976 and the
model of Timed-Arc Petri Nets first studied around 1990 by Bolognesi, Lucidi,
Trigila and Hanisch [26], [50].

2.3 Time Petri Nets

In Time Petri Nets (TPN) [G6l [67] each transition has an associated time interval
which gives the earliest and latest firing time of the transition since it became en-
abled. One can think of this as every transition having an associated real-valued
clock, which gets initialized at the moment the transition becomes enabled. The
transition can fire as soon as the clock value reaches the earliest firing time and
it must fire no later than the latest firing time, unless the transition got disabled
by the firing of some other transition. This means that TPN can express urgent
behaviour (also called the strong semantics). The precise semantics of the be-
haviour is, however, not completely obvious and several different variants can be
considered [I7]. It seems that the intermediate semantics is the most often used
one. Here all transitions disabled after consuming the tokens of the transition
being fired, as well as the firing transition itself, are reinitialized.

Consider the following example of TPN presented in Figure Bl It uses the
underlying untimed net from Figure[Z enriched with time intervals on transitions.
Assume that the clocks 1, zo and 3 are associated to the transitions ¢, 2 and
ts, respectively. In the initial marking the clock x; gets initialized to the value 0
and as the firing interval of ¢; is [2, 4], the only possible behaviour of the net is to
delay any time between 2 and 4 time units and then fire the transition ;. This
produces two new tokens into ps and ps and the clocks x2 and x3 get initialized
at the same time. Now the net has to wait for another 3 time units and latest by

t1 Pa

2.4 Q
p1 p3
N
P2 [5, 7] t3
<

to

[3,4]

Fig. 3. Example of TPN
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4 time units the transition o must fire and we reach the initial marking. This
implies that ¢3 is never firable and unlike the underlying untimed net, the TPN
in our example is bounded and even 1-safe. Assume now that the time interval
[5, 7] associated with t3 is replaced by [2,8]. Now after firing ¢; and starting the
clocks x5 and x3, the transition t3 is ready to fire already after two time units,
and after another 1 time unit both ¢y and t3 are enabled. Note that after firing
ts both xo and x3 get reinitialized to 0 because we adopted the intermediate
semantics. In other semantics the clock xo might not get restarted.

2.4 Timed-Arc Petri Nets

The last extension of Petri nets that we consider in this paper is called Timed-Arc
Petri Nets (TAPN) [26], [50]. Here the time entity (also called age) is associated
with tokens. We can think of this as if every token in the net had its own private
clock. The arcs from places to transitions are labelled by time intervals which
restrict the age of tokens that can be used to fire a given transition. When new
tokens are produced, their age is set by default to 0. The usually considered
semantics is non-urgent (or weak), which means that tokens can grow older even
if this disables the firing of certain transitions (sometimes for ever). Consider
the following TAPN in Figure @ with the same underlying untimed net as in
Figure

In the initial marking there is one token of age 0 in the place p;. As the age of
the token does not belong to the interval [2,4], the transition ¢; is not enabled
yet, but only after two time units. Then anytime within another 2 units the
transition can fire and produce two new tokens of age 0 into the places ps and
ps. Note, however, that due to the non-urgent semantics it is possible that the
age of the token in p; grows beyond 4 and hence the transition ¢; gets disabled
for ever. Should this happen, the token in the place p; is called dead. Assume
now that we are in a marking with two tokens of age 0 in the places py and ps.
After waiting for two time units, the transition t3 becomes enabled and if it fires
it resets the age of the token in the place p3 to 0 and produces a new fresh token
into the place ps. By waiting for another two time units the age of the token in
the place ps reaches the value 4 and the tokens in the places ps and ps will be
of age 2. Now, for example, the transition ¢ can fire, consuming the tokens in
places p2 and p3 and producing a fresh one into the place p;. Another possible
behaviour (due to the non-urgent semantics) is that the transition ¢3 keeps firing
for ever after arbitrary delays between 2 and 8 time units. This shows that our
TAPN is unbounded and moreover every token in the place p4 will have its own
unique age. This demonstrates that unlike for TA and TPN, we cannot rely only
on a finite number of clocks associated with a given automaton/net.

Our example also shows that every time the transition ¢3 fires, the age of the
token in p3 is reset to 0. In some applications this might be undesirable and
hence in [84] the model was extended with so-called read-arcs, which allow to
test for a presence of a token in a certain place but do not change its age. It was
later shown in [30] that this extension is not only convenient from the modelling
point of view but it also extends the expressiveness of the model.
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Fig. 4. Example of TAPN

3 Overview of Known Decidability Results

In this section we shall mention a selection of positive and negative decidability
results for our three time dependant models.

3.1 Networks of Timed Automata

The region graph construction provides a universal tool for arguing about the
decidability of several problems on timed automata [6, [7]. Using this technique
it was shown, e.g., that reachability is decidable in PSPACE for TA [7] as well as
for NTA [5], untimed language equivalence for TA is decidable in PSPACE [7],
and untimed bisimilarity for TA is decidable in EXPTIME [59]. Practically more
efficient algorithms are usually achieved by considering zones instead of regions
(see e.g. [16]). Somewhat surprisingly even timed bisimilarity for timed automata
is decidable. Using region graphs on a product construction, timed bisimilarity
was shown to be decidable in EXPTIME [41].

Unfortunately, timed language equivalence for timed automata is undecid-
able [7]. In fact, even the universality problem (whether a given timed automaton
generates all timed traces) is undecidable.

3.2 Time Petri Nets

It is known that even very simple classes of timed nets extended with the notion
of urgency have the full Turing power [55] (can simulate e.g. Minsky two-counter
machines) and hence most of the verification problems for TPN like reachability
and boundedness are undecidable. For additional remarks see also [23] [74].

On the other hand, for bounded nets the state class method [24] can be often
used to derive decidability results. Regarding the complexity, it is known that
reachability (and also TCTL model-checking) of bounded TPN is PSPACE-

complete [27].
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3.3 Timed-Arc Petri Nets

In spite of the fact that reachability is decidable for ordinary Petri nets [G5],
it is undecidable for timed-arc Petri nets [7§], even in the case when tokens in
different places are not required to age synchronously [69]. On the other hand,
coverability, boundedness and other problems remain decidable for TAPN [77, [3]
[1], which are also known to offer ‘weak’ expressiveness, in the sense that TAPN
cannot simulate Turing machines [25]. Coverability is decidable even for TAPN
extended with read-arcs [30]. These results hold due to the monotonicity property
(adding more tokens to the net does not restrict the possible executions) and
the application of well-quasi-ordering (for a general introduction see [48]) resp.
better-quasi-ordering [2] techniques.

When we consider the subclass of 1-safe TAPN, it is known that the reachabil-
ity problem is no more difficult than in untimed 1-safe Petri nets and hence it is
decidable in PSPACE [84]. This is the case also for 1-safe TAPN with read-arcs.

4 Strengths and Weaknesses of the Models

This section aims at providing a comparison of the three models w.r.t. to their
modelling capabilities and their applicability for verification purposes.

4.1 Networks of Timed Automata

Pros. Timed automata are nowadays a widely used modelling formalism with
rich theoretical foundations and a number of developed verification tools like
UPPAAL [58], KRONOS [37], IF [38] and CMC [57]. A number of case studies
(see e.g. [9[14] for an overview) demonstrate that timed automata are a suitable
formalism for modelling of systems of industrial sizes and the tools have already
reached a reasonable degree of maturity and efficiency. A combination of an
easily understandable syntax and semantics together with the support for C-
like constructs and data structures (e.g. in the tool UPPAAL) makes this a
widely applicable and successful approach to modelling and verification of time
dependant systems.

Cons. On the other hand, timed automata are less convenient for modelling
of certain types of applications like work-flow management systems, production
lines with shared resources and other systems which require e.g. a dynamic cre-
ation of new processes. Here models based on Petri nets are most commonly used.
It is also known that e.g. TPN are exponentially more concise than NTA [311 [29],
so even though timed automata are as expressive as bounded Petri net based
models, the size of TA models for certain time dependant systems might be un-
necessarily large. As claimed in [45] timed automata also lack a support for high
level composable graphical patterns to support systematic design of complex
systems. The explicit use of invariants in timed automata also causes problems:
during the design of a specification it is easy to introduce time deadlocks (time
cannot progress and no transition is firable). This is usually interpreted as an
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inconsistency of the specification and should be avoided. However, such specifi-
cation errors cannot occur neither in TPN (urgency is applicable only as long as
some discrete transitions are still enabled) nor in TAPN (time is always allowed
to progress). For further discussion on this issue see [83].

4.2 Time Petri Nets

Pros. The model of TPN has been around for several decades and it has proven
to be useful for modelling of a wide range of real-time systems including work-
flow processes, scheduling problems and others [T1] [T5] 68 [75]. It has an implicit
notion of urgency suitable for modelling many real-life problems and implicitly
avoids the construction of ill-defined timed systems. There are available a few
public verification tools like TINA [22] and ROMEO [81].

Cons. Unbounded TPN are too expressive (have full Turing power) and are
hence unsuitable for automatic verification. This means that most of the ver-
ification approaches are limited to bounded nets. Also the modelling power is
restricted as TPN cannot model some useful features like e.g. a dynamic creation
of new processes which carry their own time information. In fact the number of
time clocks (associated to the transitions) is limited in advance by the structure
of the net and lacks more flexibility. Last, the exact semantics is not only more
difficult to understand than for the other two models but it also offers several
variants [I7]. Different papers use different variants of the semantics, though the
intermediate semantics described also in this paper seems most common. This is
in contrast with the conclusion drawn in [I7] where the authors give arguments
why other policies like e.g. the persistent atomic semantics should be preferred
over the intermediate semantics. The current TPN tools are relatively new, have
a limited number of constructs like data structures which include e.g. arrays,
and they lack hierarchical modelling features.

4.3 Timed-Arc Petri Nets

Pros. TAPN are particularly suitable for modelling of manufacturing systems,
work-flow management and similar applications. It is the author’s opinion that
TAPN offer a more intuitive semantics than TPN; at least there are no compet-
ing variants of the semantics. TAPN provide an easy to understand interplay
between the token game and the associated time features. For modelling of cer-
tain applications, especially systems where a number of identical time processes
share the same pattern of behaviour [3] 4] but also others [70}, [79, 80, [71], TAPN
provide a convenient modelling formalism. By simply adding more and more
tokens to the net, more and more processes (each carrying its own clock) can
be modelled without any change to the net itself. Neither TPN nor NTA pro-
vide this feature. As several problems like e.g. coverability are decidable even for
unbounded TAPN, a parametric reasoning is possible [3].

Cons. One of the major weaknesses of TAPN is the lack of the possibility to
model urgent behaviour. This might be one of the reasons, together with the fact
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that the model was introduced much later than TPN, why TAPN deserved less
attention among the scientists. Currently there are no publicly available tools,
though some prototype implementations already exist.

5 Relationships among the Models

In this section we will provide an overview of the expressiveness results for the
studied models. As already mentioned, unbounded TPN and TAPN generate infi-
nite state-spaces and e.g. the reachability problem is undecidable for both of them.
Hence to draw a fair comparison between the nets and timed automata, most of
the work focuses on the relationship between bounded or 1-safe nets and timed au-
tomata. There are some exceptions like e.g. the work in [40] which translates un-
bounded TPN into UPPAAL-like NTA extended with unbounded integer arrays.

From TA/NTA to TPN. A translation from diagonal-free TA without invari-
ants and strict constraints to 1-safe TPN preserving weak timed bisimulation
was suggested by Haar et al. in [49]. In the paper they, however, consider only
weak (non-urgent) semantics for TPN. Bérard et al. give in [I8] a linear transla-
tion from diagonal-free TA with invariants to 1-safe TPN up to timed language
equivalence. They also show that TA are strictly more expressive than TPN
w.r.t. weak timed bisimilarity and in [T9] (see also a forthcoming journal arti-
cle [20]) they identify a strict subclass of TA which is equivalent with bounded
TPN w.r.t. weak timed bisimilarity. In [2I] Berthomieu et al. suggest to extend
the TPN model with priorities and show that this is enough to establish an
equivalence with NTA w.r.t. weak timed bisimilarity. Another reduction from
TA to TPN, which includes also diagonal constraints and updates to integral
values, was presented by Bouyer et al. in [3I]. The reduction preserves timed
language equivalence and works in linear resp. quadratic time, depending on
what features of TA are included. This work, however, does not include invari-
ants in TA. In [31] the authors also provide a translation from NTA to TPN,
which preserves timed language equivalence, but introduces new deadlocks into
the system behaviour.

From TPN to TA/NTA. Haar et al. provided in [49] a translation from 1-safe TPN
to TA preserving weak timed bisimilarity. It improved the complexity of the previ-
ously known work based on enumerative methods [23] [24] and their translation is
polynomial but only in the size of the TPN reachability graph. On the other hand,
they allow only non-strict intervals and consider the weak (non-urgent) semantics
for TPN, while the other papers focus on the standard strong (urgent) semantics.
Another approach by Lime and Roux [62] extends these results to bounded TPN
but also requires first a construction of the state class graph of the given bounded
TPN. An extended version of their paper [63] provides an efficient reduction tech-
nique to decrease the number of clocks in the resulting timed automaton. A struc-
tural translation from TPN to NTA preserving weak timed bisimilarity, which
does not require the construction of the state class graph, was proposed by Cassez



Comparing the Expressiveness of TA and Timed Extensions of PNs 25

and Roux in [40]. Their reduction uses NTA extended with arrays of (unbounded)
integers and enables to translate even unbounded TPN into the extended NTA.
If the input net is bounded, the values in the integer arrays are bounded too and
automatic verification is hence possible. An implementation of the translation is
available as a part of the TPN tool Romeo [§1] and the results seem promising as
documented on several case studies [40]. A possible problem with this approach
is a potentially high number of clocks in the produced NTA. Recently D’Aprile
et al. suggested in [44] an alternative technique for the translation from TPN to
TA. Their method bypasses the construction of the state class graph (as used e.g.
in [49][62]) by considering only the underlying untimed reachability graph. It pre-
serves timed bisimulation and TCTL properties. According to the experiments
carried out by the authors, it is competitive with the other approaches on a num-
ber of case studies. On the other hand, it requires the underlying untimed net to
be bounded, while the other approaches require only TPN boundedness. Empir-
ical methods to deal with this limitation are outlined in the paper. Yet another
approach is presented in [43] by Cortés et al. where the authors translate a more
general model of TPN called PRES+ into UPPA AL-like timed automata, suggest
several optimizations of the reduction, and provide two case studies. Their reduc-
tion works only for 1-safe nets and unfortunately there is no argument about the
correctness of the translation.

From TA/NTA to TAPN and Backwards. The first result (we are aware of)
which compares the expressive power of TA and TAPN is by Sifakis and Yovine
[83] from 1996. They provide a translation of 1-safe timed-arc Petri nets (with
urgent behaviour) into timed automata (with invariants) which preserves strong
timed bisimilarity but their translation causes an exponential blow up in the
size. Srba established in [84] a strong relationship (up to isomorphism of timed
transition systems) between NTA without invariants and a superclass of 1-safe
TAPN extended with read-arcs. When we are interested only in the reachabil-
ity questions, the reductions work in polynomial time. Recently Bouyer et al.
in [30] presented a reduction from bounded TAPN (with read-arcs) to 1-safe
TAPN (with read-arcs) which preserves timed language equivalence (over fi-
nite words, infinite words and non-Zeno infinite words). This demonstrates that
NTA without invariants and bounded TAPN with read-arcs are timed language
equivalent. The authors in [30] also provide a number of expressiveness results
for several subclasses of TAPN with read-arcs.

From TPN to TAPN and Backwards. We are aware of only few detailed studies
comparing TPN and TAPN. In [42] Cerone and Maggiolio-Schettini study several
timed extensions of bounded Petri nets w.r.t. language equivalence. Regarding
the two classes of our main focus they show that TPN and TAPN are language
equivalent w.r.t. weak (non-urgent) semantics and that TPN form a subclass of
TAPN when considering the strong (urgent) semantics. In [35] Boyer and Ver-
nadat show that the inclusion of TPN in TAPN is strict (in the strong semantics).
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A further comparison of the different classes w.r.t. weak timed bisimilarity is
provided in [34]. We should note that all the work mentioned so far in this
paragraph uses the so-called single server semantics [36] for TAPN where the
timing information to be remembered in every marking is constant. However,
TAPN are mostly studied with the multi-server semantics where each token
carries its own timing information. In this case, as concluded in [33], TPN express
timed behaviour and TAPN express time behaviour and time constraints.

6 Conclusion

We have introduced three popular models of time dependant systems, compared
their relative strengths and weaknesses and presented an overview of the known
relationships across these models. Even though these formalisms share many
common features and there exist mutual translations between the models, it is
hard to say what should be the model for time dependant systems. Different
applications might be modelled in different modelling formalisms with a very
varying effort for a human modeller to create such models. We should also note
that due to their complexity, the modelling tricks used in the translations be-
tween the different models are often unsuitable for a direct use by a human
modeller. Nevertheless, the possibility of automatically translating all the time
dependant models studied in this paper to e.g. a network of timed automata of-
fers the option of creating hybrid tools that will enable to enter real-time models
(or even their subparts) in all kinds of different formalisms, depending on the
preference of the human modeller, and still have a clearly defined semantics and
a support for automatic verification.

The tools for timed automata verification seem to be most developed at the
moment. So while adding additional modelling features to Petri net based mod-
els, researchers should check whether these features can be translated to their
TA counter-parts and the verification techniques/tools can be reused for them,
rather than rediscovered. For example in the theory of TA there has been re-
cently lots of research on extending timed automata with price/cost [60, 8], 28]
and studying timed games [64], 39, [13, [12] as well as on-line testing [56, [G1].
There is also a tool support implementing many of these theoretical results.
Let us mention e.g. the tool UPPAAL-CORA []5] for cost-optimal reachabil-
ity, UPPAAL-TIGA [86] for timed games and UPPAAL-TRON [87] for on-
line testing. It is likely that the existing translations from TPN and TAPN
to NTA can be extended with such features and a future research might focus
on studying efficient translation approaches that include several of these new
aspects.
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Abstract. We study the problems of existence and construction of infi-
nite schedules for finite weighted automata and one-clock weighted timed
automata, subject to boundary constraints on the accumulated weight.
More specifically, we consider automata equipped with positive and neg-
ative weights on transitions and locations, corresponding to the produc-
tion and consumption of some resource (e.g. energy). We ask the question
whether there exists an infinite path for which the accumulated weight
for any finite prefix satisfies certain constraints (e.g. remains between 0
and some given upper-bound). We also consider a game version of the
above, where certain transitions may be uncontrollable.

1 Introduction

The overall motivation of the research underlying this paper is the quest of
developing weighted (or priced) timed automata and games [3J2] into a uni-
versal formalism useful for formulating and solving a broad range of resource
scheduling problems of importance in application areas such as, e.g., embed-
ded systems. In this paper we introduce and study a new resource scheduling
problem, namely that of constructing infinite schedules or strategies subject to
boundary constraints on the accumulation of resources. More specifically, we
propose finite and timed automata and games equipped with positive as well as
negative weights, respectively weight-rates. With this extension, we may model
systems where resources are not only consumed but also occasionally produced or
regained, e.g. useful in modelling autonomous robots equipped with solar-cells
for energy-harvesting or with the ability to search for docking-stations when
energy-level gets critically low. Main challenges are now to synthesize schedules
or strategies that will ensure indefinite safe operation with the additional guar-
antee that energy will always be available, yet never exceeds a possible maximum
storage capacity.

As a basic example, consider the weighted timed automaton in Fig. [[h) with
infinite behaviours repeatedly delaying in £y, ¢1 and /5 for a total of precisely
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Sh = mmmm -
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Fig. 1. a) Weighted Timed Automaton (global invariant z < 1). b) U = 400 and
U=3.c)U=2.d)U=1and W =1.

one time-unit. The negative weights (—3 and —6) in ¢y and ¢; indicate the rates
by which energy will be consumed, and the positive rate (+6) in ¢; indicates
the rate by which energy will be gained. Thus, for a given iteration the effect on
the amount of energy remaining will depend highly on the distribution of the
one time-unit over the three locations. Let us observe the effect of lower and
upper constraints on the energy-level on so-called bang-bang strategies, where
the behaviour remains in a given location as long as permitted by the given
bounds. Fig. [Ib) shows the bang-bang strategy given an initial energy-level of 1
with no upper bound (dashed line) or 3 as upper bound (solid line). In both
cases, it may be seen that the bang-bang strategy yields an infinite behaviour.

In Fig.[Ik) and d), we consider the upper bounds 2 and 1, respectively. For an
upper bound of 2, we see that the bang-bang strategy reduces an initial energy-
level of 1} to 1 (solid line), and yet another iteration will reduce the remaining
energy-level to 0. In fact, the bang-bang strategy—and it may be argued, any
other strategy—fails to maintain an infinite behaviour for any initial energy-level
except for 2 (dashed line). With upper-bound 1, the bang-bang strategy—and
any other strategy—fails to complete even one iteration (solid line).

We also propose an alternative weak notion of upper bounds, which does not
prevent energy-increasing behaviour from proceeding once the upper bound is
reached but merely maintains the energy-level at the upper bound. In this case,
as also illustrated in Fig. [[d) (dashed line), the bang-bang strategy is quite
adequate for yielding an infinite behaviour.

In this paper, we ask the question whether some, or all, of the infinite paths
obey the property that the weight accumulated in any finite prefix satisfies cer-
tain constraints. The lower-bound problem requires the accumulated weight never
drop below zero, the interval-bound problem requires the accumulated weight to
stay within a given interval, and in the lower-weak-upper-bound problem the ac-
cumulated weights may not drop below zero, with the additional feature that
the weights never accumulate to more than a given upper bound; any increases
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above this bound are simply truncated. We also consider a game version of the
above setting, where certain transitions may be uncontrollable.

For finite weighted automata, we show that the lower- and lower-weak-upper-
bound problems are decidable in polynomial time. In the game setting we prove
these problems to be P-hard but decidable in NP N coNP. The interval-bound
problem is on the other hand NP-hard but decidable in PSPACE and in the
game setting it is EXPTIME-complete. For one-clock weighted timed automata,
the lower- and lower-weak-upper-bound problems remain in P, but the interval-
bound problem in the game setting is already undecidable.

Related Work. Recently, extensions of timed automata with costs (or prices)
to measure quantities like energy, bandwidth, etc. have been introduced and
subject to significant research. In these models—so-called priced or weighted
timed automata—the cost can be used to measure the performance of a system
allowing various optimization problems to be considered. Examples include cost-
optimal reachability problem in a single-cost setting [2I3], as well as in a multi-
cost setting [20], or the computation of (mean-cost or discounted) cost-optimal
infinite schedules [6/16]. Also games where players try to optimize the cost have
been considered [IITIT3IBIT0], and several model-checking problems have been
studied [T2I59/TT]. Tt is worth noticing that in these last frameworks (model-
checking and games), most of the problems are undecidable, and they can be
solved algorithmically only for the (restricted) class of one-clock automata.

However, in the priced extensions considered so far, only non-negative costs
are allowed restricting the types of quantities one can measure. The only excep-
tion concerns the optimal-cost reachability problem, which has been solved even
when negative costs are allowed [4], but the proof is basically not much more
involved than with only non-negative costs. In the current work, we pursue this
line of research, and focus on non-trivial problems that can be posed on timed
automata with arbitrary costs, which allow to model interesting problems on
timed systems with (bounded) resources.

Due to space limitations, most proofs had to be omitted in this paper. A long
version is available as [§].

2 Models and Problems

2.1 Weighted Automata and Games

A weighted automaton is a tuple A = (S, sg, T') consisting of a set of locations (or
states) S, an initial location (state) so € S, and a set of transitions T'C SxRxS.

A transition (s, p, ) is customarily denoted s LN s', where p € R is the weight of
that transition. We implicitly consider only non-blocking automata where every
location has at least one outgoing transition. If S and T are finite sets and
T C S x7Z xS then A is called a finite weighted automaton.

P2

. . . . . . pP1
A run in A starting from s € S is a finite or infinite sequence s = s — s9 —

53 2% ... We write Runs(A, s) for the set of all runs in A starting from s. Given a

finite run v = $1 LT LN Sn, we write last(y) to denote its final location s,,.
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Definition 1. Let A = (S, s0,T) be a weighted automaton, ¢ € R, b € RU{oo},

and let v = s; 25 .. 2224 5 € Runs(A, s1). The accumulated weight with
initial credit ¢ under weak upper bound b is pejp(y) = 1y, where ri,...,r, € R

are defined inductively by r1 = min(c, b), 741 = min(r; + p;, b).

So for computing pe|s(7y), costs are accumulated along the transitions of v, but
only up to a maximum accumulated cost b; possible increases above b are simply
discarded. The case b = oo is special; we will denote pe(y) = pejoo(y) = ¢+
Z?:_ll p;. Also, we will write p(y) = po(7).

A weighted game is a tuple G = (S, 5%, s0,T) where S; and Sy are two
disjoint sets of locations, and Ag = (51 U Sq, 50,7 is a weighted automaton.
Note that we only introduce turn-based weighted games here.

A run of G is a run of Ag, and we write Runs(G) for Runs(Ag). A strategy o
for Player i, where ¢ = 1 or ¢ = 2, maps each finite run v ending in S; to a

transition departing from last(vy). Given a location s in G and a strategy o for

. . P1 P2 Pn—1 . .
Player i, an outcome of o from s is any run s; — 83 — - - - —— s, starting in s

. P p p Prk—1
such that for any k, if s € S; then s, —= spy1 = 0(5] —> Sg —= -+ —— 51,).

We are now able to formulate the problems which we shall be concerned with.

The lower-bound problem: Given a weighted game G and an initial credit ¢, does
there exist a strategy for Player 1 such that any infinite outcome ~ from the
initial state of G has p.(y") > 0 for all finite prefixes v" of 7

The lower-weak-upper-bound problem: Given a weighted game G, a weak upper
bound b and an initial credit ¢ < b, does there exist a strategy for Player 1
such that any infinite outcome ~ from the initial state of G has pe|,(7") > 0
for all finite prefixes v’ of v?

The interval-bound problem: Given a weighted game G, an upper bound b, and
an initial credit ¢ < b, does there exist a strategy for Player 1 such that any
infinite outcome  from the initial state of G has 0 < p.(v") < b for all finite
prefixes v of ~?

Note that by Martin’s determinacy theorem [21], our games are determined:
Player 1 has a strategy for winning one of the above games if, and only if, Player 2
does not have a strategy for making Player 1 lose.

Special variants of the above problems are obtained when one of the sets Sy
and Sy is empty. In case Sz = ), they amount to asking for the ezistence of an
infinite path adhering to the given bounds; in case S; = (), one asks whether all
infinite paths stay within the bounds. The former problems will be referred to
as existential problems, the latter as universal ones.

2.2 The Timed Setting

A weighted timed automaton is a tuple A = (Q, qo, C, I, E, rate), with @ a finite
set of locations, ¢o € @ the initial location, C' a finite set of clocks, I: Q@ — &(C)
location invariants, £ C Q x &(C) x 2¢ x @ a finite set of transitions, and
rate: Q — 7 location weight-rates. Here the set @(C') of clock constraints ¢
is defined by the grammar ¢ == z < k | ¢1 A g2 with z € C, k € Z and
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> € {<,<,>,>,=}. The semantics of a weighted timed automaton A is given
by a weighted automaton [A] with states (g, v), where ¢ € @ and v: C'— R,
and transitions of two types:

— Delay transitions (q,v) 2. (¢,v +t) for some ¢t € R>p. Such a transition
exists whenever v+t' = I(q) for all ¢’ € [0, t], and its weight is p = ¢- rate(q).

— Switch transitions (q,v) 2. (¢',v"), where e = (q,9,7,q") is a transition of A.
Such a switch transition exists whenever v = g A I(q), v' = v[r < 0], and
v = I(q'). Switch transition have always the weight 0.

A run of Ais a sequence (q1,v1) o, (g1,04) e, (q2,v2) 0, (g2, 0h) -+ of
alternating delay and switch transitions in [A]. We write Runs(A) for the set
of all runs of A. The accumulated weight (with initial credit ¢ and weak upper
bound b) for runs of a weighted timed automaton are given by Definition [l

A weighted timed game is a tuple G = (Q, qo,C, I, Ey, E2, rate) such that
A = (Q, qo, C, 1, E1UFEs, rate) is a weighted timed automaton. States and runs
of a weighted timed game are those of the underlying weighted timed automaton,
and we again write Runs(G) for Runs(Ag).

Given a weighted timed game G, a strategy for Player i (i € {1,2}) is a partial
function o mapping each finite run of Runs(A¢) to E;U{A}, where A ¢ E1UE> is
the “wait” action. For a finite run v ending in (g, v), it is required that if o(y) = A

then (¢,v) ¢ (¢, v +t) for some ¢ > 0, and if o(v) = e then (g, v) 2. (¢',v").

Given a state s = (q,v) of a weighted timed game G and a strategy o
for Player i, the set Out(o,s) of outcomes of o from s is the smallest subset
of Runs(G, s) such that

— (gq,v) is in Out(o, s);
— if v € Out(o, s) is a finite run ending in (g,,v,), then a run of the form
¥ = (Gn+1,Vn+1) is in Out(o, s) if either
° (Qna Un) e (Qn+1a Un+1) with e € E3—i7
e (qn,vn) —¢ (Gny1,Vns1) with e = o(y) € E;, or
e (qgn,vn) =1 (qut1,Vpt1) with ¢ € Rxg, and o(y =y (gn, v, + 1)) = A
for all ¢/ € [0,1);
— an infinite run is in Out(o, s) if all its finite prefixes belong to Out(o, s).

A weighted timed game G = (Q, qo, C, I, E1, Ea, 1) is said to be turn-based if
the set of edges leaving any ¢ € @ is a subset of either F; or Fs. In that case,
the semantics of G is a (turn-based, infinite) weighted game as introduced in the
previous section. However, weighted timed games introduced above are more
general than turn-based ones, and we shall later use the more general notion.

For weighted timed games, we will be interested in the same three problems as
in the previous section; the existence of a strategy whose outcomes are infinite
runs remaining within given bounds. As in the previous section, we have the
special cases of existential and universal problems.



38 P. Bouyer et al.

3 Fixed-Point Characterization

Let us introduce some terminology. For the lower-bound problem, we say that
an infinite path v is c-feasible for some initial credit ¢ < +o0, if p.(y") > 0 for
all finite prefixes 7’ of 7, and that « is feasible if it is c-feasible for some c.

Given a weighted game (S1,.S2, s9,T) and b € R>¢, we define three predicates
LWy, Up : S x Rxo — {tt, ff} to be the respective maximal fixed points to the
following equations:

seS = s eT:L(s',c+p)

L(s,c)= 0<cA y )
s€8y = Vs—=s €T :L(s' c+p)

Wi(s,c) = 0<¢

IN

b/\{seSl = s L ¢ €T : Wy(s',max(b,c+ p))

s€8y = Vs s €T : Wy(s', max(b,c+p))

Up(s,c) = 0<c¢

IN

(
(
b/\{sé& — L eT:Uys' c+p)

s€8 = Vs s eT:Up(s,c+p) .

The right-hand side of each of these equations defines a monotone functional
on the power set lattice of S X R>p, hence indeed the maximal fixed points
exist. Also, if the weighted game under investigation is image finite, i.e. if the
sets {(p,s') | s & s’ € T} are finite for all states s, then it can be shown that
these respective functionals are continuous, implying that the maximal fixed
points can be obtained as the limits of the iterated application of the respective
functionals to the maximal element S X R>( of the power set lattice. The proof
of the lemma below is immediate from the definition of the predicates.

Lemma 2. Let (S1,52,50,T) be a weighted game and s € S1 U Sa, b, ¢ € R>o.
Then (s,c) € L (or (s,c) € Wy, or (s,¢) € Up) if and only if there exists a
strategy for Player 1 such that any infinite path ~ from s consistent with the
strategy is c-feasible for the lower-bound problem (or lower-weak-upper-bound
problem, or interval-bound problem, respectively).

For the lower-bound problems, the above fixed-point characterization can be
stated in a different way by defining recursively the infimum credits sufficient
for feasibility—note that such a notion does not make sense for the interval-
bound problem, as here the set of sufficient credits is not necessarily upward-
closed. For a given weighted game (S1,S2, s0,T) and b € R>, let L, W, : S —
R U {oo} be the functions defined as respective minimal fixed points to the
following equations:

L(s) = min{L(s') —p|s s} ifses
| max{L(s) —p|s L s} ifseS,

Wi (s) = min (b, min{W(s') —p | s 2, s} ifseS
v min(b,maX{W(s’)—p|sﬂ>s’}) ifseSy.
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Fig. 2. a), b) Weighted automata with and without feasible paths. ¢) One fixed-point
iteration on the weighted timed automaton of Fig. [Il

Proposition 3. We have L(s,c) if and only if ¢ > L(s), and Wy(s,¢) if and
only if Wi(s) <c¢<b.

The following lemma shows that for finite weighted games, there is a predescribed
upper limit for the values of L and W}. This implies that the fixed-point compu-
tations can be terminated after a finite number of iterations. For timed games,
the second part of the next example below shows that this is not necessarily the
case.

Lemma 4. Let (51,52, 50,T) be a finite weighted game and b € R>o. Let M =
S{-p| s s e T,p<0}. Then for any state s, L(s) < oo if and only if
L(s) < M, and Wy(s) < oo if and only if Wy(s) < M.

Ezample 5. Consider the weighted automata in Fig.[2h) and[2b). Let us attempt
to compute L using iterative application of the recursive definition. For a) we find
the following fixed points after two iterations: L(sg) = 0 and L(s1) = 1. For b) we
get the following sequence of decreasing approximations: L?"(sq) = L?"1(sq) =
2n and L?"(s1) = L?>"~!(s1) = 2n+1. Hence clearly L(sg) = L(s1) = oo, though
this fixed point is not reached within a finite number of iteration.

In Fig.[2k) we reconsider the weighted timed automaton from Fig. [Junder the
interval-bound problem with upper bound 2. If we assume that after n iterations
of the fixed-point computation, U3 ((¢2,1),¢) = t¢ if and only if ¢ € [2 — ¢, 2] for
some ¢, then Uy ((£o,0), ¢) = tt if and only if ¢ € [2 — 1, 2]. The largest fixed
point—Us((¢2,1), ¢) = tt if and only if ¢ = 2—is only reached as the limit of this
infinite sequence of approximations. O

4 Lower-Bound Problems

In this section we treat the lower-bound and lower-weak-upper-bound problems
for finite automata, one-clock timed automata, and for finite games. For one-
clock timed games, these problems are open.

4.1 Finite Weighted Automata

For a given finite weighted automaton A = (S, sg,T"), we denote by MinCr(~),
for a path v in A, the minimum ¢ > 0 for which + is c-feasible, and by MinCr(s),
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for a state s € S, the minimum of MinCr(v) over all feasible paths v emerging
from s.

A cycle y = sg — 81 — -+ — o in A is non-losing if p(v) > 0 (or equivalently,
pe(7y) > ¢ for any initial credit ¢). A lasso A from a given state sg is an infinite
path of the form ~;(72)¥, where 11 = s9p — $1 — -+ = 81, Y2 = 8; — -+ —
s — S, and s;_1 — s; are paths in A, and with s; # s; whenever ¢ # j < k. It
is clear that if a lasso v1(72)* constitutes a feasible path then the cycle v2 must
be non-losing.

Lemma 6. Let A = (S,s0,T) be a finite weighted automaton and s € S. For

any feasible path v from s, there exists a feasible lasso A also from s such that
MinCr(A\) < MinCr(7).

Proof. Let ¢ = MinCr(y), and assume first that there is a cycle m in v such
that p(7) > 0. Write v = y17y2, then A = v is a feasible lasso from s, and
MinCr(X) < MinCr(7).

Assume now that there is no cycle 7w in v with p(r) > 0. We can write
Y = Y172, where v, only takes transitions that appear infinitely often along .
As there is no cycle with non-negative weight in v, the weights of prefixes of v
decrease to —oo. Hence there is a prefix 4 of 45 such that p(74) < —p(v1). But
then the accumulated weight of 175, which is a prefix of v, is negative, which
contradicts the feasibility of ~. O

Thus, determining L(s, ¢) corresponds to determining whether there is a feasible
lasso A out of s with MinCr(A) < c¢. This may be done in polynomial time
in the size of the weighted automaton using a slightly modified Bellman-Ford
algorithm. Hence, this allows us to solve the existential lower-bound and lower-
weak-upper-bound problems in polynomial time. The corresponding universal
problems can be solved using very similar techniques that we do not detail here
(see the full version). Hence we get the following result.

Theorem 7. For finite weighted automata, the existential and universal lower-
bound and lower-weak-upper-bound problems are decidable in P. Also, MinCr(s)
18 computable in polynomial time.

4.2 One-Clock Weighted Timed Automata

Let A be a one-clock weighted timed automaton. Without loss of generality we
shall assume that for any location, the value of the (single) clock x is bounded
by some constant M (see [3]). Let 0 < a1 < az < ... < an < apy1 = M where
{ai,...,a,} are the constants occurring in A. Then the one-dimensional regions
of A are all elementary open intervals (a;,a;+1) and singletons {a;} (see [19]).
In particular, two states (¢,v) and (q,v") of A are time-abstract bisimilar when-
ever v and v’ belong to the same region.

A corner-point region is a pair (p, e), where p is a region and e an end-point
of p. We say that (p’,e’) is the successor of (p,e) if either p’ is the successor
region of p and e = ¢’ or p = p' = (a,b), e = a, and €’ = b. Now the corner-
point abstraction [36], cpa(A), of A is the finite weighted automaton with states
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(g, (p,€)) and with transitions (g, (p,€)) — (¢, (¢',¢") if p = 1(q), ¢ F 1(¢')
and one of the following applies:

— qg=¢ and (o', €’) is the successor of (p,e), or
— (¢,9,0,¢") € E with p |= ¢ and (p', ') = (p,e), or
— (¢, 0, {z},q") € E with p = ¢, p' = {0} and ¢’ = 0.

The weight of the first (delay) transition is rate(q) - (' — e), the weights of
the two last (discrete) transitions are 0. The above corner-point abstraction is
sound and complete with respect to the lower-bound problem in the following
sense (proof in the full version):

Proposition 8. Let A be a one-clock weighted timed automaton.

Completeness: Let v be an infinite Tun in A from (qo,0) which is c-feasible for
some ¢ < +00. Then there exists a c-feasible infinite run~" from (qo, ({0},0))
in cpa(A).

Soundness: Let 4" be an infinite run in cpa(A4) from (qo, ({0},0)) which is c-
feasible for some ¢ < +o00. Then, for any e > 0, there exists a (c+¢)-feasible
infinite run v from (qo,0) in A.

Let us introduce the lower-bound (and lower-weak-upper-bound) infimum prob-
lem to be the problem as to whether for a given initial credit ¢, L(sq,c + €)
(Wy(s0,c+ €)) holds for any € > 0. Based on the above propositions we have:

Theorem 9. For one-clock weighted timed automata, the existential and uni-
versal lower-bound and lower-weak-upper-bound infimum problems are decidable
in P. Also, MinCr(sg) may be computed in polynomial time.

Proof (sketch). For the existential problem, note that for a given one-clock
weighted timed automaton A, the size of cpa(A) is polynomial in the size of A,
as the regions are constructed from the constants appearing in A. Then apply
Theorem [l For the universal problem, note that Proposition 8 can be modified
to show that for any run in A there exist a run in cpa(A) which has always less
remaining credit (within any region we simply choose to do the delay at the
location with the smallest rate rather than the largest one). O

4.3 Finite Weighted Games

Recall that a strategy o is said to be memoryless if o(-y) only depends on last(y)
for any finite path . The proof of the following lemma can be found in the full
version.

Lemma 10. Let (S1, S2,0,T) be a finite weighted game. Let b € N U {oo} and
¢ € N. If there exists a strategy o for Player 1 which ensures that peyp(v") > 0 for
any finite prefix v’ of any infinite outcome vy of o, then there is also a memoryless
strateqy with the same property. Symmetrically, if Player 2 has a strategy to
ensure that for any outcome v of o, there is a finite prefiz ' of v such that
pein(y') < 0, then she has a memoryless strategy with the same property.
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Proposition 11. For finite weighted games, the lower-bound and lower-weak-
upper-bound problems are decidable in NP N coNP.

Proof. The NP algorithm consists in nondeterministically guessing a memoryless
strategy, pruning the transitions that are not selected by that strategy in G,
and checking whether for any finite prefix v of any infinite execution, we have
Peiv(y) > 0, which is polynomial (Theorem[7). If Player 1 has a winning strategy,
then this algorithm will answer positively.

The coNP algorithm follows from the determinacy of the game: if Player 1 has
no winning strategy, then Player 2 has one, which can be chosen memoryless.
It can then be guessed and checked in nondeterministic polynomial time. a

For the lower-bound problem, we can do better, and prove its equivalence with
the mean-payoff problem.

Proposition 12. The mean-payoff game problem is log-space equivalent to the
lower-bound problem, and is log-space reducible to the lower-weak-upper-bound
problem.

Proof (sketch). Mean-payoff games are defined as follows [I7]: given a weighted
game G = (57, 59, s0,T) and an integer m, is there a strategy for Player 1 s.t.
for any infinite outcome sy = s1 — - -+, we have liminf,, oo ngn pj/n > m.
By shifting all weights by —m, we can simplify the problem by assuming m =
0. An important feature of mean-payoff games is that they admit memoryless
winning strategies in case they admit winning strategies [15].

Transforming a mean-payoff problem into a lower-bound (or lower-weak-upper-
bound) problem is easy: the mean weight of an infinite path is negative iff its accu-
mulated weight is —oo. Hence a winning strategy for Player 1 for the mean-payoff
problem is also winning in the lower-bound (or lower-weak-upper-bound) prob-
lem, provided that the initial credit is sufficient (at least the opposite of the sum
of all negative weights).

Conversely, given an instance G = (S, Sa, s9, T') of the lower-bound problem
(assuming the initial credit is zero, by possibly adding an extra initial transition
setting the initial credit), we construct an equivalent instance of the mean-payoff
problem as follows: each transition ¢t = s L ¢is replaced by a new uncontrollable

state s; and three transitions s LN Sty St o s’ and s; o Sp. In other words, at
each transition of the original game, Player 2 is given the opportunity to go
back to the initial state. If the accumulated weight goes below zero at some
point, Player 2 will decide to go back to the initial state. Since strategies can be
assumed to be memoryless, there will be a periodic outcome with negative mean
weight. a

The exact complexity of the mean-payoff problem is not known, but it is P-hard
and in UP N coUP [I7]. Hence we get the following theorem.

Theorem 13. For finite weighted games, the lower-bound problem is P-hard
and in UP N coUP (thus in NP N coNP ). The lower-weak-upper-bound problem is
P-hard and in NP N coNP.
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5 Interval-Bound Problems

We shall now study the interval-bound problems for the finite and timed cases.

5.1 Finite Weighted Automata

The following theorem summarizes all our results on the various interval-bound
problems for finite weighted automata and games.

Theorem 14. Under the interval-bound constraint,

1. the universal problem for finite weighted automata is decidable in P,

2. the existential problem for finite weighted automata is decidable in PSPACE
and NP -hard, and

3. the problem for finite weighted games is EXPTIME -complete.

The complete proofs of all the results mentioned in this theorem can be found
in the full version. We only mention some ideas, and then give the complete NP
-hardness proof, as we think this can be rather instructive.

1. Using Bellman-Ford-like algorithms, we detect whether there is a negative
(resp. positive) cycle or a shortest (resp. longest) path whose cost becomes
negative (resp. goes above the maximal bound of the interval). This can be
done in polynomial time.

2. From a finite weighted automaton, we can construct a finite graph whose
set of states is a pair (s,c) with s a state of the automaton, and ¢ a cost
value (in the interval [0,5]), and in which (s,c¢) — (s',¢') is a transition

whenever s e, s’ is a transition of the weighted automaton. Guessing an
infinite path in that graph gives a solution to the existential problem. This
can be done in polynomial space (due to the encoding of b in binary). The NP
-hardness proof will be detailed below.

3. Similarly as for the PSPACE upper bound, we construct the graph de-
scribed above, and we add alternation: a state belonging to Player 1 (resp. 2)
becomes existential (resp. universal). The interval-bound problem for fi-
nite weighted games reduces to an alternating graph accessibility problem
(see [14]) which can be solved in P, hence the EXPTIME upper bound (the
exponential blow-up is still due to the encoding of b in binary). EXPTIME
-hardness is by reduction from the problem of countdown games which was
very recently shown to be EXPTIME -complete [I§].

Proof (of the NP -hardness). We reduce the NP-complete problem SUBSET-
SUM (see e.g. [22]) into our existential interval-bound problem. An instance of
SUBSET-SUM is a pair (A,t) where A C N is a finite set and ¢ € N. The
question is whether there is a subset of A which adds exactly to t. Assume a
given instance of SUBSET-SUM (4, t) where A = {t1,t2,...,t,}. We construct
a weighted automaton (S, sg,T") where S = {so,$1,...,8,} and where T =
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t; . . _
{si =5 5541 | 0 < i <n}U{s; % s |0 <i<n}U{sy — so}. The
construction is depicted below.

t1 to ts
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Now consider the existential interval-bound problem with upper bound ¢, and
let the initial credit be 0. It is clear that there is an infinite path with the
accumulated weight staying between 0 and ¢ if and only if the SUBSET-SUM
problem has a solution. a

5.2 Timed Games

We prove in this section that the interval-bound problem for timed games is
undecidable, even for games involving only one clock.

Theorem 15. The interval-bound problem is undecidable for one-clock weighted
timed games.

Proof (sketch). This is achieved by simulating a two-counter machine. If ¢;
and co are the values of the counters, the accumulated weight along runs of
the simulating weighted timed game will be E(cq,c2) = 5 — 1/(293?), and
we will work with the upper bound of 5. We start with accumulated weight 4
(encoding that the two counters are initialized to 0).

We will describe modules that increment respectively decrement a counter,
and then informally describe how we can test that the value of a counter is zero.
We assume that there is a global invariant < 1 in all the modules. Moreover,
for the purpose of this reduction, a configuration is a triple (¢, z, W) where £ is a
discrete location, x is the value of the clock, and W is the accumulated weight.

We first assume we have a module ok that is winning for Player 1 as soon as
this module is entered with an accumulated weight in [0,5] (it is nothing more
than a location, with weight-rate 0, and a controllable self-loop that checks
whether = 1 and resets clock x).

We now consider the module Mod,, that is described in Fig. Bl (n is an integer
that will be fixed later in the set {2,3,12,18}). A strategy in Mod,, for Player 1
which has the property that any outcome either reaches a module ok or exits
the module while always satisfying the lower- and upper-bound conditions will
be said to be locally safe in that module.

Let e € [0,1] with 0 < ne < 30. Consider the following strategy o,,, depicted
on Fig. [4

— from location (m,0,5 — e), it delays during (5 — €)/6 time units in m, then
leaves to m; (thus to configuration (mq, (5 —¢€)/6,0));
— from my, it directly goes to mo;
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m mi ma ms3 m’
z:=0 (3030 —p 2 =1
—— (= —{=6—(0—(0—{=n]
lg =0 lx =
=1 r=1
f:module ok : f:module ok :

acc. weight

53
5—e¢

Fig. 4. The effect of (strategy o, in) module Mod,

— from (mag, (5 — €)/6,0), it waits for 1/6 time units and then leaves to mg
(hence to configuration (ms,1 —€/6,5));

— from (ms,1 —¢€/6,5), it directly goes to m/’;

— in m/, it delays until z = 1, and fires the last transition to the next module.

In Mod,,, from locations m; (resp. mgs), Player 2 can decide to bring the game
to the first (resp. second) vertical branch, and the only way to stay safe is to
arrive in my (resp. mg) with accumulated cost 0 (resp. 5) and to leave in 0-delay.
This is precisely what does strategy o,,, which is then the unique locally safe
strategy in module Mod,,.

Proposition 16. Starting from configuration (m,0,5 — e) in Mod,,, with 0 <
ne < 30, Player 1 has a unique locally safe strategy. Under that strategy, the
only outcome that visits m' exits the module with accumulated weight 5 — ne/6.

In the sequel, we use the following modules: Inc(¢1) = Mods, Inc(c2) = Modo,
Dec(¢1) = Mod;2, and Dec(ca) = Mod;s. When starting with accumulated weight
5 — e in module Inc(¢y), the accumulated weight when leaving this module is
5—e/2, hence Inc(c1) increments the counter ¢;. Similarly, Inc(cz) increments ca,
and Dec(c1) and Dec(c2) decrement the respective counters. In the last two
modules, no check is performed whether the counter to be decremented actually
has a positive value.
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We briefly describe how such a test can be done. First we construct a module
that has two output branches, one where the two counters are equal to 0, and
one where one of the counters is positive. This is to Player 1 to decide in which
branch we go, but Player 2 can easily check that this is correct (checking that the
two counters are equal to zero reduces to checking that the accumulated weight is
4, whereas checking that one of the counters is positive reduces to checking that
the accumulated cost be in the open interval (4,5)). Then, using that module,
we can for instance implement a test that counter ¢, is equal to zero as follows:
either both counters are equal to zero, or under the assumption that one of the
counters is positive, and by decrementing the first counter, we will eventually reach
a point where both counters are equal to zero. For lack of space, we do not detail
the construction of those modules, which use ideas quite similar to Mod,,.

Hence, fixing M to be a two-counter machine, we can construct a one-clock
weighted timed game Gaq which is a positive instance of the interval-bound
problem if and only if M has an infinite computation. O

6 Conclusion

A summary of the results proved in this paper is provided in the following table.
The fields in gray remain open. Matching the complexity lower and upper bounds
for some of the problems is left open: the lower-bound problems for finite games
are strongly related to the well known open problem of complexity of mean-payoff
games; closing the gap between NP -hardness and containment in PSPACE for
the existential interval-bound problem seems intricate and it is a part of our
future work.

games existential problem ||universal problem
finite 1-clock finite 1-clock|| finite | 1-clock
€ UP N coUP eP eP eP
L P (Th.7
P-h (Th. 13) €PTD iy )| (T 7)| (Th. 9)
€ NP N coNP eP eP eP
L+W € P (Th. 7
WP (Th. 13) (Th-D | rn, oy || (tn. 7) | (T 9)
L4+U EXPTIME-c | Undec. || € PSPACE eP
(Th. 14) |(Th. 15)||NP-h (Th. 14) (Th. 14)

Note that the results related to Theorem [@ hold for the initial credits arbitrarily close
(for any given € > 0) to the given ones.
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Concavely-Priced Timed Automata
(Extended Abstract)

Marcin Jurdzinski and Ashutosh Trivedi

Department of Computer Science, University of Warwick, UK

Abstract. Concavely-priced timed automata, a generalization of linearly-priced
timed automata, are introduced. Computing the minimum value of a number of
cost functions—including reachability price, discounted price, average time, av-
erage price, price-per-time average, and price-per-reward average—is considered
in a uniform fashion for concavely-priced timed automata. All the corresponding
decision problems are shown to be PSPACE-complete. This paper generalises the
recent work of Bouyer et al. on deciding the minimum reachability price and the
minimum ratio-price for linearly-priced timed automata.

A new type of a region graph—the boundary region graph—is defined, which
generalizes the corner-point abstraction of Bouyer et al. A broad class of cost
functions—concave-regular cost functions—is introduced, and the boundary re-
gion graph is shown to be a correct abstraction for deciding the minimum value
of concave-regular cost functions for concavely-priced timed automata.

1 Introduction

A system is real-time, if the correctness of some of its operations critically depend
on the time at which they are performed. Numerous safety-critical systems are real-
time, including medical systems such as heart pacemakers, and industrial process con-
trollers such as nuclear reactor protective systems. Ensuring the correctness of real-
time systems is of paramount importance. Timed automata [4]] are a popular and well-
established formalism for modelling real-time systems.

A timed automaton is a finite automaton accompanied by a finite set of real-valued
variables called clocks. The states of a timed automaton are traditionally called loca-
tions, and the configurations of a timed automaton, consisting of a location and a valua-
tion of clock variables, are called states. A state is called a corner state, if the values of
all clock variables are integers. Clock variables may appear in guards of transitions of
a timed automaton, where they can be compared against integers. The syntax of timed
automata also allows clock values to be reset to zero after executing a transition.

Given a timed automaton and an initial state, the reachability problem is to decide
whether there exists a run starting from the initial state and leading to a final state of the
timed automaton. The safety-violation property of a real-time system can be modeled
as a reachability problem on a timed automaton. The reachability problem for timed
automata is in PSPACE (in fact, it is PSPACE-complete) by a reduction to the non-
emptiness problem for a finite state automaton, called the region graph, whose size is
exponential in the size of a timed automaton [412]. A natural optimization problem over
timed automata is to minimize time to reach a final state. Minimum- and maximum-time
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reachability was shown to be decidable in [14]. It was shown to be PSPACE-complete
in [3I16]. A more general problem of two-player reachability-time games was shown to
be decidable in 6] and proved EXPTIME-complete in [15/13]]. An efficient algorithm to
solve minimum-time reachability problem on timed automata appeared in [19], where
the initial state was restricted to be a corner state.

The linearly-priced timed automata [7]] (LPTA), also known as weighted timed au-
tomata, are an extension of timed automata, and are quite useful in modeling scheduling
problems for real-time systems. A linearly-priced timed automaton augments a
timed automaton with price information, such that the price of waiting in a location
is proportional to the waiting time, hence the name linearly-priced timed automata.
The problem of finding a minimum price (time) schedule can be modeled as a mini-
mum reachability-price problem over a linearly-priced timed automaton. This problem
is known to be a PSPACE-complete [10] if the start state is a corner state. Alur et al. [3]]
give an EXPTIME algorithm to solve the problem with an arbitrary initial state by giv-
ing a non-trivial extension of the region graph. Larsen et al. give a symbolic algo-
rithm to solve the problem, although with some restrictions on the initial state (a corner
state with all clocks set to zero). Note that PSPACE-hardness results hold for timed au-
tomata with at least three clocks. For timed automata with one clock, reachability-time
and reachability-price problems are known to be NL-complete, while the complexity of
these problems for two-clock timed automata remains open.

On the other hand, the problem of finding a minimum-price (or minimum-time) in-
finite schedule can be modelled by the minimum average-price problem on a priced
timed automaton. Since the total price of an infinite run can be unbounded, a natural
measure of optimality is average price per transition or average price per time unit.
Bouyer et al. show that a more general problem of average reward per transition
over multi-priced timed automata is PSPACE-complete if the start state is a corner state.

In this paper we introduce the concavely-priced timed automata, a generalization
of the linearly-priced timed automata, which arguably can be used to model a larger
class of scheduling problems. The definition of a concavely-priced timed automaton is
such that it allows price functions which are concave in a certain sense. In this paper,
we show that deciding the minimum value of the reachability price, discounted price,
average time, average price, price-per-time average, and price-per-reward average is
PSPACE-complete for arbitrary start states (i.e., including non-corner states).

2 Optimization Problems on Finite Priced Graphs

Consider a finite graph G = (S, F, F’), where S is a set of states, E C S x S is a set
of directed edges, such that every state has at least one outgoing edge, and F' C S'is a
set of final states. An run (path) in G is a sequence (s, s1, 2, ...) € S“, such that for
all ¢ > 1, we have (s;—1,s;) € E. We write Runs and Runsg, for the sets of infinite
and finite runs, respectively, and we write Runs(s) and Runsg, (s) for the sets of infinite
and finite runs starting from state s € S, respectively. For a run r = (s, s1, $2, . . .), We
define Stop(r) = inf;>o{i : s; € F}.

Let Cost : Runs — R be a cost function that for every run » € Runs determines its
cost Cost(r). We then define the minimum cost function Cost, : S — R, by Cost,(s) =
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inf,.cruns(s) Cost(r). The minimization problem for that cost function Cost is: given a
state s € S and a number D € Q, determine whether Cost. (s) < D.

A priced graph (G, ) consists of a graph G and a price function 7 : £ — R; and
a price-reward graph (G, 7, o) consists of a graph G and price and reward functions
m,0: F — R, respectively. Let r = (s, s1, S2,...) € Runs, and for every n > 1, let
T (r) = Yi m(si—1,8;) and o, (r) = D1, 0(si—1, ;). We further assume that the
graph is reward-diverging i.e. |0, ()| — o0 as n — 0.

The following list of cost functions gives rise to a number of corresponding mini-
mization problems.

L. Reachability: Reach(r) = mn(r) if N = Stop(r) < oo, and Reach(r) = oo
otherwise.

2. Discounted: Discounted(\)(r) = (1 — X\) Yoo A '7(s;-1, 8;), where A € (0, 1)
is the discount factor.

3. Average price: AvgPrice(R) = limsup,,_, ., 7 (r)/n.

4. Price-per-reward average: PriceRewardAvg(r) = limsup,, . 7, (7)/0n (7).

A positional strategy is a function o : S — S, such that for every s € S, we
have (s,0(s)) € E. We write X' for the set of positional strategies. A run from state
s € S according to strategy o is the unique run Run(s, o) = (sg, $1, $2, - . .}, such that
so = s, and for every ¢ > 1, we have o(s;—1) = s;. A positional strategy is optimal
for a cost function Cost : Runs — R if for every state s € S, we have Cost.(s) =
Cost(Run(s,0)). Observe that existence of an optimal positional strategy for a cost
function means that, from every starting state, there is a run that minimizes the cost,
and that is a simple path leading to a simple cycle.

Theorem 1. For every finite priced graph, and for each of the reachability, discounted,
and average price cost functions, there is an optimal positional strategy.

For every finite price-reward graph, there is an optimal positional strategy for the
price-per-reward average cost function.

3 Concavely-Priced Timed Automata

We assume that, wherever appropriate, sets N of non-negative integers and R of reals
contain a maximum element oo, and we write N for the set of positive integers and
Rg for the set of non-negative reals. For n € N, we write [n] for the set {0, 1,...,n},
and [n]g for the set {r € R : 0 < r < n} of non-negative reals bounded by n. For
a real number r € R, we write |r| for its absolute value, we write || for its integer
part, i.e., the largest integer n € N, such that n < r, and we write {r{ for its fractional
part, i.e., we have [r{ = r — |r]. For sets X and Y, we write [X — Y] for the set of
functions F': X — Y, and [X — Y] for the set of partial functions F' : X — Y. For a
function f : X — Y we write dom( f) for the domain of function f.

For a point x = (21, z2,...,x,) € R™, we define its norm by ||z| = max?_; |z;|.
For a point z € R™, the open ball B(x, r), with the center = and the radius » > 0, is
defined by B(z,7) = {y : y € R" and ||z — y|| < r}. Anz € D C R" is an interior
point of D if there is an r > 0, such that B(z,r) C D. The set of all interior points
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of D is called the interior of D, and it is denoted by int(D). A set D C R" is open if
int(D) = D. A set D C R is closed if its complement R™ \ D is open. The closure of
aset D C R" is defined as clos(D) = R™ \ int(R™ \ D). We sometimes denote closure
of aset D by D.

3.1 Concave and Quasi-Concave Functions

Aset D C R"™is convexif forall xz,y € D and 6 € [0, 1], we have 0z + (1 — 0)y € D.
A function f : R® — R is concave (on its domain dom(f) C R™), if dom(f) C R"
is a convex set, and for all z,y € R™ and 6 € [0,1], we have f(fz + (1 — 0)y) >
Of(x)+ (1 —0)f(y). A function f is convex if the function — f is concave. A function
is affine if it is both convex and concave. The a-superlevel set of a function f : R” — R
is defined as S*(f) = {x € dom(f) : f(z) > a}, and the a-sublevel set of f is defined

as So(f) = {x € dom(f) : f(z) < a}.
Proposition 2 ([12]). If a function is concave then its superlevel sets are convex; and
if it is convex then its sublevel sets are convex.

The following properties of concave functions are of interest in this paper.

Lemma 3. 1. (Non-negative weighted sum) If f1, fo, ..., fr : R™ — R are concave
and wy,wa, ..., wi > 0, then their w-weighted sum R" > z Zle w; - fi is
concave (on its domain ﬂle dom(f;)).

2. (Composition with an affine map) If f : R™ — R is concave, A € R"*", and
b € R", then the function R" > x — f(Ax + b) is concave (on its domain
{z: Az + b € dom(f)}).

3. (Pointwise minimum and infimum) If functions f1, fa,... fr : R® — R are con-
cave, then their pointwise minimum R” > 2 — min?_, f;(z) is concave (on its
domain ﬂi;l dom(f;)).

Let f : R" X Z — R, where Z is an arbitrary (infinite) set. If for all z € Z, the func-
tion R™ > x +— f(x, z) is concave, then the function R™ > x — inf.cy f(x, 2) is
concave (on its domain (., dom(f(-, 2))).

A function f : R™ — R is quasi-concave (on its domain dom(f) C R™), if dom(f) is
a convex set, and for all z,y € dom(f) and 6 € [0,1], we have f(0x + (1 — 0)y) >
min{ f(z), f(y)}. A function f is quasi-convex if the function — f is quasi-concave.

Proposition 4 ([12]]). A function is quasi-concave if and only if its superlevel sets are
convex; and it is quasi-convex if and only if its sublevel sets are convex.

The following properties of quasi-concave functions are of interest in this paper.

Lemma 5 ([18]). For hy, hs : R" — R, the function R"™ > x — hq(x)/ha(z) is quasi-
concave (on its domain dom(hy) N dom(hs)) if at least one of the following holds:

h1 is nonnegative and convex, and hs is positive and convex;
hy is nonpositive and convex, and hs is negative and convex;
hy is nonnegative and concave, and hs is positive and concave;
h1 is nonpositive and concave, and hs is negative and concave;
hy is affine and hs is non-zero and affine;

hy is concave, and hs is positive and affine;

h1 is convex, and hs is negative and affine.

N R~
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3.2 Lipschitz-Continuous Functions

A function f : R™ — R™ is Lipschitz-continuous on its domain dom(f), if there
exists a constant X' > 0, called a Lipschitz constant of f, such that || f(z) — f(y)| <
K|jz—yl forall z,y € dom(f); we then also say that f is K -continuous. The following
properties of Lipschitz-continuous functions are of interest in this paper.

Lemma 6. 1. If for every i = 1,2,...,k, the function f; : R" — R™ is K;-
continuous and w; € R, then the function R" > z — Y I  w;fi(x) is K-
continuous for K = Zle |w;| K.

2. If fi : R* = R™and fo : R™ — RF are K-continuous and Ko-continuous,
respectively, then their composition, R™ > x +— fo(f1(x)), is K-continuous for
K = KiK.

3. Let f1, fo : R™ — R be Ki-continuous and Ky-continuous, respectively; let fi
and fo be bounded, i.e., there is a constant M > 0, such that for all x € dom(f1) N
dom(f2), we have |f1(x)|,|f2(z)| < M; and let fo be bounded from below, i.e.,
there is a constant N > 0, such that for all x € dom(fs), we have fo(x) > N.
Then the function R™ > x — fi(x)/f2(x) is K-continuous for K = (NK; +
MK,)/N2.

3.3 Timed Automata

Clock Valuations, Regions, and Zones. Fix a constant £ € N for the rest of this paper.
Let C be a finite set of clocks. A (k-bounded) clock valuation is a function v : C —
[k]r; we write V' for the set [C' — [k]r] of clock valuations. If v € V and ¢ € Rg
then we write v + ¢ for the clock valuation defined by (v + t)(c) = v(c) + t, for all
¢ € C.Foraset C’" C C of clocks and a clock valuation v : C' — Rg, we define
Reset(v, C")(c) = 0if ¢ € C’, and Reset(v, C")(c) = v(c) if c & C".

Note 7. Clocks in timed automata are usually allowed to take arbitrary non-negative
real values, while we restrict them to be bounded by some constant k, i.e., we con-
sider only bounded timed automata models. We can make this restriction for technical
convenience and without significant loss of generality.

The set of clock constraints over the set of clocks C'is the set of conjunctions of simple
clock constraints, which are constraints of the form ¢ <1 i or c— ¢’ <1 4, where ¢, ¢’ € C,
i € [k]n, and < € { <, >, =, <, > }. There are finitely many simple clock constraints.
For every clock valuation v € V, let SCC(v) be the set of simple clock constraints
whichholdin v € V. A clock region is a maximal set P C V, such that forall v, " € P,
SCC(v) = SCC(v'). In other words, every clock region is an equivalence class of the
indistinguishability-by-clock-constraints relation, and vice versa. Note that v and v/ are
in the same clock region iff all clocks have the same integer parts in v and v/, and if
the partial orders of the clocks, determined by their fractional parts in v and v/, are the
same. For all v € V, we write [v] for the clock region of v.

A clock zone is a convex set of clock valuations, which is a union of a set of clock
regions. Note that a set of clock valuations is a zone iff it is definable by a clock con-
straint. For W C V, we write W for the smallest closed set in V' which contains V.
Observe that for every clock zone W, the set W is also a clock zone.
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Let L be a finite set of locations. A configuration is a pair (¢,v), where £ € Lisa
location and ¥ € V is a clock valuation; we write () for the set of configurations. If
s=(¢,v) € Qandc € C, then we write s(c) for v(c). A region is a pair (¢, P), where ¢
isalocationand Pisaclockregion.If s = (¢, v)isaconfiguration then we write [s] for the
region (¢, [v]). We write R for the set of regions. A set Z C Q isazoneifforevery ¢ € L,
there is a clock zone W, (possibly empty), such that Z = {(¢,v) : { € Landv € W;}.
For aregion R = (¢, P) € R, we write R for the zone {(¢,v) : v € P}.

Timed Automata. A timed automatonT = (L,C, S, A, E,6,&, F') consists of a finite
set of locations L, a finite set of clocks C, a set of states S C @, a finite set of actions A,
an action enabledness function £ : A — 25 a transition function 6 : L x A — L, a
clock reset function § : A — 2¢ and a set of final states F C S. We require that .S, F,
and E(a) for all a € A, are zones.

Clock zones, from which zones S, F', and F(a), forall a € A, are built, are typically
specified by clock constraints. Therefore, when we consider a timed automaton as an
input of an algorithm, its size should be understood as the sum of sizes of encodings of
L,C, A, b, and &, and the sizes of encodings of clock constraints defining zones S, F',
and E(a), for all @ € A. Our definition of a timed automaton may appear to differ from
the usual ones [419]]. The differences are, however, superficial and mostly syntactic.

For a configuration s = (¢,v) € @ and t € Rg, we define s + ¢ to be the con-
figuration s’ = ({,v +t) if v +t € V, and we then write s —; §’. For an action
a € A, we define Succ(s, a) to be the configuration s = (¢, '), where ¢/ = §(¢, a)
and / = Reset(v,£(a)), and we then write s — s'. We write s — s’ if s — s/;
s,s' € S;and s € F(a). For technical convenience, and without loss of generality, we
will assume throughout that for every s € .S, there exists a € A, such that s 4 4.

For s, s’ € S, we say that s’ is in the future of s, or equivalently, that s is in the past
of &, if there is ¢t € Rg, such that s —; s’; we then write s —, s’. For R, R’ € R,
we say that R’ is in the future of R, or that R is in the past of R/, if for all s € R,
there is s’ € R/, such that s’ is in the future of s; we then write R —, R’. We say that
R’ is the time successor of R if R —, R, R # R/, and for every R” € R, we have
that R —, R” —,. R’ implies R” = R or R’ = R'; we then write R —_1 R’ or
R’ <1 R. Similarly, for R, R’ € R, we write R % R’ if there is s € R, and there is
s’ € R/, such that s = s'.

We say that a region R € R is thin if for every s € R and every ¢ > 0, we have
that [s] # [s + €]; other regions are called thick. We write Rhin and Renick for the sets
of thin and thick regions, respectively. Note that if R € Rrpick then for every s € R,
there is an € > 0, such that [s] = [s + ]. Observe also, that the time successor of a thin
region is thick, and vice versa.

A timed action is a pair T = (t,a) € Rg x A. For s € @, we define Succ(s, 7) =
Succ(s, (¢, a)) to be the configuration s’ = Succ(s+t, a), i.e., such that s —; s” 2 s/,
and we then write s —; 5. We write s —; s’ if s —; s” - s’, and we then say that
(s, (t,a),s) is a transition of the timed automaton. If 7 = (¢, a) then we write s — s’
instead of s =, s’, and s — s’ instead of s —; 5.

The Reachability Problem. A finite run is a sequence (so, 71, S1,72, ..., Tn, Sn) €
S x ((Rg x A) x S)*, such that for all 4, 1 < 4 < n, we have that (s;_1,7;,s;) is
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a transition, i.e., that s; | —~ s,. For a finite run r = (50,71, 51,72, ..., Tn, Sn), We
define Length(r) = n, and we define Last(r) = s, to be the state in which the run
ends. We write Runsg, for the set of finite runs, and Runsg, (s) for the set of finite runs
starting from state s € S. An infinite run of a timed automaton is a sequence r =
(80,71, 51, T2, . ..), such that for all ¢ > 1, we have s;_1 I, s;. For an infinite run r,
we define Length(r) = oco. For a run r» = (sg, 71, s1, 72, . ..), we define Stop(r) =
inf{i : s; € F'}. We write Runs for the set of infinite runs, and Runs(s) for the set of
infinite runs starting from state s € S.

The reachability problem for timed automata is the following: given a timed automa-
ton 7 and an initial state s € S, decide whether there is a run » € Runs(s), such that
Stop(r) < oo. The following is a well known result.

Theorem 8 ([4]]). The reachability problem for timed automata is PSPACE-complete.

Strategies. A strategyisafunction o : Runsp, — Rg X A, such thatif Last(r) = s € S
and o(r) = 7 then s — s’. We write X for the set of strategies. A run according to a
strategy o from a state s € S is the unique run Run(s, o) = (sg, 71, $1, T2, - - .), such
that so = s, and for every ¢ > 1, we have o(Run;(s,c)) = 741, where Run;(s,0) =
<S()7 T1,S1y-+-5Si—1,Ti, Si>.

Since for every run r € Runs(s), there is a strategy o € X, such that Run(s, o) = r,
the reachability problem can be equivalently stated in terms of strategies: given a timed
automaton 7 and an initial state s € S, decide whether there is a strategy ¢ € Y/, such
that Stop(Run(s, o)) < oo.

We say that a strategy o is positional if for all finite runs r, 7’ € Runsg,, we have that
Last(r) = Last(r’) implies o(r) = o(r’). A positional strategy can be then represented
as a function o : S — Rg x A, which uniquely determines the strategy > € X' as
follows: °°(r) = o(Last(r)), for all finite runs r € Runsg,. We write IT for the sets of
positional strategies.

3.4 Priced Timed Automata

A priced timed automaton (T , ) consists of a timed automaton 7 and a price function
m: S x Rg x A — R that, for every state s € S and a timed move (¢,a) € Rg X A4,
determines the price 7 (s, t, a) of taking the timed move (¢, a) from state s, i.e., of the
transition (s, (¢,a), Succ(s, (t,a))). In a linearly-priced timed automaton [[7], the price
function is represented as a function p : L U A — R, that gives a price rate p(¢) to
every location ¢ € L, and a price p(a) to every action a; the price of taking the timed
move (a, t) from state s = (¢, v) is then defined by 7 (s, (t,a)) = p(¢) - t + p(a).

In this paper we consider concavely-priced timed automata, a generalization of
linearly-priced timed automata. Unlike for linearly-priced timed automata, we do not
specify explicitly how the price function 7 : S X Rg x A is represented; for conceptual
simplicity it is convenient to think of it as a black box. We do, however, require that
there is a constant K > 0, given as a part of the input, such that for all actions a € A
and for all regions R, R’ € R, the function 7%, p, : (s,t) = 7(s,t,a) is concave and
K-continuouson D pr = {(s,t) € SXxRg : s€ Rand (s +1t) € R'}.
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Notice that every linearly-priced timed automaton is a concavely-priced timed au-
tomaton. In the rest of the paper we reserve the term priced timed automata to refer to
concavely-priced timed automata.

We also consider concave price-reward timed automata (T ,m, ), where the price
and reward functions m, 0 : S X Rg x A — R satisfy the following properties: there
is a constant ' > 0, given as a part of the input, such that for all actions ¢ € A and
for all regions R, R’ € R, the functions (s,t) — 7(s,t,a) and (s,t) — o(s,t,a)
are K-continuous, and concave and convex, respectively, on {(s,t) € S x Rg
s € Rand (s +t) € R'}. Moreover, for technical convenience we require that the
timed automaton is structurally non-Zeno with respect to p, i.e., for every run r =
(S0, T1, 51, T2y -, Tn, Sn) € Runsgy, such that so = (Lo, 10), Sn = (€n,vn), and
oy = £, (i.e., such that the run r forms a cycle in the finite graph of the locations
and transitions of the timed automaton), we have that Zzl:l o(si—1,m) > 1.

4 Optimization Problems on Priced Timed Automata

The fundamental reachability problem for timed automata can be, in a natural way,
generalized to a number of optimization problems on priced timed automata. Let Cost :
Runs — R be a cost function that for every run » € Runs determines its cost Cost(r).
We then define the minimum cost function Cost, : S — R, by

Cost.(s) = inf Cost(r) = inf Cost(Run(s,o)).
rERuns(s) ceX
The minimization problem for that cost function Cost is: given a state s € S and a
number D € Q, determine whether Cost, (s) < D.

The following list of cost functions gives rise to a number of corresponding min-
imization problems. Let r = (sg, 71,81, 72,...) € Runs, where 7; = (¢;,a;) for
all 7 > 1. Moreover, for m and p, the price and reward functions, respectively, of a
priced (or price-reward) timed automaton, and for every n > 1, let: T),(r) = > ¢

i=1 Yi»
Tn(r) = Y1y T(sic1,7i), and 0, (1) = 320 0(si-1, 7).

1. Reachability: Reach(r) = wn (r) if N = Stop(r) < oo, and we define Reach(r) =
oo otherwise.

2. Discounted: Discounted(\)(r) = (1 — \) Y2, X7 w(s;_1,7;), where A € (0,1)

is the discount factor.

Average time: AvgTime(r) = limsup,,_, . T, /n.

Average price: AvgPrice(r) = limsup,,_, .o 7 () /n.

Price-per-time average: TimeAvgPrice(r) = limsup,, . mn(r)/Tn (7).

Price-per-reward average: PriceRewardAvg(r) = lim sup,,_, .o mn(7)/0n (7).

kW

The following is the main result of the paper.

Theorem 9. The minimization problems for reachability, discounted, average time,
average price, price-per-time average, and price-per-reward average cost functions,
for concavely-priced and concave price-reward timed automata, as appropriate, are
PSPACE-complete.
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The reachability problem for timed automata can be easily reduced, in logarithmic
space, to the minimization problems discussed above so, by Theorem [§] they are all
PSPACE-hard. In Sections[3and [ we prove that they are all in PSPACE, and hence we
establish the main Theorem[9]

5 Region Graphs

We say that a run r = (sg, (t1,a1), $1, (t2,a2),...) of a timed automaton 7 is of type
A(r) = (Ro,(R},a1), R1, (R}, az),...), if for all i € N, we have [s;] = R; and
[si +tiy1] = R}, . We write Types for the set of run types, and we write Types(R)
for the set of run types starting from region R € R.

For A = (R, (R}, a1), R1, (Rb,a2),...) € Types, s € Ry, and t = (t1,t2,...) €
R¥, we define PreRun? (t) = ((s0, Ro), (R}, t1,a1), (s1, R1), (Rb, 2, a2), . ..), where
so = s, and fori € N, we have (s; + t;11) AR siy1.Fors, s’ € S, R,R",R' € R,
t € Rg,and a € A, we also say that ((s, R), (R”,t,a), (s, R')) is a pre-transition if

(s+1t) 2 5.

5.1 Region Graph T

Let 7 be a timed automaton. We define the region graph T to be the finite edge-labelled
graph (R, M ), where the set R of 7 is the set of vertices, and the labelled edge relation
MCTR xR xAx Risdefinedby M = {(R,R",a,R') : R—, R" % R'}.

Let S = {(s,R) € SXR : s € R} be the set of states of 7. For (s, R), (s', R') € §
and (R",t,a) € R x Rg x A, we say that ((s, R), (R",t,a), (s', R')) is a transition
in 7 if: it is a pre-transition, (s + t) € R”, and (R, R",a, R') € M. We then also say
that there is an (R, t, a)-transition from state (s, R) in 7 .

A run of 7 is a sequence ((so, Ro), (R}, t1,a1), (s1, R1), (Rb, ta,as),...), such
that for all i € N, we have that ((s;, R;), (Rl 1, tit1, ait1), (siy 1, Ri, 1)) is a tran-

sition in 7. We write Runs? for the set of runs of 7. , and for (s, R) € g, we write

Runs? (s, R) for the set of runs of 7 whose initial state is (s, R).
The timed automaton 7 and the region graph 7 are equivalent in the following sense.

Proposition 10. For every s € S and (t,a) € Rg X A, there is a (t,a)-transition
from s in T if and only if there is a ([s + t], t, a)-transition from (s, [s]) in T.

Let (7,7) be a concavely-priced timed automaton. We define the price function 7 :
S x (R x Rg x A) — R in the following way. For (s, R) € S and (R”,t,a) €
R x Rg X A, such that there is a (R”,t,a)-transition from (s, R) in 7, we define
%((s, R),(R",t, a)) = 7(s,t, a). For a concave price-reward automaton (7,7, 0), we
define functions 7 and p in an analogous way.

5.2 Boundary Region Graph T

Define the finite set of boundary timed actions A = [k]y x C' x A. For s € Q and
a=(b,c,a) € A wedefine t(s, ) = b—s(c); and we define Succ(s, ) to be the state
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s = Succ(s, 7(a)), where 7(a) = (t(s, ), a); we then write s — s’. We also write

s if s RGN s’. Note thatif « € A and s < s’ then [s'] € Renin. Observe that for

every thin region R’ € Ry, there is a number b € [k]y and a clock ¢ € C, such that
for every R € R in the past of R’, we have that s € R implies (s + (b — s(c)) € R’;
we then write R —, . R'. Fora = (b,c,a) € Aand R, R’ € R, we write R = R’ or
R %4 R R — R R, for some R" € Renin.

Let 7 be a timed automaton. We define the boundary region graph 7T to be the
finite edge-labelled graph (R, M ), where the set R of 7 is the set of vertices, and the
labelled edge relation M C R xR x A x R is defined in the following way. For
a = (b,c,a) € Aand R,R”" R’ € R, we have (R,R", o, R') € M if one of the
following conditions holds:

-R—p.R'S Ror
- thereis an R € R, suchthat R —, . R —; R” % R or
— thereis an R € R, such that R —, . R" «— . R" % R'.

Let S = {(s,R) € SxR : s € R} be the set of states of 7. For (s,R),(s',R') € §
and (R”,t,a) € R x Rg x A, we say that ((s, R), (R",t,a),(s', R')) is a transition
in 7 if: it is a pre-transition, and there is an a = (b, ¢,a), such that t = b — s(c),
(s+1t) € R",and (R, R", o, R') € M.

A run of 7 is a sequence ((so, Ro), (R}, t1,a1), (s1, R1), (RQ,tQ,ag), ..), such
that for all i € N, we have that ((s;, R;), (Rl 1, tit1, @it1), (siy 1, Ri,q)) is a tran-
sition in T. We write Runs? for the set of runs of 7, and for (s, R) € 5, we write

Runs” (s, R) for the set of runs of 7 whose initial state is (s, R).
Let (7,m) be a concavely-priced timed automaton. We define the price function

7: 8 x (R x Rg x A) in the following way. Recall that for a € A and R, R” € R,
the function 7% p. @ (s,t) = 7(s,a,t) defined on the set Dg,rr = {(s,1) : s €
Rand (s+t) € R} is continuous. We write 7% ., for the unique continuous extension
of 7% . to the closure Dg g of the set Dp . For (s, R) € S and (R t,a) €

R x Rg x A, such that there is an (R”,t,a)-transition from (s, R) in 7, we define
7((s,R),(R",t,a)) = Tk g (s,t). For a concave price-reward automaton (7, 7, o),
we define functions 7 and g in an analogous way.

Proposition 11. Ifr € Runs” O Runs? then w(r) =7(r).

Thanks to the above proposition we can, and sometimes will, abuse notation by writ-
ing 7(r) instead of 7(r") or 7(r") for r € Runs” or r € Runs” , respectively.

5.3 Optimization Problems on the Region Graphs T and T
For a cost function Cost : PreRuns — R, we define the minimum cost functions Costz :
S — Rand Costz S — R, by:

Costf(gR) = inf Cost(r), and Costz(s,R) = inf Cost(r).
r&Runs? (s,R) r€Runs” (s,R)
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The corresponding minimization problems are: given a state s € .S and a number D €

Q, determine whether Cost? (s, [s]) < D and Cost” (s, [s]) < D, respectively.

The following list of cost functions gives rise to a number of minimization prob-
lems. Let 7 = ((so, Ro), (R}, t1,a1), (s1, R1), (R, t2,a2),...) be arun of 7 or 7.
For all n € N, define T),(rr) = Y ;" tis mp(r) = iy w((si—1, Ri—1), (R}, ti, ai))s
and o,(r) = >, o((si—1, Ri—1), (R}, t;,a;)). With those notations, we define the
reachability, discounted, average time, average price, price-per-time average, and price-
per-reward average cost functions, on the sets of runs of 7 and 7, in exactly the same
way as for runs of the timed automaton 7 ; see Section 4]

The following is an easy corollary of Proposition[I0l

Proposition 12. If Cost is any of the reachability, discounted, average time, average
price, price-per-time average, or price-per-reward average cost functions, then for all

5 € S, we have Cost? (s) = Cost” (s, [s]).
The following theorem is one of the main technical results of the paper.

Theorem 13. If Cost is any of the reachability, discounted, average time, average price,
price-per-time average, or price-per-reward average cost functions, then for all s € S,

we have Cost? (s,[s]) = Cost” (s, [s]).

Observe that for every state s € S, the number of states reachable from s in the
boundary region graph T is at most proportional to the size of 7T, and hence finite.
By Theorem[1l it follows that optimal positional strategies exist in 7T for all above-
mentioned cost functions. Therefore, and since a run from a state according to a po-
sitional strategy in 7 can be guessed, and its cost computed, in PSPACE (with
respect to the size of the input, i.e., a timed automaton 7), it suffices to prove The-
orem [[3]in order to obtain the main Theorem [0l We dedicate Section 6] to the proof of
Theorem[13]

6 Correctness of the Bounded Region Graph Abstraction

6.1 Approximations of Cost Functions

For n € N, we write Runs%(n) and Runs%(n)Nfor the sets of runs of 7 and 7, respec-

tively, of length n. Also, for a run 7 € Runs? or r € Runs?, and n € N, we write
Prefix(r, n) for the finite run consisting of the first 7 transitions of 7. For r € Runs”,
we sometimes abuse notation—for the sake of brevity—by writing Cost,, (1) instead of
Cost,, (Prefix(r, n)); the same applies to runs in Runs”

We say that a sequence of functions (Cost,, : PreRuns(n) — R),cn approxi-
mates a cost function Cost : Runs? — R or Cost : Runs? — R, respectively,

if for all » € Runs”, or for all r € Runs”, respectively, we have that Cost(r) =
lim sup,,_, ., Cost,, ().
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6.2 Cost Functions and Finite Run Types

Let A = (Ro, (R}, a1), R1,(R),a2), Ra,...) be a run type. For a state s € Ry and
(t1,t2,...,tn) € RY, we define PreRunﬁ)S(tl,tQ7 coytn) = Preﬁx(PreRunQ(t),n),
where the first n elements of £ € R are t1, 12, ..., t,. We define Aﬁ,s C R to consist

of the tuples (¢1, o, ..., t,) € R%, such that PreRunﬁys(tl, to, ..., ly) € Runs%(n).

Proposition 14. For every state s € S, a run type A € Types([s]), and n € N, the set
AT/})S is a polytope.
Proposition 15. Ler R € R, A € Types(R), s € R, and n € N. There is a I-to-1
correspondence between runs—starting from s, of type A, and of length n—in ?, and
vertices of A} .

More precisely, r = ((so, Ro), (R}, t1,a1), (s1,R1)s. .., (Rl tn, an), (Sn, Ry)) is
a run (of type A) in T if and only if there is a vertex (t1,ta, ..., tn) ofA{}’S, such that
r= PreRunﬁ)S(tl, (2T

The following is a well-known result [8]].

Proposition 16. Let f : A — R be a continuous quasi-concave function, where A C
R™ is a polytope. Let f be the unique continuous extension of f to the closure A of A.

— There exists a vertex v of A, such that f(v) = infen f(x).
— Foreverye > 0, there exists © € A, such that f(x) < f(v) +e.

Let a sequence (Cost,,),en approximate a cost function Cost. We define the function
Cost,/iS : Aﬁ,s — R by Costﬁ)s(tl, toy ... ly) = Costn(PreRunﬁ’S(tl7 to, ...y tn)).

The following can be derived from Propositions[T3 and [Tl

Corollary 17. Let Costﬁ)s be quasi-concave on Aﬁ,s-

1. For every run 7 € Runs” (s) of type A, and for every n € N, there is a run ¥ €
Runs?(s) of type A, such that Cost, () < Costy (7). -

2. For every run 7 € Runs” (s), and for every ¢ > 0, there is a run ¥ € Runs? (s) of
type A, such that Cost,,(7) < Cost,(T) + &.

Consider pre-runs 7 = ((so, Ro), (R}, t1,a1), (s1, R1), (RS, t2,a2),...) and 7’ =
((sh, Ro), (Ry,th,a1), (s, R1), (Rh, th,az), . ..) of the same type. We define r — 1’ =
(so — shst1 — 8,81 — 84,2 — th,...), where for all ¢ € N, the expression (s; — ;)
stands for the finite sequence (s;(c) — s}(¢))ccc. For a sequence © = (z;);eny € R¥ of
reals, we define ||z || = sup;¢y |24

Proposition 18. For every run 7 € Runs” (s), and for every e > 0, and there is a run
7 € Runs” (s), such that |7 — 7| < e.

Proof. Let 7 = ((s0, Ro), (R}, t1,a1), (s1, R1), (Rb, t2,a2),...) € Runs?. Note that

since 7 € Runs?, for every i € N, there are b; € [k]y and ¢; € C, such that ¢, =
bi—si_1(c;). Let7 = ((sy, = s0, Ro), (R}, t},a1), (s}, R1), (Rh, th, az),...) € Runs”
(of the same type as 7) be such that for all ¢ € N, we choose ¢ € Rg so that |t; — (b; —
st_1(ei))| < e—|lsi—1—$,_4]|. It then follows that for all « € N, we have ||s; —s}|| < &,
and hence ||[7 — 7| < e. O
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6.3 Concave-Regular Cost Functions

A cost function Cost : PreRuns — R is concave-regular if it satisfies the following
properties.

1. (Quasi-concavity). For every region R € R and for every run type A € Types(R),
there is N € N, such that for every state s € R and for every n > N, the function
Costﬁ)S is quasi-concave on Aﬁ’s.

2. (Regular Lipschitz-continuity). There is a constant K > 0, such that for every
region R € R and for every positional run type A € Types(R), there is N € N,
such that for every state s € R and for every n > N, the function Costﬁys is
K -continuous on A{}ys.

3. (Uniform convergence). There is x : N — R, such that lim,,_,, x(n) = 0, and
for every state s € S, run 7 € RunsT(s7 [s]), and n € N, we have Cost*T(s, [s]) <
Cost,, (7) + x(n).

Theorem 19. If Cost : PreRuns — R is concave-regular then for all states s € S, we
have Cost® (s, [s]) = Cost? (s, [s]).

Proof. First we prove that for all s € S, we have Costz(s7 [s]) < Costf(s, [s]). It
suffices to show that for every run 7 € Runs%(s7 [s]), we have Costf(s, [s]) < Cost(T).

Let7 € Runs%(s, [s]) be a run in 7 of type A. By the quasi-concavity property of
Cost, there is N € N, such that for all n > N, the function Cost? _is quasi-concave

on Af .. Hence—by the first part of Corollary [7—for every n 2 N, there is a run

Ty € Runs%(s, [s]) of type A, such that Cost,, (r;,) < Cost, (7).
By the uniform convergence property of Cost, there is a function x : N — R, such
that lim,, ., x(n) = 0 and for all n € N, we have Cost? (s, [s]) < Cost,, (7,) + x(n).

Hence—combining the last two inequalities—we get Cost? (s, [s]) < Cost,, (7) + x(n),
for n > N. Taking the limit supremum of both sides of the last inequality yields:

Costz(s7 [s]) < limsup (Cost, (7)) + x(n)) = Cost(7).

Next we prove that for all s € S, we have Costz(s, [s]) < Costf(s7 [s]). It suffices
to argue that for every s € S and ¢ > 0, thereisarun7 € Runs%(s7 [s]), such that
|Cost(7) — Cost? (s, [s])] < <.

Lete > Oandlet 7 € Runsfy(s7 [s]), so that Cost(7) < Costz(s7 [s]) + &/2, and
hence |Cost(7) — Costf(s7 [s])] < e/2.Let7 € Runs? be such that [[7 — 7| < &,

for some &’ > 0 to be chosen later; existence of such 7 € Runs? (s, [s]) follows from
Proposition[T8]

By the regular Lipschitz-continuity of Cost, there is K > 0 and N € N, such that for
all n > N, we have: |Cost,, () — Cost,,(7)| < K||7 — 7]| < Ke'. Hence—by choosing
¢’ > 0 sothat e’ < e/(2K)—we obtain that:

ICost,, (F) — Cost,,(7)| < /2,
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for n > N. Recall, however, that we have chosen 7" € Runsf'(s7 [s]) so that:

|Cost(7) — Cost (s, [s])] < /2.

From the last two inequalities it follows that |Cost(7") — Costf(s7 [s])] <e. |

Theorem 20. Reachability, discounted, average time, average price, price-per-time av-
erage, and price-per-reward average cost functions are concave-regular for concavely-
priced (or concave price-reward, as appropriate) timed automata.

Note that the key Theorem[I3]follows immediately from Theorems[19] and 20l
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Abstract. We introduce and study hybrid automata with strong resets. They gen-
eralize o-minimal hybrid automata, a class of hybrid automata which allows mod-
eling of complex continuous dynamics. A number of analysis problems, such
as reachability testing and controller synthesis, are decidable for classes of o-
minimal hybrid automata. We generalize existing decidability results for con-
troller synthesis on hybrid automata and we establish new ones by proving that
average-price and reachability-price games on hybrid systems with strong resets
are decidable, provided that the structure on which the hybrid automaton is de-
fined has a decidable first-order theory. Our proof techniques include a novel
characterization of values in games on hybrid systems by optimality equations,
and a definition of a new finitary equivalence relation on the states of a hybrid
system which enables a reduction of games on hybrid systems to games on finite
graphs.

1 Introduction

Hybrid systems and automata. Systems that exhibit both discrete and continuous be-
havior are referred to as hybrid systems [1]. Continuous changes to the system’s state
are interleaved with discrete ones, which may alter the constraints for future contin-
uous behaviors. Hybrid automata are a formalism for modeling hybrid systems [2].
Hybrid automata are finite automata augmented with continuous real-valued variables.
The discrete states can be seen as modes of execution, and the continuous changes of
the variables as the evolution of the system’s state over time. The mode specifies the
continuous dynamics of the system, and mode changes are triggered by the changes in
variable’s values.

Verification and controller synthesis. Formal verification of hybrid systems is an active
field of research in computer science (e.g. [34I5l6/7]). When augmented with price
information, they can serve as models for resource consumption. The price does not
constrain the behavior of the system, but gives quantitative information about it. This
research directions ha recently received substantial attention. Timed automata[J3]] have
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F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 63177] 2008.
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been extended with price information [819]. Similarly, the model of o-minimafl hybrid
systems has been extended with price functions [10].

The designer of the system often lacks full control over its operation. The behavior of
the system is a result of an interaction between a controller and the environment. This
gives rise to the controller synthesis problem, where the goal is to design a program
such that, regardless of the the environment’s behavior, the system behaves correctly
and optimally. A game-based approach to the controller synthesis problem was first
proposed by Church [[I1]], and was applied to hybrid automata and timed au-
tomata [13]. There are two players, controller and environment, and they are playing
a zero-sum game. The game is played on the hybrid automaton and consists of rounds.
In this paper, we use player Min to denote the controller and player Max to denote the
environment. These are standard player names in zero-sum games. In each round, Min
proposes a transition. Based on that, and in accordance with the game protocol, Max
performs this or another transition.

Hybrid games with strong resets. We are considering a subclass of hybrid automata: hy-
brid automata with strong resets (HASR). In order to represent the automaton finitely,
we require that all the components of the system are first-order definable over the or-
dered field of reals. The term “strong resets” comes from the property of the system
that all the continuous variables are non-deterministically reset after each discrete tran-
sition. As opposed to timed automata, where flow rates are constant, and reseting of the
variables upon a discrete transition is not compulsory [3]], HASR allow for rich contin-
uous dynamics [5IT0/T2]. In the game setting, we allow only for alternating sequences
of timed and discrete transitions [12I10]. Allowing an arbitrary number of continuous
transitions prior to a discrete one, without the requirement of o-minimality, renders it
impossible to construct a bisimulation of finite index [T4I13]).

Contributions. We are considering hybrid games with strong resets which generalize
the previously studied o-minimal hybrid games [12I10]. The o-minimality assumption,
together with the decidability of the first-order theory, was crucial in establishing pre-
vious decidability results [10].

For controller synthesis, only reachability-price games were studied so far [10].
However, the decidability result was limited to o-minimal hybrid games, where the
price function is positive and non-decreasing. In this work, we extend the previous
results to arbitrary price functions. Moreover, we show decidability of solving average-
price games which, until now, were studied only in a discrete time setting [[16].

In order to characterize the concept of game value, we use a technique of optimality
equations [17]]. For each game we introduce a set of equations. We prove that, if a pair
of functions from the states to real numbers satisfies those equations, then the values of
those functions are actually game values. We also show how to find solutions to such
equations. This technique is new in the area of infinite state systems and we believe that
its introduction contributes to the value of our results.

! O-minimality refers to the underlying algebraic structure. A structure is said to be o-minimal
if every first-order definable subset of its domain is a finite union of points and intervals.
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We introduce a new equivalence relation over the state space of the game. This equiv-
alence is coarser then the previously considered in this context and also induces
a finite bisimulation.

To compute solutions to the optimality equations, we construct a finite priced graph,
using the introduced equivalence relation. We prove that we can derive solutions to the
original problem from solutions to the finite problem. Both average-price and reachabi-
lity-price games on finite graphs are known to be decidable.

It is worth noting that our results can be easily extended to relaxed hybrid au-
tomata [[7]], where the strong reset requirement is replaced by a requirement that every
cycle in the control graph has a transition that resets all the variables. This extension
can be achieved by a refinement of the equivalence relation and a minor modification
of the finite graph obtained from it. We decided against considering this more general
model, as it would have a negative impact on the clarity of presentation and exposition
of our results.

Organization of the paper. The paper is organized as follows. Sec.[2lintroduces notions
of computability, definability, and zero-sum games. We recall the known results for
finite average-price and reachability-price games. Sec. [3] introduces zero-sum hybrid
games with strong resets. We characterize game values using optimality equations, and
prove that if these equations have solutions then the games are determined and almost-
optimal strategies exist. In the rest of the paper we are showing that the solutions to the
optimality equations indeed exist. A finite abstraction over the state space of the hybrid
game is introduced in Sec. [l It is used to construct a finite priced game graph. In Sec.[3
we show that solutions to optimality equations for finite average-price and reachability-
price games on this graph coincide with solutions to the optimality equations for their
hybrid analogues.

2 Preliminaries

We introduce key notions and results that will be used further in the paper, such as com-
putability, definability, decidability, and two-player zero-sum games on priced graphs.
We also briefly summarize known results for average-price and reachability-price games
on finite graphs.

Throughout the paper R, denotes the set of real numbers augmented with positive
and negative infinities, and R, and Rg denote the sets of positive and non-negative
reals, respectively. If G = (V, E) is a graph then for for a vertex v we write vE to
denote the set {v' : (v,v’) € E}.

2.1 Computability and Definability

Computability. Let f : X — R be a partial function, which is defined on a set D C
X C R™ We say that f is computable if f(z) is rational for every rational © € D,
and there exists an algorithm that computes it given x. It is approximately computable
if for every rational x € D, and every ¢ > 0, we can compute a y € R such that
ly — f(x)] < e.ltis decidable if the following problem is decidable: given a rational
x € D and ¢ € Q, decide whether f(z) < c. A set X C R" is decidable if there is an
algorithm that, given a rational x, can decide whether x € X.
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Proposition 1. If a function is decidable then it is approximately computable. If a de-
cidable set contains a rational element, then there is an algorithm that outputs one.

Earlier definitions apply to the broadly accepted Turing machine model of computation.
When dealing with real computation, the Blume-Shub-Smale (BSS) model [[18l/19] can
also be considered. In the BSS model all real numbers are among the valid inputs and
outputs.

Definability. Let M = (R,0,1,+,-, <) be the field of reals We will say that a set
X C R™ is definable in M if it is first-order definable in M . The first-order theory
of M is the set of all first-order sentences that are true in M. A well known result by
Tarski is that the first-order theory of the ordered field of reals is decidable.

It is possible to enrich the structure M with more operations (e.g., trigonometric
functions, exponential function, etc.), but decidability of the respective first-order the-
ory might be broken. Decidability of M is necessary to establish Cor.[T9 and 2T} and
Thm 221 Unlike results in [6II0/T2]], definability over M is not necessary to establish
determinacy and existence of almost-optimal strategies (Thms|[Z} [T [[71 and20). These
results are a direct consequence of the “strong reset” property mentioned in the intro-
duction.

Note that, if a real partial function is definable it is decidable, and if a set is definable
it is decidable.

2.2 Zero-Sum Games

Priced game graphs. Let S be a set of states, E C S x S be an edge relation, and
7 : E — Raprice function. A priced game graphis I' = ((S, E), SMin, SM& 7) where
S = SMin iy SMax_Note that S and E do not have to be finite or even countable.

A run of I' is a sequence p = (sg, s1,...) of elements of S, where p(0) = sg
is called the initial state, and (s;,s;4+1) € E for all ¢ € N. A finite run is a finite
sequence p = (Sp, ..., Sk) of elements of S, satisfying the same conditions. We write
Runs (Runsg,) to denote the set of all runs (finite runs) of 1.

Strategies. A strategy for player Min is a function 4 : Runsg, — S, such that for every
p = (50,51, .-,58,) € Runsgy, if s, € SM" then (s,,, u(p)) € E. A positional strategy
for player Min is a function z : SM" — S that satisfies the same conditions. A positional
strategy p naturally induces the strategy Runsg, > (sg, s1,...,8n) — u(sn) € S,
which, for simplicity, we also refer to as p. (Positional) strategies for player Max are
defined analogously. We write X2y, and Yy, for the sets of strategies for player Min
and Max, respectively, and we write Ily, and Il for the sets of their positional
strategies. For s € S and strategies ;1 € Yy and Y € Yvax, we define the run starting
at s and following p and x by Run(s, i, x) = (so, $1, S2, . . .), where sgp = s and for all
i >0, u(80,...,8)) = 541 if 8; € SM" and x (s, ..., s;) = sipq1 if 5, € SM&,

Let P, : Runs — R, and P* : Runs — R, be lower and upper payoff functions,
respectively. In a two-player zero-sum game, player Min wants to minimize the value
of P* of a play and player Max wants to maximize the value of P, of the play. We
require that P* > P,, and if P = P, = P* then we call P the payoff function. Payoft
functions define a zero-sum game on a priced game graph I".
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Example 2. Let us consider a very simple priced game graph, consisting of one vertex
and two edges. One of these edges bears a price of 0, and the other one the price of 1.
For the sake of the definition completeness, we say that the set of vertices of player Min
is empty.
If we use the average-price payoff functions (see Sec. for the definition) and
consider an infinite run p of the form 10 110011110000. .. one can see, after a brief
NP L e
2.20 2.21 2.22
calculation, that P, (p) = 1/2 which is not equal to P*(p) = 2/3.

Determinacy. We define lower value Val.(s) = sup, ¢ 5, inf e sy, P«(Run(s, u, x)),
and upper value Val™(s) = inf e x5y, sup, e s, P*(Run(s, i, x)), for all s € S. Note
that Val, < Val*, and if these values are equal, then we will refer to them as the
value of the game from this state, denoted by Val(s). We will also say that the game
from this state is determined. We say that it is positionally determined, if Val(s) =
SUDy € My inflLGEMm P*(Run(sa My X)) = inflLGUMm SUPy € Sy P*(Run(s7 My X))

For all 1 € Ywin and s € S, we define Val”(s) = sup,/cx,,  P*(Run(s, i, x")).
Analogously, for x € Xwax we define Val,(s) = inf, /¢, P«(Run(s, ', x)). For
e > 0, we say that p € Xy, is e-optimal if for every s € S, we have that Val”(s) <
Val*(s) + . We define e-optimality of strategies for Max analogously.

Decidability and computability. We will say that a zero-sum game on a game graph [’
is decidable if the partial function Val : S — R is decidable. A game has computable
e-optimal strategies if there exist e-optimal strategies for both players, which are com-
putable.

2.3 Average-Price and Reachability-Price Games on Finite Graphs

We recall the known results that will be used later, when discussing hybrid games. We
characterize the game values using optimality, equations and recall strategy improve-
ment algorithms, used for finding solutions to these equations. The games are deter-
mined (Thms [3land @), decidable and have computable optimal strategies (Cor.[3).

Average-price games. The goal of player Min in the average-price game on I is to min-
imize an average price per step in a run, and the goal of player Max is to maximize it. For
everyrun p = (sg, 81, 82, - . .), we define P, (p) = liminf, .. (1/n) Zzlz_ol (84, 8i11),

and P*(p) = limsup, o (1/n) 32720 7(si, 5541)-

Optimality equations for average-price games. Let I" be a priced game graph, and let

G, B : S — R. We say that the pair of functions (G, B) is a solution of optimality equa-

tions for the average-price game I', denoted by (G, B) = Opty,, (1), if the following

conditions hold for all states s € SMin:

G(s) = ( mi)n E{G(s’)}, B(s) = ( mi)nE {n(s,8")=G(s)+B(s') : G(s') = G(s)},
s,8")€E s,8" )€

and the analogous two equations hold, with max instead of min in both, forall s € SMax
The two functions G and B are called gain and bias, cf. [17]. Solutions of the gain-bias



68 P. Bouyer et al.

optimality equations for a finite game graph always exist and they are used to establish
positional determinacy of average-price games. For every state s € S, the gain of s is
uniquely determined by optimality equations and it is equal to the value of the average-
price game starting from s.

Theorem 3. For every finite priced game graph I', there is a pair of functions G, B :
S — R, such that (G, B) = Opty,,(I"), and for every state s € S, the average-price
game I from s is determined and Val(s) = G(s). Both players have positional optimal
strategies.

Reachability-price games. A reachability-price game (I, F) consists of a priced game
graph " and a set of final states F C S. The goal of player Min is to reach a final state
and the goal of player Max is to prevent it. Moreover, player Min wants to minimize the
total price of reaching a final state, while player Max wants to maximize it. For a run
p = (so,s1, S2, . ..), we define Stop(p) = inf,{s,, : s, € F}. The reachability-price
payoff P(p) of the run p = (sg, s1, $2, . . .) is defined by P(p) = Zf;og)(p)_l (85 Sit1)
if Stop(p) < oo, and P(p) = oo otherwise.

Optimality equations for reachability-price games. Let P : S — Rand D : S — N.
We say that (P, D) is a solution of the optimality equations for the reachability-price
game (I, F), denoted by (P, D) |= Optge,, (1 F), if the following conditions hold for
all states s € S. If s € F then P(v) = D(v) = 0; if s € SM" \ F then

P(s) = min {r(s.5) + P()}.

D(s) = ( m,i)réE {1+D(s") : P(s) =mn(s,s')+ P(s)},
and the analogous two equations hold, with max instead of min, for all s € SM® \ F.
Intuitively, in the equations above, P(s) and D(s) capture “optimal price to reach a final
state” and “optimal number of steps to reach a final state with optimal price” from state
s € S, respectively.

Let WM C S be the set of non-final states from which player Max can prevent
ever reaching a final state. This set can be easily computed in time O(|S| + |E|) for a
finite game graph I". Moreover, let WMin C S\ WM be the set of states which have
a negative value in the average-price game obtained from I" by removing all states from
the set WM It is easy to argue that for all s € WM we have Val(s) = +o0, and for
all s € WM we have Val(s) = —oo. Let S = S\ (WMax y WMin) and let 1" be
the priced game graph obtained from I” by restricting to the set of states Si".

Theorem 4. For every finite priced game graph I, there is a pair of functions P :
St — Rand D : S — N, such that (P, D) = Optg,u;(I"™", F), and for every state
s € S/, the reachability-price game I from s is determined and Val(s) = P(s).

Strategy improvement algorithms [T7IT3I21]] can be used to prove Thms[Bland[] and to
compute solutions of optimality equations Opt,,, (I”) and Optg,,., (1™, F).

Corollary 5. Average-price and reachability-price games on finite priced game graphs
are decidable and have computable optimal strategies.
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3 Games on Hybrid Automata with Strong Resets

We introduce hybrid automata with strong resets and define zero-sum hybrid games
on these automata, which fit in the general framework presented in Sec. The key
result is that optimality equations characterize the game values of average-price and
reachability-price hybrid games (Thms[Z]land [[T). This allows us to later prove the main
result of this paper, i.e., that these games are positionally determined and decidable.

Our definition of a hybrid automaton varies from that used in [12I10], as we hide
the dynamics of the system into guard functions. This approach allows for cleaner and
more succinct notation and exposition, without loss of generality.

Priced hybrid automata with strong resets. Let L be a finite set of locations. Fix n € N
and define the set of states S = L x R". Let A be a finite set of actions and define the
set of times T = Rg We refer to action-time pairs (a,t) € A x T as timed actions.
A priced hybrid automaton with strong resets (PHASR) H = (L, A, G,R, ) consists
of finite sets L of locations and A of actions, a guard function G : A — 25%T  a reset
function R : A — 25, and a continuous price function 7 : S x (A x T) — R. We say
that H is a definable PHASR if the sets G, R, and the function 7 are definable.

For states s, s’ € S and a timed action (a,t) € A x T, we write s —; s iff (s,t) €
G(a) and s’ € R(a). If s,s' € S, 7 = (a,t) € A x T,and s %, s’ then we write
s =+ s'. We define the move function M : S — 2A%T by M(s) = {(a,t) : (s,t) €
G(a)}. Note that M is definable if G is definable. A run from state s € S is a sequence
(80,71, 51, T2,82,...) €S X ((AxT)xS)¥, such that sy = s, and for all i > 0, we
have s; NIAEN Sit1-

We say that the hybrid automaton is price-bounded if there exists a constant B > 0,
such thatforall s € S and 7 € M(s), we have |7 (s, 7)| < B. For technical convenience,
we only consider price-bounded hybrid automata in this paper. Without it, it would be
necessary to account for non-determinacy. This would have a negative effect on clarity
of the paper.

Hybrid games with strong resets. A hybrid game with strong resets (HGSR) I’ =
(H, MMin MMax) consists of a PHASR H = (L, A, G, R, ), a Min-move function MM :
S — 2A%T and a Max-move function MM® : S x (A x T) — 2A%T. We require
that for all s € S, we have MMi"(s) C M(s), and that for all 7 € MMi"(s), we have
MMax(g ) C M(s). W.Lo.g., we assume that for all s € S, we have MMi"(s) £ (), and
that for all 7 € MMin(s), we have MM® (s, 7) # (). If H and the move functions are
definable then, we say that I" is definable.

A hybrid game with strong resets is played in rounds. In every round, the following
three steps are performed by the two players Min and Max from the current state s € S.

1. Player Min proposes a timed action 7 € MMin(s),
2. Player Max responds by choosing a timed action 7/ = (a’,t') € MM®(s, 7).

3. Player Max chooses a state s’ € R(a’), i.e., such that s — s’. The state s’ becomes
the current state for the next round.

A play of the game I" from state s € S is a sequence (So, 71, 71, 81, T2, T4, $2, - - .) €
Sx ((AxT)x (AxT)xS)“, suchthat sy = s, and for all ¢ > 0, we have 7,41 €
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MMin(s;) and 7/, ; € MM*(s;, 7,11). Note that if (so, 71, 7{, $1, T2, 75, S2, . . .) is a play
then the sequence (s, 71, $1, 74, S2, . . .) is a run of the hybrid automaton H.

A hybrid game with strong resets can be viewed as a game on a priced game graph.
The set of states S’ is a subset of: SU(Sx (Ax T))U((AXT)). The E’ relation is defined
as follows: (s, (s, 7)) € E'iff 7 € MMin(s), and ((s,7),7') € Eiff 7/ € MM™(s 7),
and ((a/,t'),s") € E'iff & € R(a’). We define I = ((S',E’),S,S" \ S, "), where
' ((s,7),(a',t")) = 7w(s,t’'), and 0 for all other edges. Additionally we require that
S’ \ S contains all states reachable from S and does not contain those that are not. For
all (a,t),(a',t") € 9, if a = o' then (a,t)E’ = (', ¢')E".

It is clear that plays of I" directly correspond to runs on I"’. Moreover, any run of I/
uniquely determines a run of H. To recall the definitions of strategies, payoff functions
and game values, see Sec.[2Z.2l We define payoffs of I runs as functions of the uniquely
determined H runs.

In the following, we lift the concept of reachability-price and average-price games,
as defined in Sec. to hybrid games with strong resets. We show that values of these
games are characterizable by optimality equations and we argue that if the game is
determined, e-optimal positional strategies are definable.

Average-price hybrid games. The goals of players Min and Max in an average-price
game are to minimize and maximize, respectively, the average price per round of a
play. This corresponds to defining the lower and upper payoffs as follows. For a run
p = (so, 81, . . .) of H, we define the lower payoff P, and the upper payoff P* by

n—1 n—1
P.(p) = lggicgf n Z (84, Tit1), P*(p) = limsup n Z (83, Tit1)-
i=0 n—ee i=0

As we did in the case of finite game graphs (Thm [3), we prove determinacy and
characterize the values of average-price games on hybrid automata with strong resets by
optimality equations involving gain and bias. Let G, B : SU (Sx (Ax T)) UA — R.
We say that (G, B) is a solution to average-price optimality equations, denoted by
(G, B) | Optay, (1), if the following equations hold for all s € S.If s € S, then

G(s) = Terﬁgﬂ(s){a(sﬁ)}’ (D
B(s) = Te&%ﬁ(s){_G(s) + B(s,7) : G(s,7) = G(s)}; 2)

if s € Sand 7 € MMi(s), then

G(S7T) - (a’,t’)renl\%ﬁ“(s,r){G(a )}7 (3)
B(s,T) = sup {m(s,d',V') = G(s,7) + B(d') : G(d') =G(s,7)};(4)

(a’ t")eEMMax (g 1)
andifa € A

G(a) = max {G(s)}, B(a) = sup {—G(a)+ B(s) : G(s) = G(a)}.
s€R(a) s€R(a)
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Note that the above optimality equations refer to I/, which allows us to model opti-
mal choices that both players make in all steps of the hybrid game. Also note that in the
definition of gain we use min and max rather than inf and sup. This is valid because
gain has a finite range, namely G(A), and A is finite.

Remark 6. Observe that if I' is definable then the left hand sides of the optimality
equations are definable functions of the right hand side arguments.

Theorem 7. If (G, B) = Opty,(I") then for every state s € S, the average-price
hybrid game I from s is determined and we have Val(s) = 3 - G(s). Moreover, for
every € > 0, positional e-optimal strategies exist for both players.

The factor of 3 in the statement of Thm []] is due to the fact that the value of gain
is subtracted in each of the three bias equations. This is necessary because a round
of a hybrid game I" is encoded by a sequence of three edges in the finite graph I”
(introduced in Sec.[)). This is a technical detail needed in the proof of Thm [T7]

Corollary 8. If there exists (G, B) such that (G, B) = Opty,,(I") and I" definable
then positional e-optimal strategies are definable.

The theorem and corollary follow from the following two lemmas and their proofs,
which imply that for all states s € S, we have that Val*(s) < 3 - G(s) and Val.(s) >
3 - G(s), respectively.

Lemma 9. Let (G, B) |= Opty, (I"). Then for all € > 0, there is pc € Iyn, such that
Sorall x € Xy and forall s € S, we have P*(Play(s, pie, X)) < 3-G(s) +e.

Lemma 10. Let (G, B) = Opty, (I"). Then for all € > 0, there is xc € Ilyax, such
that for all i € Xy, and for all s € S, we have P, (Play(s, i, xc)) >3- G(s) —e.

We prove Lem. [0 by observing that for every ¢’ > 0, player Min can choose T €
MMin(s) in such away that: G(s) = G(s,7) and B(s) > B(s,7) — &', We call this
choice £’-optimal. To complete the proof, we prove that if ;. € II™M™ is such that for
every, s € S ji.(s) is e-optimal, then pi. is e-optimal. The proof of Lem. [[Qis similar.

Reachability-price hybrid games. A hybrid reachability-price game with strong resets
(I', F) consists of a hybrid game with strong resets I" and of a (definable) set F C .S of
final states.

For a run p = (s, s1, S2,...) of H, we define Stop(p) = inf,{s, : s, € F}.
The reachability-price payoff P(p) is defined by P(p) = S22 r(s, 701) if
Stop(p) < o0, and P(p) = oo otherwise.

As in the case of finite reachability-price games, we prove determinacy and char-
acterize game values using optimality equations (Thm H)). We adapt the optimality
equations in the same way as for average-price hybrid games. We write (P, D) |
Optgeqen (I F) to denote a solution of the reachability-price optimality equations.

Theorem 11. If (P, D) |= Opty, ., (I, F) then for every state s € S, the reachability-
price hybrid game (I, F) from state s is determined and we have Val(s) = P(s). More-
over, for every € > 0, positional e-optimal strategies exist for both players.

Corollary 12. If there exists (P, D) such that (P, D) |= Optg,u(I,F) and I" defin-
able then positional c-optimal strategies are definable.
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4 A Finite Abstraction

We introduce a finitary equivalence relation over the state space of the hybrid game I".
It is used to construct a finite priced game graph I".
For s € S and (a,t) € MMI'(s), we define

AMB (s (a,1)) = {a’ € A : (d/,t') € MM™(5 (a,t)) for some ¢’ € T},

i.e., AM®(s (a,t)) is the set of actions a’ € A, such that there is a valid response
(a’,t') € A x T of player Max to the proposal (a,t) of player Min. For s € S and
teT,let

AMinMax (o 4y — {(a,AMaX(S, (a,t))) : (a,t) € I\/IMi“(s)},

i.e., the set AMI"™MaX (5 1) is the set of all pairs (a, A’) € A x 2, such that player Min
can propose the timed action (a,t) from state s, and the set of actions, appearing in
valid responses of player Max to the proposal (a, t) of player Min, is exactly A’.

Let R = { Ry, Ra,..., Ry, } be such that R; C S for all 7. For s, s" € S, we define
s ~x s’ to hold iff the following conditions are satisfied: for all i = 1,2,...,n, we
have that s € R; iff s € R;; AMINMax (5 T) — AMinMax( g/ )

We will use R = {R(a)}qea for average-price games and R = {F} U {R(a)}4ea
for reachability-price games. If the set R is understood from the context, or if for the
purpose of our discussion the exact identity of the set R is not important then, we
often write simply ~ instead of ~. Note that the second condition in the definition
of ~ states that the functions AMInMax (g .y AMinMax( g/ "y - T, A x 2A have the same
ranges. Therefore, if Q € S/~, then it makes sense to set AMI™2(() T) to be the range
of the function AMI"Max (5 ) for any s € Q.

Remark 13. Observe that ~ is an equivalence relation on the set of states S, and that
there are finitely many equivalence classes of ~. Moreover, if I" is definable then every
equivalence class is also definable.

From I to the finite game. The main goal of this section is to define a finite game
graph I" whose plays correspond to sequences of rounds, each of which consists of the
following steps. Let a”” € A be the current action.

1. Max chooses Q € S/~ such that @ C R(a").
2. Min chooses a pair (a, A’) € AMmMax() T),
3. Max chooses an action a’ € A’, which becomes the current action.

Note that, unlike in the hybrid game I, here in every step players make choices out of
finite sets of options. It is instructive to think of mapping choices made by the players
in steps 3, 1, and 2 of the hybrid game I to steps 1, 2, and 3 of the finite game " in the
following way.

1. Max’s choice of s € R(a’") is mapped to his choice of the equlvalence class [ ~-
2. Min’s choice of (a,t) € MM"(s) is mapped to his choice of (a, AM*(s, (a,1))).
3. Max’s choice of (a/, ') € MM® (s, (a,t)) is mapped to his choice of a’.
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The above finitary abstraction of choices made by players in every round of the
hybrid game I' = (H, MMin, MMax) i5 formalized by the following finite game graph
H = (S, E), where:

~

s =AU S/~ U {(Q.a,4") : Q €S/~and (a,A') € AM™>(Q T)},
={(a,Q) : QCR(a)} U {(Q,(Q,a,4)) : (a,A") € AM™>(Q T)}
U{((Q.,a,A"),a") : o' € A'}.

We define the finite game graph I' = (H, SMin, SMax 2) \here (SMin, /S\M"‘X) is a parti-
tion of S and 7 : E — R is a price function. Let SMi" = S/~ and let SMax = S\ GMin,
The price function 7 is defined to be 0 for edges of the form (a, Q) or (Q, (Q,a, A’)),
and for edges of the form ((Q,a, A’),a’) we define

7((Q,a,4"),a') = sup _inf sup (s, (a’,t')), where
s€Q teT (a,ar) VETYE (a,t),a’
Totan ={t €T : (a,1) € MM7(s) and A" = AM(s, (a,1))},
T L= {t e T (d 1) € MM(s, (a, 1))}

The set TM(n _av) s the set of times ¢, such that if Min proposes the timed action (a, t)
from state s, then A’ is the set of actions which occur in valid responses of Max. Sim-
ilarly, the set TM’("; ). is the set of times ¢’ € T, for which the timed action (a’,t’) is
a valid response of Max to the proposal (a, ¢) of Min.

Note that the value of 7 always exists. This follows from the assumption that hybrid
automata with strong resets under consideration are price-bounded.

Theorem 14. If I' is definable then the finite priced game graph I is also definable.

Discussion. Inthe hybrid game I', each step of a round has a hybrid nature, i.e., consists
of both a discrete and a continuous component. In the first two steps, players Min and
Max make a discrete choice of an action followed by a continuous choice of time. In
the last step, player Max makes a discrete choice of an equivalence class (recall the ~
equivalence), followed tpi a continuous choice of a state in that class.

The construction of I is built upon an idea to separate the discrete and continuous
choices of both players. This separation is achieved by reconstructing the round of
a game in such a way that first players make their discrete choices (in three steps)
and then they make their continuous choices, which must be sound with respect to the
discrete choices made earlier.

In I', the discrete steps of the reconstructed round are encoded in the choices of
edges. The continuous choices are not present, however. Instead, we set the prices of
edges as if, after making the discrete choices, the players were making optimal contin-
uous choices (with respect to the discrete ones). This reduces the problem of solving
a hybrid game I to a finite problem. The correctness of this approach will follow from
Thms[T7] and 20l which can be found in Sec.
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Example 15. To make the construction of I clearer, we provide a simple example. Let
Vi={(z,y) : x+y>10},Vo =R*\ V1, V3 = {(z,y) : y+2° <O}, [ = (1,2),
I, = (3,4) and I3 = (5,6). We define the hybrid automaton H = (L, A, G, R, 7) as
follows: L = {¢}, A ={a,b},S=LxR% G = {a} x (Sx I3) U{b} x (L x V3) x I,
R = A x (L x V1), and the price function is given by 7(z,y,A,t) = —(t + 2% + 3?).
Fig[Il(a-c) provides more insight into the definition of H.

Recall that M(s) = {(c,t) : (s,t) € G(c)}. We define I" by setting MMin(s) =
M(s) N {a} x Tandif t € I; then MM*(s,a,t) = {(a,t)} otherwise, if ¢ € I3 then
MM (5 q ) = {(a,t)} U {b} x L.

Now we can construct the equivalence ~%, where R = {R(a), R(b)}. All elements
of L x V are contained in both R(a) and R(b). If we look at the set AM™ax (s T) then it
is easy to see that for all s € L x (V7 \ V3) itis equal to {(a, {a})}, and for all elements
s €L x Vs, to{(a,{a}), (a,{a,b})}. On the other hand, elements s € L x V5 are not
contained in any set in R, and the set AM™2X(s T is alway equal to {(a, {a})}. This
gives us three equivalence classes of ~z, namely Q1 = L x V3, Q2 = L x (V1 \ V3) and
Qs = L x V5. The finite priced game graph I obtained from I’ using ~x is depicted
on Fig[1(d).

Vertices of player Max

‘\ ertices of player eru

VitV Va

Fig. 1. a) Graph structure underlying H. b) State space of H. c¢) Guard function of H. d) The
priced game graph I” obtained from I” through finite abstraction. A, stands for {(a, {a})} and A2
for {(a,{a}), (a,{a,b})}. Edge price is omitted when it is equal to zero.

5 Solving Average-Price and Reachability-Price Games

The key result of this section is that solutions of optlmahty equations for the average-
price game I’ and for the reachability-price game (F F) on the finite priced game
graph I coincide with the solutions of the optimality equations for the hybrid average-
price game I" and of the hybrid reachability-price game (I, F) respectively (Thms[I7]
and20). In addition (by Thms [71 and [[T)) it follows that average-price and reachability-
price hybrid games are positionally determined and decidable (Cor. [I9 and 2.

Average-price games. The following are the optimality equations for the average-price
game on the finite priced game graph I'. For Q € S/~ = SMi" we have:

G(Q) = min  {G(Q,a, A},
(@.(Q,a,A7))cE
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B = min {-GQ) +B(Q,a,4): GQ) =G(Q,aA)}:

(Q(Q,a,A"))€E

for (Q,a, A') € (S/~ x A x 2A) C SM# e have:

G(Q,a,4)= max {G(Q,a,A)},
(Q,a,A"),a’)€E
B(Q,a,AY = max _{7((Q,a,4"),d') -~ G(Q,a,A') + B(a') :

((Q,a,A%),a")€E

G(Q,a, A"y = G(d')};
and fora € A C /S\M"‘X, we have:

G(a) = max {G(Q)}, B(a)= max {-G(a)+ B(Q) : G(a) = G(Q)}.
(a,Q)€E (a,Q)€E

Our goal is to show that a solution (&, B) of Opt Avg(f) can be used to obtain a solu-
tion (G, B) of Opt,y,(I"). Recall that a solution of optimality equations Opt,,, (") for
a hybrid average-price game is a pair (G, B) of functions G, B : S U (S x (A x T)) U
A— R.

Proposition 16. If I is a hybrid average-price game, then for all states s € S and for
all 7 € MM (s), the values G(s), B(s), G(s,T), and B(s, ) satisfying equations (I
[, respectively, are uniquely determined and first-order definable (provided that I is
definable) from the (finitely many) values {G(a), B(a) : a € A}.

Theorem 17. Let I be a hybrid average-price game and let (G, B) = OptAvg(f). If
G,B:SU (Sx(AxT)) UA — Rsatisfy equations (IH4), and for all a € A, it holds

~ ~

that G(a) = G(a) and B(a) = B(a), then (G, B) = Opty, ().

Example 18. Recall the game graph I from Ex. Fig 2l depicts the optimal choices
of both players in the average-price game and the solution to the optimality equations
for finite average-price games. The value of the game from every state is —2/3, because
(G7 B) ): OptAvg(F)'

We use the solutions to OptAVg(f) to obtain solutions to Opt,,,(I"). We set G =
—2. B(a) = E(a) = 0and B(b) = ﬁ(b) = 0. The remaining values are uniquely
determined by these. One can see that the value of the average-price game on [ is —2
and that the players have e-optimal strategies as follows: from every state in 1 player
Min should play (a, 6 —¢), and from every state in Q2 UQ3, Min should play (a,2 —¢).
Player Max on the other hand has always to play Min’s choice unless he is in the state
(s,a,t) and t > 5, when he should make the move (b, 3 + ¢). From every state in A,
Max should choose choose to play (0,0) € Qs.

Corollary 19. Definable average-price hybrid games with strong resets are decidable.
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Vertices of player Min E Vertices of player Max
_______________ | e e e e e e e e e e e e e e e e e e - ———

Fig. 2. Solid arrows denote the optimal strategies of both players. Above each vertex one can find
its gain and bias.

Reachability-price games. As in the case of average-price hybrid games the solutions
to the optimality equations for the finite game (f , f) coincide with the solutions to the
optimality equations for the hybrid game (I, F). The main results are as follows, and is
proved in a similar fashion as Thm[I7]

Theorem 20. Let (P,D) = OptRmch(f,ﬁ), where (I, F') is a hybrid reachability-
price game. If for all a € A, we set P(a) = ﬁ(a) and D(a) = ﬁ(a), then there are
unique extensions of P, D : A — Rt P,D :S U (S x (A x T)) U A — R such that
(P7 D) ): OptReach(Fv F)

Corollary 21. Definable reachability-price hybrid games with strong resets are
decidable.

Computability of s-optimal strategies. Definable average-price and reachability-price
admit e-optimal strategies. We present the following computability result.

Theorem 22. If I' is a definable hybrid game with strong resets then, if in the average-
price (reachability-price) game a player can always make a rational e-optimal move,
then e-optimal strategies are computable.
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Abstract. In this paper, we consider a syntactic subset of timed au-
tomata called integer reset timed automata (IRTA) where resets are re-
stricted to occur at integral time points. We argue with examples that
the notion of global sparse time base used in time triggered architec-
ture and distributed web services can naturally be modelled /specified as
IRTA. As our main result, we show that the language inclusion problem
L(A) C L(B) for a timed automaton .4 and an IRTA B is decidable with
EXPSPACE complexity. The expressive power and the closure proper-
ties of IRTA are also summarized. In particular, the IRTA are (highly
succinct but) expressively equivalent to 1-clock deterministic IRTA and
they are closed under boolean operations.

1 Introduction

Timed automata [AD94] are an extension of finite state automata with real-
valued clocks. They have emerged as a standard theoretical model for real-time
systems, and their formal properties have been well studied [AD94], [AMO04].

Unfortunately, many of the nice properties of finite state automata are lost
when going to timed automata. Specifically, timed automata are not closed under
complementation or determinization, and the crucial language inclusion question
L(A) € L(B) is undecidable for timed automata. This prevents the effective
use of timed automata themselves as property specification language in model
checking.

Timed automata incorporate a global notion of time where the time is dense
and all the clocks are perfectly synchronized. In distributed real-time systems
this assumption is unrealistic and alternative models of timed computations such
as time triggered architecture are used in practice. The main features of
this model are:

1. Time is dense and global. However, all nodes in a cluster work with global
but sparse time base where dense time is broken into granular intervals of
time of fixed precision.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 78 2008.
© Springer-Verlag Berlin Heidelberg 2008
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2. It is impossible to give ordering of time stamps of events at different nodes
which occur within a single granule. Events occurring in different granules
can be ordered based on the time stamps.

Inspired by this notion of sparse time base, in this paper we propose a subclass
of timed automata called Integer Reset Timed Automata (IRTA) where clock
resets are restricted to occur at integer valued time points. This is achieved
by requiring that all reset transitions have a condition of the form x = c as a
conjunct in their guard where ¢ is an integer. Note that in IRTA, the transitions
which do not reset any clock can occur at any time point and IRTA are more
general than integer timed automata.

IRTA incorporate the notion of sparse time base which is taken to be the set
of natural numbers and time granules are unit time intervals. The only valid
quantitative time constraints on events are with respect to the integral values of
time where clock resets occur. Exploiting this, we show in the paper that IRTA
cannot distinguish between the time stamps of events occurring within a unit
open interval (7,4 + 1). Example @ presents a case study [MRDT 08| of modelling
end-to-end latency of a vehicle control system with multiple interacting ECUs
working in a time triggered fashion. The resulting model is naturally an IRTA.

Sparse time bases are also used in the quantitative timing constraints which
feature in the specification of distributed business processes and web services
(e.g. see [KPPOG]). Such constraints are typically given with respect to a sparse
time base which provide globally available set of reference time points to all
agents. Each such constraint can be naturally modelled as an IRTA. For example,
consider the property: Once check is deposited, the balance will be cleared by the
end of the third day. This can be modelled as the IRTA (with silent actions)
shown in Figure Bl Here, clock x is reset every 24 hours. Once the check is
deposited (at any arbitrary dense time point) a state change occurs and there
are no more resets of clock x. The constraint on ‘balance cleared’ event is x <
72. Note that this constraint is with respect to the start of the day on which
check was deposited and not the time of depositing the check. Similarly, in
the specification of business processes (see [KPP06]), we have properties such as
Meeting must take place within 7 days of receiving the notification but not before 3
days. In calendar automata [DS04] too the time constraints are with reference to
calendar dates which can be considered as the sparse time base. Thus, we believe
that IRTA constitute a useful and interesting sub-class of timed automata.

In this paper, we mainly focus on the decision problems and closure properties
of IRTA. We show that the timed language of an IRTA over an alphabet X' can
be precisely represented symbolically by a regular language over an extended
alphabet X U {8, v'}. Such languages are called regular delta-tick languages. We
also give a technique of conservatively overapproximating the timed language
of a timed automaton by a regular delta-tick language. Utilizing this, we give
a decision procedure with EXPSPACE complexity to check whether L(A) C
L(B) for a timed automaton A and an IRTA B. This is achieved by reducing
the question to language containment of two regular delta-tick languages. We
also remark that the method extends immediately to e-IRTA which are IRTA
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with silent transitions [BPGDOS], with the same complexity. The e-IRTA are
quite useful in modeling periodic clock constraints that occur in time triggered
systems.

We also investigate the expressive power of IRTA. We can show that the IRTA
are expressively equivalent to deterministic 1-clock IRTA. However, the known
reduction from IRTA to 1-clock deterministic IRTA seems to result into a three
exponent blowup in the automaton size [SPKMO07]. We also show that IRTA are
closed under boolean operations.

Related work. We propose a subclass IRTA of timed automata which are suitable
for modelling distributed real-time systems working with global and sparse time
base. Such a notion of time occurs in time-triggered architecture [KBOI] and
timing specification of business processes and web services [KPP06]. In a more
comprehensive treatment of time triggered architecture, Krcél et ol [KMTY04]
have proposed a model of network of timed automata working in time trig-
gered fashion which directly incorporates the buffering of signals between nodes.
Moreover, they deal with the sparse time base using a notion of digitization. Our
treatment of time is quite different where we give a weak subclass of timed au-
tomata and investigate its properties. Example [ illustrates modelling of timed
triggered systems using IRTA. A work closer to our approach uses the calendar
automata to model and verify timed triggered protocol [DS04]. However, calen-
dar automata are like discrete event simulation systems with event queues and
infinite state verification techniques have to be used in their analysis. By com-
parison IRTA fit well within the theoretical framework for timed automata. It is
also useful to have silent transitions in IRTA, giving e-IRTA. Silent transitions
in timed automata were investigated by [BPGD98]. Decision problems for timed
automata with silent transitions have also been studied [BHRO7].

We have shown that the language inclusion question L(A) C L(B) is decid-
able with EXPSPACE complexity for timed automaton A and e-IRTA B. This
question is undecidable for timed automata in general and it has been shown
to be decidable but with non-primitive-recursive complexity when B is a 1-clock
timed automaton. [OW05].

For the class of deterministic timed automata [AD94] the language inclusion
question is decidable and in PSPACE. However, the question whether a given
timed automaton is determinizable is undecidable [Tri06] [Fin06]. In general, find-
ing determinizable sub-classes of timed automata is an interesting but difficult
quest. In their pioneering work Alur et al [AFH99] have shown that a subclass
of timed automata called Event Recording Automata (ERA) can indeed be de-
terminized with one exponential blowup in the automaton size. This has been
extended to the semantic model of input-determined automata [DT04]. We show
with examples that in terms of expressive power ERA and IRTA are incompa-
rable. While, IRTA can also be determinized to 1-clock deterministic IRTA, the
available method seems to result in a blowup of the automaton size
by 3 exponents!

The rest of the paper is organized as follows. Section ] introduces IRTA as a
subclass of timed automata. The delta-tick word representation of timed words
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is given in Section [3 The construction of the delta-tick automaton RMA for a
given timed automaton A is presented in Section[d The decidability of language
inclusion L(A) C L(B) for IRTA B is also shown in Section[dl The expressiveness
and closure properties of IRTA are explored in Section Bl The paper ends with
a discussion.

2 Integer Reset Timed Automata

Definition 1 (Timed Word). A finite timed word over X is defined as p =
(0,7), where 0 = 01 ...0, is a finite sequence of symbols in X and T =711 ...7,
18 a finite monotone sequence of real numbers. T; represents the time stamp of
the occurrence of the event corresponding to the symbol o;. A timed language L
is a set of timed words. Let untime(L) = {o | (o,7) € L}. The set of all
timed words over a set of symbols S is denoted by TWyg.

For convenience of presentation we assume a default initial time stamp 7 = 0,
prefixed to any sequence of time stamps 7 =7y ... 7.

Definition 2 (Timed Automata). A timed automaton A is a tuple (L, Lo,
X, C, E, F) where (i) L is a finite set of locations, (ii) Lo C L is the set of
initial locations, (iii) X is a finite set of symbols (called alphabet), (iv) C is a
finite set of real valued clocks, (v) E C L x L x X x ®(C) x 29 is the set of
transitions. An edge e = (I,I',a, 9, \) represents a transition from the source
location 1 to the target location I on input symbol a. The set A C C gives the
set of clocks that are reset with the transition and, ¢ is a guard over C, and
(vi)F C L is the set of final locations.

Let x represent a clock in C' and ¢ represent a natural number. ¢(C') is the set
of constraints ¢ defined by

o = z<clz>cr<clz>cpry
Note that the constraint x = ¢ is equivalent to x < c Az > c.

Definition 3 (Clock Interpretation). Let C' be the set of clocks. A clock
interpretation v : C' — R maps each clock v € C to a non-negative real
number.

A state of A is a pair (I,v) such that [ € L and v is a clock interpretation over

C'. The state space of A is L x RLCOI. The state of a timed automaton can change
in 2 ways: -

1. Due to elapse of time: for a state (I,v) and a real-number ¢t > 0, (I, v) AN
(I,v +t). This kind of transition is called a timed transition.

2. Due to a location-switch: for a state (I, v) and an edge (I,1’, a, ¢, \) such that
viE g, (I,v) = (I',v[\ := 0]). We call such a transition, a X-transition.

Here (v + t)(z) = v(z) + ¢t and, v[A := 0](z) = 0, Vx € A, and remains
unchanged Vo € (C\\).
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Definition 4 (Run, Word, Language). A run r of a timed automaton is
a sequence of alternating timed and X transitions: (lo,vo) —= (lo,v1) —

(I, }) 2= () - (b, vl ) =57 (Lt vn) =2 (I, V) with 1y € Ly
and vy is such that vo(x) = 0, Yo € C. The run r is accepting iff l,, € F. Corre-
sponding to each run, there is a timed word (o1,71), (02,72), -+, (On, Tn) where
o, is the event or symbol corresponding to e;, and 7; is the time stamp of o;. A
finite timed word p = (o,7) is accepted by A iff there exists an accepting run
over A, the word corresponding to which is p. The timed language L(A) accepted
by A is defined as the set of all finite timed words accepted by A. O

Corresponding to a state (I,v), we have the configuration (I,v)!, where ¢ is the
time at which (/, v) arises in the given run. We use the terms state and configura-
tion interchangeably. The above run can be written as (Iy, 1) —= (lg, )™

(I, )™ 225 (I, ve)™ e (e, vy g)

Theorem 1. Given a timed automaton A one can build a finite state
automaton R.A, called the region automaton, such that L(RA) = untime(L(.A)).

Tn*—Tn}fl (ln—17Vn)Tn e—">(ln,l/;L)T”-

Definition 5 (Integer Reset Timed Automata). An integer reset timed
automaton (IRTA) is a timed automaton in which every edge e = (I,U';a,p, \)
is such that X is nonempty only if ¢ contains at least one atomic constraint of
the form x = ¢, for some clock x. O

Ezample 1. The automaton A in Figure[is an IRTA.

Ezample 2. FigureBlshows timed automata based model (taken from [MRDT08])
of a system which is a chain of n tasks working under the time triggered archi-
tecture. The model is an abstraction derived for the worst-case end-to-end la-
tency estimation of a vehicle control system with multiple ECUs. Tasks cannot
directly communicate control signals to each other and they only interact through
buffered messages (temporal firewalling). Each task works according to predeter-
mined time schedule based on the sparse time base. In our example, each task i
executes periodically with an integer period T;. On being triggered, it polls its in-
put buffer and if input is available it carries out internal computation which can
require upto F; time. It then generates output signal for the following task i + 1

Fig. 1. An IRTA A
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xi=0 *n=0

x1==T1 && p
%1=0,
DCNT=CI
CNT++,
v=0

xi=0

Task; Task; Task,
(a) (B) (<)

Fig. 2. Task Chain Model for End-to-end Latency Verification of a Multi-ECU Vehic-
ular Control System in UPPAAL. Each task is an IRTA.

which is buffered. Note that the output signal can occur at any dense time point.
The model reaches an error location if there is buffer overflow or, if the end-to-end
latency exceeds the deadline D. The figure gives the UPPAALI model of
the system which was used to carry out experiments on model checking worst case
end-to-end latency [MRDT08]. It can be observed that the model naturally falls un-
der the subclass IRTA of timed automata as the reset of clock x; occurs with the
constraint x; = T;. Thus, IRTA are useful in specifying and modelling time trig-
gered systems. a

Timed automata with silent transitions were studied by [BPGD98]. We adapt
them to IRTA.

Definition 6 (e-IRTA). An e-IRTA is an IRTA which can also have edges of
the form e = (I,l',¢,,\) such that ¢ ¢ X. Such an edge represents a silent
or non-observable transition. We use e-IRTA to represent the class of such au-
tomata.

Example 3. Figure B shows an e-IRTA which models the following property:
Once check is deposited, the balance will be cleared by the end of the third day.
Such properties arise in timing specification of business processes and distributed
web services [KPP06].

Lemma 1. e-IRTA are strictly more expressive than IRTA.

e, x =247¢ =0

e, x> T727

deposit ]
clear,x < 727

Fig. 3. The bank transaction property as IRTA
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Fig. 4. ¢IRTA : A

Proof. There exists no IRTA which accepts the timed language L(.A;), where
Aj is the eIRTA in Figure @ In fact, A; is the classical example of an e-
Timed automaton whose language cannot be accepted by any timed automaton

[BPGD9S]. O

Let ¢t be a nonnegative real number. We use int(t) and fr(t) to denote respec-
tively the integral part and the fractional part of t.

Proposition 1. Let A = (L,Ly, X, C,E, F) be a timed automaton which re-
stricts clock resets to integral time points, and let v be an interpretation in a
gwen run over A. Then Vz,y € C, fr(v(z)) = fr(v(y)).

Proof (Outline). By induction over the length of runs. Initial states satisfy this
property and each transition preserves the property. Detailed proof can be found
in the extended version of this paper [SPKMO§].

The main result of the paper is stated below. The proof of this theorem as well
as an analysis of the complexity will be developed over the next two sections.

Theorem 2. If A is a timed automaton and B is an IRTA then, L(A) C L(B)
18 decidable using exponential space. a

3 Untiming Integer Reset Timed Automata

Our aim is to symbolically represent timed word where the time stamps of events
which occur in any open interval (7,7 4+ 1) need not be distinguished. With this
aim we can represent the timed word p over X by an untimed word f(p) over
YU{é,v}. In f(p) a v occurs at every integral time point and all the X' events
of p which occur at this time point immediately follow the v'. Moreover, before
every v' denoting the integral point i, there is a 6 denoting the open interval
(i — 1,7) and all events of p which occur within this open interval follow the
symbol 6. Example [ illustrates this representation. The formal definition of
representation function f is given below. Firstly we define a év'-representation
for a real number 7, and its extension for two real numbers 7 < 7.

Definition 7. Let int(r) = k.

A

di(r) 2 (6v)E if T is integral,
= (6v)k68 if T is non-integral,
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Let 1 < 1o be two real numbers. Then dte(ri,T2) is the 6v -pattern that is to be
right concatenated to dt(m) to get dt(rs). O

For example, if 7 = 1.6 and 7o = 2.7, then dt(m) = 6v 6 while dt(2.7) = 6V 6v'6.
Therefore, dte(r1,m2) = V6.

Definition 8. Given a timed word p = (o,7), the map f(p) is defined as the
(untimed) word wyo1wa09 ... wW,0y,, where each w; is dte(T;—1,7;). m]

Ezample 4. For example, let p1 = (a,1.2), (b,3.5), (¢,4), (d,4.5), (e, 4.5), (f, 5.6),
(g, 5.8)) and pa = (a,0),(b,0), (c,0.5),(c,0.6), (d,2) be two timed words. Then,
f(p1) =6V 6av év 6bv cbdev 6 fg and f(p2) = abécc\/(‘i\/d

Definition 9. Two timed words p and p’ are said to be f-equivalent, denoted

by p= o', iff f(p) = f(p'). O

Proposition 2. Let p = (01,71)...(0n, ) and p’' = (o4,7) ... (0}, 7)) be two

timed words. Then p = p' iff V1 < i < n, (i) o; = 0}, (i) int(r;) = int(7]), and
(iii) fr(m) =04 fr(r]) =

Proof. See the extended version of this paper [SPKMOS]. O

The following theorem states that IRTA are closed with respect to
f-equivalence. Thus, the time stamps of events occurring within the same open
interval (7,7 + 1) cannot be distinguished by an IRTA.

Theorem 3. If A is an IRTA and p = p’ then, p € L(A) iff p' € L(A).

Proof. Let p = (0,7) and p’ = (¢/,7') such that p = p’. Let r be a (accepting)
run (lo, o) —= (lo, 1) = (14, ]) 2= (I, v0) =2 0 2587 oy, vn) =
(In,v),) of A over p. We show by induction on the length of the run that there
is a corresponding (accepting) run of A over p’. For a clock z, v,(x) = 7, — 75,
where either j is the largest index less than n such that e; resets x, or x was
never reset, in which case 7; is 0. In either case, since A is an IRTA, 7; is integral.

Hence v, (z) = int(1,) + fr(m) — 75.

By induction hypothesis we know that there is a partial run (I, o) ——

! !
Tn—1"Tn—2 €n—1
— (1

2 n72;,U/n71) B (lnflv/i/n—l)

(I )
(ln—1, tn) over p' in A such that v; = ¢; iff u; &= @i, 0 < n—1. As
int(r;) = int(7]) and fr(m), fr( ) agree on zeroness for all i < n, it is clear
that for a clock @, un(z) = int(r,)+ fr(7,)—7; = int(r,)+ fr(r,) —7;. Therefore,
int(pn(z)) = int(vy(x)) and fr(p,(x)) and fr(v,(z)) agree on zeroness. Hence

(lo, 1) =5 (L, 1)) 2=

!’ _ ’
Tn =" Tn—1
—_—

Un = @n iff 1y, = @p. From this, as (I,—1, vy) N (In,v)) we have (L,—1, tn) N
(In, pth,) which can extend the partial run to full run over p'. O

Proposition 3. 1. If A is a timed automaton f~'(f(L(A))) 2 L(A).
2. If Ais an IRTA, f~Y(f(L(A))) = L(A).
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Proof. [ follows from the fact that f is a total function w.r.t. the domain of all
timed words. @] follows from the fact that if A is an IRTA then, L(A) is closed
w.rt. f (i.e. If f(p) = f(p') then p € L(A) & p' € L(A)). ]

Theorem 4. If A is a timed automaton and B is an integer reset timed au-

tomaton then, L(A) C L(B) iff f(L(A)) C f(L(B)).

Proof. The forward direction follows from the fact that f is monotone increasing.
For the reverse, assume that f(L(A)) C f(L(B)). Since f~! is monotone increas-
ing, it follows that f~(f(L(A))) C f~*(f(L(B))). From Proposition B we have
L(A) C f71(f(L(A))), and also f~1(f(L(B))) = L(B). Hence L(A) C L(B). O

4 Language Inclusion Problem for IRTA

Given a timed automaton A over alphabet X, we construct a marked timed
automaton M.A over the alphabet X' U {6, v'}. The automaton M A essentially
mimics the runs of A. But a time elapse move in A is mimicked by punctuating it
by suitable occurrences of intermediate 6 and v events as prescribed in Section
Basically, a v' occurs at every integral time point i and there is a single ¢ in
the interval (i,7 + 1). A fresh clock n is used in MA to keep track of whether
the current time is integral or non-integral. Each location [ of A gives rise to two
locations [°,1* in M.A. The MA automaton enters the Iy configuration exactly
at integral time points by performing the v* event. All X transitions of A which
can occur at integral points are enabled to occur from [° without elapse of time.
Moreover, after a nondeterministic delay in open interval (0,1) the automaton
moves to from [° to location [T on a § event. All the X transitions of A which
can occur at non-integral time point from [ are enabled to occur in M A from
the location [T. The Figure Bl shows how a transition in A is transformed to
transitions in MA.
We formally define the construction of M A below.

Definition 10. Given the timed automaton A = (L, Lo, X,C, E,F), we con-
struct a marked timed automaton MA augmented with 6,v", denoted as MA =
(L', Ly, X U{é,v'},Cu{n}, E', F’) such that (i) n ¢ C, (ii)) L' = L°UL" where

(6,0<n<17,{})

(v,n=17,{n})
(a, o An=07,) (a, o NO<n <17,N)

(a,go,/\) (6,0 <n<17,{})
(®) ()

(V,n =17, {n})

Fig. 5. Corresponding transitions in A and M.A
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for a € {0,+}, L* = {i*|l € L}, (ii) L}y = {I°|l € Lo}, (iv) F' ={I° "]l € F},
(v) E' is defined as follows:
B ={°1"a,0An =02 | (I,I',a,p,)) € E}
U {0 a,0n0<n <120 | (I,U,a,0,\) € E}
U {%1,60<n < 12,00} u{(",1° v, ,n=17{n})}.

Note that the language L(M.A) is a subset of TWx (s, }. The following example
illustrates a run of A and one of the corresponding runs of M A.

Example 5. The Figure [0l shows a timed automaton A and its corresponding
MA. A run of A on timed word p = (a,0.3)(b,2.4)(c,2.6) is given by r =

(5,(0,0)) 22 (5,(0.3,0.3)) = (£, (0,0.3)) =5 (£, (2.1,2.4)) -5 (u, (2.1,0)) 2>
(u, (2.3,0.2)) = (u, (2.3,0.2)) where (v(z), v(y)) represents the clock valuation.

A corresponding run of M A is given by r' = (s%, (0, 0, 0)) o8 (5%, (0.15,
0.15, 0.15)) -2 (s, (0.15, 0.15, 0.15)) 222 (s*, (0.3, 0.3, 0.3)) - (¢+, (0, 0.3,

0.3)) 2% (¢+, (0.7, 1.0, 1.0)) - (°, (0.7, 1.0, 0)) 22 (1, (1.2, 1.5, 0.5)) -

(t*, (1.2, 1.5, 0.5)) 25 (¢+, (1.7, 2.0, 1.0)) - (°, (1.7, 2.0, 0)) 22 (19, (1.9,
2.2,0.2)) =5 (#F, (1.9, 2.2, 0.2)) 23 (t+, (2.1, 2.4, 0.4)) -5 (u*, (2.1, 0, 0.4))
22 (ut, (2.3,0.2,0.6)) - (uT, (2.3,0.2, 0.6)) with (x,, n) denoting the clock
valuation in 7. It corresponds to the timed word p’ = (8, 0.15), (a,0.3), (v, 1),
(6,1.5), (v,2), (6,2.2), (b,2.4), (c,2.6). Another such run gives the timed word
p” = (6,0.25), (a, 0.3), (v, 1), (6, 1.75), (v/, 2), (6, 2.1), (b, 2.4), (c, 2.6). Note
that f(p) = untime(p') = untime(p"). |

Now we formally relate the runs of A with the runs of MA. Recall that (m, p)*
denotes that configuration (m, u) occurs at time ¢.

Definition 11. A configuration (m,p)t of MA is called consistent iff
(i) fr(u(n)) = fr(t) and (ii) 1 € L° < p(n) =0 and | € LT < pu(n) € (0,1).

@ (a,x<1?,x:—0)@ (byy <37,y :=0) @c

? —0? ? —0?
a,r<1?An =07 CO\ b,y < 3?7 An =07
z:=0 y:=0

0
0<n<1?

<1? by <37A0<

z:=0 U y:=0

Fig. 6. A and corresponding M.A
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Let (I,v)t be a configuration of A. Then, the corresponding configuration of
MA, hi((l,v)") is given by the consistent configuration (1%, u)t where, u agrees
with v for all x € C. Let (1%, u)t be a configuration of MA. Then, the corre-
sponding configuration of A given by ho((1%, u)t) is defined as (I,v)" where v is
the projection which restricts p to clocks in C. a

T2—T1

Definition 12. A step in A, (I1,v1) *—' (I, 1) —— (I3,13) is a timed transi-
tion followed by a X -transition. Note that Iy = ls.

Let (mq, 7)™ be consistent configuration of MA. A superstep in MA, (m,
p1)™ = (ma, p2)™ —= (ms, pu3)™ is obtained by making a sequence of time
elapse and 6,V transitions (denoted by (mq, u1)™ = (ma, u2)™) followed by a
X -transition e. Note that 7o = 73.

Proposition 4. Let (my, )™ = (ma, o)™ —— (ms, u3)™ be a superstep in
MA where w is the timed 8, v word on which (mq, p11)™ evolves into (ma, p2)™.
Let us denote this by (my, p1)™ == (ma, ue)™ —— (mz, u3)™. Then,

— (ma, u2)™ and (ms, pu3)™ are consistent, and

— For two timed 6,v" words w,w', if we have (my, )™ == (mq, u2)™ and
(ma, )™ == (mh, )™ then, mo = mb, ps = phy and untime(w) =
untime(w’) = dte(ri,72). (see Definition[7)

Proof. See the extended version of this paper [SPKMOS]. O

Remark 1. Given a configuration (mq,u1)™ of MA and a time stamp 72, we
obtain a unique configuration (mq, u2)™ by a sequence of timed and 8, v' transi-
tions. It should be noted that the untimed 6, v- word that takes the configuration
(ma, p1)™ to (ma, pe)™ is unique. This is a form of determinacy of MA under
time elapse.

T2—T1

Lemma 2. Let (I1,v1)™ *=%' (lo,v2)™ — (I3,v3)™ be a step that occurs in A
and let (my, ;)™ = hi((l, v;)™). Then, there exists a superstep (my, p1)™ ==
(ma, p2)™ —— (ma, p3)™ in MA.

Proof. See the extended version of this paper [SPKMOS]. O

US"

Lemma 3. Let (mq, )™ == (ma, ji2)™ —— (ma,u3)™ be a superstep that
occurs in MA, and let (I;,v;))™ = ho((mi, pi)™). Then, there exists a step

(ll,ljl)ﬁ Tﬂl (lg, V2)T2 L) (lg,l/g)T3 over A.
Proof. See the extended version of this paper [S 08]. a
Theorem 5. untime(L(MA)) = f(L(A))

Proof. Using Lemmas [ and Bl we can establish that (i) there exists an (ac-
cepting) run r over a timed word p = (01,71) ... (0n, 7,) in A iff there exists a
corresponding (accepting) run 7’ over a timed word p’ = wy (o1, 71) ... wp (o, Tn)
in M A such that (a) the configurations occurring after the supersteps in 7’ are
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the h; images of the configurations occurring after steps in r, (b) the config-
urations occurring after steps in r are the ho images of those occurring after
supersteps in 7/, and (¢)untime(w;) = dte(r;—1,7;). By definition of f, it is clear
that untime(p’) is same as f(p). O

Recall that for a timed automaton A, R.A represents its region automaton.
Corollary 1. L(RMA) = untime(L(MA)) = f(L(A)).

Proof. Follows from Theorems [Tl and O

Proof of Theorem[d. For a timed automaton .4 and IRTA B, the language inclu-
sion problem L(A) C L(B) reduces to f(L(A)) C f(L(B)) by Theorem ] and
this further reduces to L(RMA) C L(RMB) by Corollary [ Note that RM.A
and RMB are finite automata and their language inclusion is decidable using
standard automata techniques. a

Theorem 6. If A is a timed automaton and B is an e-IRTA then, L(A) C L(B)
iff F(L(A)) € f(L(B)).

Proof (Outline). By treating € as a visible special symbol and using Theorem [2]
we get the result for timed words with € and corresponding 8, v' words with e.
Now € can be erased from both. O

Complexity. Let A = (L1, Ly,, X1, C1, Eq, F1) be a timed automaton and let B
= (Lo, Lo,, Xo,Cs, Eo, F5) be an IRTA or e-IRTA. Let k1, k2 be the maximum
constants appearing in constraints of A and B. We construct the marked timed
automaton MA = (L}, L} , X7, C1, Ef, F]) where |L}| = 2x|Ly], |C]| = [C1|+1.
From [AD94], it follows that the number of locations in the region automaton
RMA is 2.L1.(2k; + 2)IC1H1 (|C1| + 1)!. In case of RMB, as the fractional
parts of all the clocks are always equal and hence the number of clock regions
reduces to 2.(ky + 1)I€21*1. Hence the number of locations in RMB is given
by 4.Ly.(ky + 1)I€21¥1, The problem L(A) C L(B) can be solved by checking
L(RMA) C L(RMB). Thus the language inclusion problem of Theorem 2] can
be solved in space O(loga(Ly.(2ky + 2)IC1HFL(|Cy| + 1)1 x 24Le:(katD)F2IThyy
Hence the problem is contained in nondeterministic EXPSPACE.

5 Expressiveness and Closure Properties

Lemma 4. IRTA are closed under union and intersection.

Proof. The construction techniques used for timed automata apply in the case
of IRTA as well. O

Lemma 5. Given an IRTA A, a deterministic one clock IRTA Det(A) can be
constructed such that L(A) = L(Det(A)).
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The detailed construction is involved and is given in [SPKMO07]. However the size
of the resultant automaton by this construction is triply exponential in the size
of the original automaton. Using determinization we get the following result.

Corollary 2. IRTA are closed under complementation.

ERA represents Event Recording Automata which is a determinizable subclass
of Timed Automata studied in [AFH99).

Lemma 6. IRTA and ERA are incomparable. i.e. (1) ERA € IRTA and (2)
IRTA ¢ ERA.

Proof. 1. The timed language accepted by the ERA in Figure [1 is given by
Ly = {(ab,7172) : 79— 71 = 1}. Let p = (ab, 7) and p’ = (ab, 7") be two timed
words such that = 7{ = 0.5, » = 1.5 and 75 = 1.6. By Theorem B] it
follows that any integer reset timed automaton cannot distinguish between
pand p’. But p € Ly and p' ¢ L.

2. The timed language accepted by the integer reset timed automaton given
in Figure @ is given by Lo = {(a", 7}, where n > 2 and, 71 = 2, 72 € [2, 3]
and for each 7 > 3, 7, = i. Let A be an ERA such that L(A) = Ls. Since
there is only one symbol a € Y| we can safely assume that A has only one
clock z. By definition of ERA, A resets = at the occurrence of every a and
hence at the second a too. And thus it cannot ensure that 73 — 71 = 1. So,
p=(a,2)(a,2.3)(a,3.3) € L(A) but p € Lo and hence L(A) # L.

Thus IRTA and ERA are incomparable. O

@ a,z:=0 @ bz =17 @

Fig. 7. Event Recording Automaton

a,x=27:=0 /™ a @
s t a,x =17x:=0
20 )

Fig. 8. IRTA which is not an Event Recording Automaton

6 Discussion

We have identified a subclass of timed automata called IRTA as well as its
extension with silent transitions called e-IRTA. We have argued with examples
that the notion of global but sparse time as used in time triggered architecture
and distributed business processes can be naturally modeled in IRTA. Of course
time triggered architecture contains several other orthogonal elements such as
temporal firewalling, TDMA based message communication, and fault tolerance.
Hence our paper is just a preliminary step in building formal models for reasoning
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about time triggered systems. We have focused mainly on formalizing the global,
sparse time base.

We have shown that the language inclusion problem L(A) C L(B) is decidable
with EXPSPACE complexity for timed automaton A and e-IRTA B. A lower
bound for the problem remains to be given.

The class IRTA is expressively equivalent to 1-clock deterministic IRTA. How-
ever, the known reduction from IRTA to 1-clock deterministic IRTA results in
blowup in the number of states by 3 exponents [SPKM07]. Thus, complement-
ing IRTA may be expensive. This also shows that directly using deterministic
IRTA for specification or verification may not be feasible due to large size of
automata needed to express properties. No lower bound has been established for
the determinization of IRTA and the issue remains open.

We have also shown that IRTA are closed under boolean operations. A similar
proof shows that e-IRTA are closed under union and intersection. However com-
plementation of e-IRTA remains open. Clearly, e-IRTA are more expressive than
IRTA and hence they cannot be determinized to 1-clock deterministic IRTA. We
are investigating reduction from e-IRTA to deterministic 1-clock IRTA extended
with periodic constraints [CGOQ]. In this paper, we have worked with only the
finite timed words and the theory of IRTA remains to be extended to infinite
words. Also, a suitable logic for specifying properties of IRTA remains to be
formulated.

We are currently working on an implementation of the decision procedure for
language inclusion of IRTA proposed in this paper. Our aim is to tackle examples
such as the end-to-end latency verification (originally verified using
Uppaal) using the tool under construction. We also hope to verify timing prop-
erties of distributed web services and business processes modelled in BPEL4WS
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Abstract. The common metric temporal logics for continuous time were
shown to be insufficient, when it was proved in ﬂ, E] that they cannot
express a modality suggested by Pnueli. Moreover no temporal logic with
a finite set of modalities can express all the natural generalizations of this
modality. The temporal logic with counting modalities (TLC') is the ex-
tension of until-since temporal logic TL(U, S) by “counting modalities”
Cr(X) and Cn (n € N); for each n the modality C, (X) says that X will
be true at least at n points in the next unit of time, and its dual Zn(X)
says that X has happened n times in the last unit of time. In ﬂl_lﬂ it
was proved that this temporal logic is expressively complete for a natu-
ral decidable metric predicate logic. In particular the Pnueli modalities
Png(X1,...,Xy), “there is an increasing sequence t1,...,t; of points in
the unit interval ahead such that X; holds at t;”, are definable in TLC.

In this paper we investigate the complexity of the satisfiability prob-
lem for TLC and show that the problem is PSPACE complete when the
index of C,, is coded in unary, and EXPSPACE complete when the index
is coded in binary. We also show that the satisfiability problem for the
until-since temporal logic extended by Pnueli’s modalities is PSPACE
complete.

1 Introduction

The temporal logic that is based on the two modalities “Since” and “Until” is
popular among computer scientists as a framework for reasoning about a system
evolving in time. By Kamp’s theorem HE] this logic has the same expressive
power as the first order monadic logic of order, whether the system evolves in
discrete steps or in continuous time. We will denote this logic by TL(U, S).
For systems evolving in discrete steps, this logic seem to supply all the expres-
sive power needed. This is not the case for systems evolving in continuous time,
as the logic cannot express metric properties like: “X will happen within one
unit of time”. The most straightforward extension which allows to express metric
properties is to add modality which says that “X will happen exactly after one
unit of time”. Unfortunately, this logic is undecidable. Over the years different
decidable extensions of TL(U,S) were suggested. Most extensively researched
was MITL ﬂl ﬂ B] Other logics are described in 57 7 @7 ﬂ} We introduced
the language QTL (quantitative temporal logic) [&, @, m], which extends the

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 93 2008.
© Springer-Verlag Berlin Heidelberg 2008



94 A. Rabinovich

until-since temporal logic by two modalities: 1 X and ng . The formula $1.X
(respectively ng ) expresses that “X will be true at some point during the
next unit of time” (respectively, “X was true at some point during the previous
unit of time”). These extensions of TL(U,S) have the same expressive power,
which indicates that they capture a natural fragment of what can be said about
the system which evolve in time. These “first generation” metric extensions of
TL(U,S) can be called simple metric temporal logics.

A. Pnueli was probably the first person to question if these simple logics are
expressive enough for our needs. The conjecture that they cannot express the
property “X and then Y will both happen in the coming unit of time” is usually
referred to as “Pnueli’s conjecture” E, @]

In ﬂﬂ, ] we proved Pnueli’s conjecture, and we strengthened it significantly.
To do this we defined for every natural k the “Pnueli modality” Png (X1, ..., Xk),
which states that there is an increasing sequence t1, ..., %, of points in the unit
interval ahead such that X; holds at ¢;. We also defined the weaker “Counting
modalities” Cj(X) which state that X is true at least at & points in the unit inter-
val ahead (so that C(X) = Pni(X, ..., X)). To deal with the past we define also

the dual past modality, Ek(Xl, ..., X}): there is a decreasing sequence t1, . . . , t

of points in the previous unit interval such that X; holds at ¢;, and gk(X ) which
state that X was true at least at k points in the previous unit interval.

This yields a sequence of temporal logics TLP, (n € N), where TLP, is the
standard temporal logic, with “Until” and “Since”, and with the addition of the
k-place modalities Pnj and Ek for k < n. Similarly, TLC,, is the extension of
TL(U,S) with the addition of modalities C}, and (5k for k < n. We note also
that T'LP; is just the logic QTL and it represents the simple metric logics.

Let TLP be the union of TLP,, and TLC be the union of TLC,,.

We proved in [7, [12] that:

1. The sequence of temporal logics TLP,, is strictly increasing in expressive
power. In particular, C,1(X) is not expressible in TLP,,

2. TLP and TLC are decidable and have the same expressive power. Moreover
they are expressively equivalent to a natural decidable fragment of first-order
logic.

In this paper we investigate the complexity of the satisfiability problem for T'LP
and TLC. In [16] it was shown that TL(U,S) is PSPACE complete. In [7,
] we provided a polynomial satisfiability preserving translation from QTL to
TL(U,S) and derived PSPACE completeness of QTL.

In this paper we first prove that the satisfiability problem for TLP is PSPACE
complete.

When one write a TLC formula there are two natural possibility: to write
index n of (), in unary or in binary. We show that the satisfiability problem
for TLC is PSPACE complete when the index of C,, is coded in unary, and
EXPSPACE complete when the index is coded in binary.

Our results holds both when the interpretation of temporal variable is ar-
bitrary and when we assume that they satisfy the finite variability assumption
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(FVA) which states that no variable changes its truth-value infinitely many times
in any bounded interval.

In ﬂﬂ] we proved that there is no temporal logic L with finitely many modal-
ities definable in the monadic second-order logic expanded by +1 function such
that over the reals L is at leats as expressive as TLC. Our conjecture was that
this result can be extended to the non-negative reals. Our proofs refute this
conjecture.

The paper is divided as follows: In Sect. Bl we recall definitions and previous
results. In Sect. B, we prove PSPACE completeness for TLP and as a consequence
obtain PSPACE completeness for TLC under the unary coding of indexes. In
Sect. @l EXPSPACE completeness for TLC under the binary coding of indexes
is proved. Section [l contains additional complexity results and a discussion on
the expressive power of TLC.

2 Preliminaries

First, we recall the syntax and semantics of temporal logics and how temporal
modalities are defined using truth tables, with notations adopted from M, @]

Temporal logics use logical constructs called “modalities” to create a language
that is free from quantifiers.

The syntax of a Temporal Logic has in its vocabulary a countably infinite set
of propositions {X1, Xo,...} and a possibly infinite set B = {011170227 ...} of
modality names (sometimes called “temporal connectives” or “temporal opera-
tors”) with prescribed arity indicated as superscript (we usually omit the arity
notation). TL(B) denotes the temporal logic based on modality-set B (and B is
called the basis of TL(B)). Temporal formulae are built by combining atoms (the
propositions X;) and other formulae using Boolean connectives and modalities
(with prescribed arity). Formally, the syntax of TL(B) is given by the following
grammar:

¢ = X |01 Nda | p1V o | d1 < da |1 | Oi(d1, 02,.... 1)

We will use (in our metalanguage) S, X, Y, Z to range over variables.

A structure for Temporal Logic, in this work, is the non negative real line
with monadic predicates M = (RT, < S1,Ss,...), where the predicate S; are
the interpretation in M of the variable S;. (All our complexity results can be
easily adopted to the models over the whole real line R.) Every modality 0%
is interpreted in the structure M as an operator OXZ) : [P(RY))* — P(RY)
which assigns “the set of points where O®)[A;, ..., Ax] holds” to the k-tuple
(A1,..., Ax) € P(RT)*. (P(RT) denotes the set of all subsets of RT). Once
every modality corresponds to an operator the semantics is defined by structural
induction:

— for atomic formulas: M.t =S5 iff teS.
— for Boolean combinations the definition is the usual one.

— for O(k)(gph L or)
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M,t):O(k)(Qplva@k) iff tEOE\Z)(A(\D“ 7A@k)
where A, = {7 : M,7F¢p}.

For the modality to be of interest the operator O*) should reflect some intended
connection between the sets A,, of points satisfying ¢; and the set of points
O[Ag,, ..., A, ] The intended meaning is usually given by a formula in an
appropriate predicate logic:

Truth Tables: A formula O(t, X1,... X)) in the predicate logic L is a Truth
Table for the modality O%) if for every structure M

OM(Al,...,Ak) Z{T - M ):O[T,Al,...,Ak]} .

2.1 Since-Until Temporal Logic

The modalities until and since are most commonly used in temporal logic for
computer science. They are defined through the following truth tables:

— The modality XU Y, “X until Y”, is defined by

Y(to, X, Y) =3t (to < t1 ANY (1) AVL(to <t < t1 — X(1))).
— The modality XS Y, “X since Y7, is defined by

Y(to, X, Y) =31 (to > t1 ANY (1) AVt <t <to — X(1))).

Reynolds [16] proved.

Theorem 2.1. The satisfiability problem for TL(U, S) over the reals is PSPACE
complete.

We will use standard abbreviations. E.g., {$X - sometimes in the future X

holds - abbreviates TrueUX; 00X - always in the future X holds - abbrevi-
«—

ates =(TrueU—-X); the past modalities X -“X happened in the past”, and

X - “X have been always true”, are defined similarly. The modality always
acts like the universal quantifier and is defined as

always(X) : X A X ADX.
Lliim(X) and Rlim(X) abbreviate the formulas
Liim(X) : —(=XS True)

Rlim(X) : —=(=XUTrue)

Llim(X) holds at t if ¢ is a left limit of X, i.e., for every ¢; < t there is an X in
the interval (¢1,¢). Rlim(X) holds at ¢ if ¢ is a right limit of X.
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2.2 Three Metric Temporal Logics

We recall the definitions of three temporal logics: Quantitative Temporal Logic
- QTL, Temporal Logic with Counting - TLC and Temporal Logic with Pnueli’s
modalities - TLP.

The logic QTL in addition to modalities U and S has two modalities {1 X

and <51X . These modalities are defined by the tables with free variable ¢g:

o1 X Ht((to <t <tg+ 1) A X(t))
S1X: o T(t-1<t<t)AX())

In ﬂ] it was proved.
Theorem 2.2. The satisfiability problem for QTL is PSPACE complete.

The logic TLP is the extension of TL(U,S) by an infinite set of modalities

Png(Xq,...,Xk) and ﬁk(Xh ..., Xk). These modalities are defined by the ta-
bles with free variable #g:

k
Prg(Xq,..., Xp) : Ity Tt <ty < <t <to+1A [\ Xi(t:)
i=1
o k
Pnk(Xl,...,Xk) : Htl...atk(to —1l<t) < <tp <t A /\Xl(tl))
=1

Finally, the logic TLC - the temporal logic with counting modalities - is the

extension of TL(U, S) by an infinite set of modalities Cj(X) and (a;c(X) . These
modalities are defined by the tables with free variable tg:

k

Cr(X) : Ity .. Tt <ty < <t <tg+1A [\ X(t:))
i=1

— k

Cr(X): Htl...ﬂtk(to—1<t1<~'-<tk<to/\/\X(ti))
i=1

We recall the terminology that is used when comparing the expressive power of
languages.
Let C be a class of structures and let L and L’ be temporal logics.

1. L is at least as expressive as L' over a class C if for every formula ¢ of L’
there is a formula 1 in L such that for every structure M in C and for every
TEM: Mm@ iff M,7 .

2. L and L’ are expressively equivalent over C if L is at least as expressive as
L' over C and L' is at least as expressive as L over C.
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We deal here with the temporal logics over the class of non-negative real numbers.
We will say “L is at least as expressive as (respectively, is expressively equivalent
to) L' if L is at least as expressive as (respectively, is expressively equivalent to)
L' over this class.

The following theorem from ﬂﬂ] compares the expressive power of TLP, TLC
and QTL.

Theorem 2.3 (Comparing the Expressive Power). TLP and TLC are
expressively equivalent. TLP and TLC are strictly more expressive than QTL.

2.3 Size of Formulas

Usually the size of a formula is defined as its length (string representation) or
the size of its directed acyclic graph representation (DAG). The logics TLC and
TLP have infinite sets of modalities and therefore we have to agree how to code
the names of modalities. There are two natural possibility: to write index k of
C% and Pny in unary or in binary. For TLP formulas this decision affects the
size of the formulas up to a constant factor, and, therefore, it is not important,
For TLC formulas the binary coding might be exponentially shorter than the
unary coding. Our main results show that the satisfiability problem for TLC' is
PSPACE complete when the index of C} is coded in unary, and EXPSPACE
complete when the index is coded in binary.

Note that there might be an exponential gap in the size of a DAG represen-
tation of a formula and its length. Our proofs of upper bounds will be given for
DAG representation (and hence the bounds are valid for string representations).
Our proofs of lower bounds will be given for string representations (and hence
the bounds are valid for DAG representation).

3 TLP Is PSPACE Complete

Theorem 3.1. The satisfiability problem for TLP is PSPACE complete.

The PSPACE hardness immediately follows from PSPACE hardness for the sat-
isfiability problem for TL(U, S) which is a subset of TLP. Below we prove that
the satisfiability problem is in PSPACE.

A structure M is called proper if it is an expansion of (R*, <, N, Fven, Odd)
by unary predicates. Here N, Fven, and Odd are the sets of natural, even and
odd numbers; these sets will be denoted by predicate names N, E, O.

In contrast to the fact that TLP is much more expressive than QTL over
the class of all real structures and over the class of finite variability structures
ﬂﬂ, ], we are going to show that they are expressively equivalent over the class
of proper structures. Moreover, there is a polynomial meaning preserving (over
the proper structures) translation from TLP to QTL.

Lemma 3.2. 1. For every k there is a QTL formula W (X1,..., Xk, N, E,O)
which is equivalent over the proper structures to Pny(Xy,..., Xy). Further-
more, the size of Wy, is less than 100k?.
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2. For every k there is a QTL formula (E;g(Xl, ooy Xi, N, E, O) which is equiv-
P
alent over the proper structures to Pnyg(Xa,...,Xx). Furthermore, the size
of Wy, is less than 100k2.

Proof. (1) For i < j < k define formulas ¢; ; as follows:
(bi,i = (“.Z\[)I.T)(Z

Qi itir1 = (—‘N)U(Xi AN A ¢i+1,i+l+1)~
It is clear that the size of ¢; ; is less than 10(j — i+ 1) and that ¢; ; holds at ¢
iff there are t < t; <t;41 < --- <t; <n, where n is the smallest integer greater
; — —

than ¢, such that AJ_,X;(t;). Similarly, there are formulas ¢ ; ; such that ¢
holds at ¢ iff there are t > t; > --- > ¢; > n, where n is the largest integer less
than ¢, and AJ_, X;(t;) holds.

The formula ¥, which is equivalent to Pnj over the proper structures can be
defined as the disjunction of the following formulas:

1. @15 - “¢1,% holds at t if there are t < t; <tz < --- <t < n, where n is the

smallest integer greater than ¢, such that AF_, X;(t)”.
—

2. \/Z;ll(—'N)UE AP1n AO1((N)SE A ¢ py1k) - this covers the case when ¢
is in an interval [2m — 1, 2m] for some integer m. The n-th disjunct says that
A7, Xi(t) holds for t < t1 < --- < t, <2m and in the interval (2m,2m+1)
there are t,41 < -+ <t < t+ 1 such that /\f:nHXl(tl) holds.

—

3. VIZU(-N)UOAG1 n AOL((m)NSOA ¢, 41.5) - this is similar to the previous

disjunct, but deals with ¢ in the intervals [2m, 2m+ 1], where m is an integer.

This proves (1). The proof of (2) is similar. O

Corollary 3.3. TLP and QTL are expressively equivalent over the class of
proper structures. Furthermore, for every TLP formula ¢ there is a QTL formula
Y which is equivalent to @ over the proper structures and || is O(|p|?).

Proof. We define a meaning preserving translation T'r from TLP to QTL.

1. For variables Tr(X) := X.
2. If op is a Boolean connective Tr(pi0opps) := Tr(p1)opTr(es2).
3. For until and since modalities T7r(p1Ugp2) = (Tr(p1))U(Tr(p2)), and

Tr(p1Sw2) = (Tr(p1))S(Tr(p2)).
4. Tr(Png(¢1,--.,¢k)) is obtained by substitution of Tr(p;) instead of X;

in W; Similarly, Tr(ﬁzk(wl, ..., ¢k)) is obtained by substitution of Tr(y;)
—
instead of X; in W .

It is clear that ¢ is equivalent to T'r(p) over the proper structures. In ¥y and
«—

in ¥ every variable appears at most k times, therefore the size (of the DAG
representation) of Tr(p) is O(|¢]?). |

The next lemma shows that the set of proper structures is definable by a QTL
formula.



100 A. Rabinovich

Lemma 3.4. There is a QTL formula PROPER(Y,Z,U) such that RT ¢t =
PROPER(N, E,O) iff N is the set of natural numbers, and E and O are the
sets of even and odd numbers.

Proof. (1) Let Nat(Y') be the conjunction of the following formulas:

1. OFalse — Y - “Y holds at zero”.

2. always(Y — [01-Y) - “If Y holds at ¢ then =Y holds at all points in (¢, ¢+1)”.

3. always(—Y — $1Y) - “If Y does not hold at ¢ then Y holds at some point
in (t,t41)".

Tt is clear that the set of naturals is unique set that satisfies Nat(Y").
(2) Let EVEN(Y, Z) be the conjunction of

Nat(Y) - “Y is the set of the natural numbers”

always(Z —Y) - “Z is a subset of the natural numbers”.

<EFalse — Z - “Z holds at zero”.

always(Z — (-Y)U(Y A—=Z) - “if Z holds at a natural number n then it
does not hold at the next natural number”.

5. always(~Z ANY — (=Y)U(Y AZ) - “if Z does not hold at a natural number
n then it holds at the next natural number”.

=W =

It is clear that EVEN(N, E) holds iff N is the set of naturals and E is the set
even numbers.

PROPER(Y, Z,U) canbedefined as EVEN(Y, Z) A always (U « (Y A—Z)). O

Finally, to complete the proof of Theorem [B], observe that a TLP formula ¢ is
satisfiable iff ¢ is satisfiable over a proper structure iff PROPER(N,E,O) A ¢
is satisfiable iff the QTL formula PROPER(N, E,O) A is satisfiable, where
is constructed as in Corollary[3.3l Since, the satisfiability problem for QTL is in
PSPACE we obtain that the satisfiability problem for TLP is in PSPACE and
this completes the proof of Theorem 11

As a consequence we obtain the following corollary.

Corollary 3.5. The satisfiability problem for TLC is PSPACE complete under
the unary coding.

Proof. Note that Cj(X) is equivalent to Pny (X, X, ..., X). The translation from
TLC to TLP based on this equivalence is linear in the size of DAG representa-
tion. Hence, by Theorem 3.1 TLC is in PSPACE.

The PSPACE hardness immediately follows from PSPACE hardness for the
satisfiability problem for TL(U,S) which is a subset of TLC' O

4 EXPSPACE Completeness for TLC

Theorem 4.1. The satisfiability problem for TLC is EXPSPACE complete un-
der the binary coding.
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The upper bound immediately follows from Corollary B35l Below we prove that
the satisfiability problem is EXPSPACE hard. For every Turing Machine M
which works in space 2" and every input z of length n we construct a TLC
formula Accys, which is satisfiable iff M accepts z. Moreover Accys,, is com-
putable from M and x in polynomial time. This proves EXPSPACE hardness
with respect to the polynomial reductions.

A one-tape deterministic Turing machine M is (Q, o, Gaces Grejs 150, V),
where @ is the set of states, o, Gacc, @rej € @ are initial, accepting and rejecting
states, I' is the alphabet, b € I" is the blank symbol and v : ((Q\ {qaces @re; }) X
I'—(Q x I' x {=1,0,1}) is the transition function. If the head is over a symbol
o and M is in a state ¢ and v(q,0) = (¢'0’, d), then M replace o by ¢’ changes
its state to ¢’ and moves d cells to the right (if d = —1 then it moves one cell
left). There is no transition from the accepting and rejecting states.

A configuration (or an instantaneous description) is a member of I'™*QI'" and
represents a complete state of the Turing machine.

Let o = xzqoy be a configuration, where o € I', x,y € I'* and ¢ € Q). We
define tape(a) = wzoy, and state(a) = ¢. It describes that for i < |tape(a)],
the i-th cell of the tape contains the i-th symbol of tape(«) and all other cells
contain blank; the control state is ¢ and the head is over the symbol ¢ at the
position |z| + 1.

We deal with Turing machines which use at most 2" tape cells on inputs
of length n. A configuration « is an n-configuration if tape(«) has 2™ symbols.
Hence, a computation of M on an input x = x1 ... x, of length n can be described
by a sequence aj s . .. of n-configurations, where ay = qozis . .. b2 " is the
initial n-configuration for the input x.

For n-configurations a and 3 we write a —j; § if 0 is obtained from «
according to the transition function of M. Whenever M is clear from the context
we will write « — (. Note that if «—0 then tape(«) and tape() have the same
length.

A computation sequence is a sequence of configurations «j ...ay for which
a; — g1, 1 < i < k. A configuration 3 is reachable from a configuration « if
there exists a computation sequence «; ... with a = a1 and 6 = ay,.

Acceptance conditions. A configuration « is an accepting (respectively, re-
jecting) configuration if state(a) is accepting (respectively, rejecting) state. A
computation sequence aj ..., is accepting (respectively, rejecting) if v, is
accepting (respectively, rejecting).

We are going to encode computations of M over proper structures, i.e., over
expansions of (RT, < N, Fven, Odd) by monadic predicates. All these predicates
will have finite variability and the EXPSPACE lower bound holds both under
the finite variability and arbitrary interpretations. We will denote by M an
expansion of (R, <,N) by unary predicates.

From now on we fix a Turing machine M with the alphabet {0, 1, b} of space
complexity < 2"™. W.lo.g. we assume that M never moves to the left of the first
input cell. All definitions and constructions below will be for this M.
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Let a1, . .., oy be a sequence of n-configurations (not necessary a computation
sequence). The i-th configuration a; will be encoded on the interval (i —1,4) with
integer end-points as follows: The interval will contain 2™ points 7; ; such that
t—1< 71 <72 <--- < T <iand the predicate T will hold exactly at
these points in the interval. All other predicates described below will be subsets
of T. Ap, A1 and Ay will partition T'; 7; ; will be in Ay (respectively, in A; or in
Ap) if the j-th tape symbol of «; is 0 (respectively 1, or blank). Predicates S,
for ¢ € @ are interpreted in (i — 1,4) as follows: 7; ; € S, if ¢ is the state of «;
and the head is over the j-th tape symbol.

Definition 4.2. Let M be an expansion of (RT, <,N) by predicates T, Ag, A1,
Ay, Sq for g € Q. Fori € N, we say that the interval [i,i+ 1] of M represents
a legal n-configuration if

1. it contain 2™ points in T and all these points are inside (i,i+ 1).

2. Ao, A1 and Ay partition T.

3. Uge@Sq € T and there is exactly one q € Q such that Sq N [i,i+ 1] is a
singleton and for all ¢ # q, the set Sy N [i,i+ 1] is empty.

The following lemma is easy. We use there g) for the tuple of predicate names

(Sq : g€ Q).

Lemma 4.3. 1. There is a TLC formula ¢o(N, T, Ao, A1, Ay, S') which holds
in a structure M iff there is I € N such that for every i <l the interval
[i,7 + 1] represents a legal n-configuration, the configuration represented in
the interval [l — 1,1] is accepting or rejecting, and no T > 1 is in T U Ag U
A1 U Ap UUgeqSq. Furthermore, the size of o is O(n).

2. For every x = x1 ...z, € {0,1}™, there is a formula INIT, which holds in
a structure M iff the interval [0, 1] represents the initial n-configuration o
with input x. Furthermore, the size of INIT,, is O(n).

Our next task is to specify that the configuration represented in an interval
[i,7 + 1] is obtained from the configuration represented in [i — 1,14] according to
the transition function of M. We have to express (1) the head is moved properly
and update the symbols under the head correctly and (2) all other symbols are
unchanged.

The next lemma shows that the cells numbered from 1 to 2™ can be succinctly
described by their binary representations.

Lemma 4.4. There is a formula ¢1(N, T, B,...,B,) such that if for every
i € N the interval (i,1+ 1) contains at most 2" points from T then M,0 & ¢1
iff for every i € N and 7 € (i,i 4+ 1): if 7 is the j-th occurrence of T in this
interval then T € By iff the [-th bit of the binary representation of 7 — 1 is one.
Furthermore, the size of o1 is O(n?).

Proof. ¢ is always(1), where 11 is the conjunction of

1. VB;—(T N —N) - B; are subsets of T'\ N.
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2. NA(=N)U(T A=N)—((—=N)U(T A \]_, =By)) - the first occurrence of T
in (i,7 + 1) has binary representation 00...0, i.e., is not in UB;.
3. TA-NA(=N)U(T A—=N)—\ . vk, where v is

(=B A N1 Bm)—
(ATYU(T A (Br ANy =Bim) AN (Bio— (= T)U(T A By,))

The formula expresses that if 7 is not the last occurrence of T in (4,7 + 1)
and its binary code has 0 at k-th place and 1 at places k + 1,...n then
the code of the next occurrence of T has 1 at k-th place and zero at places
k+1,...,m and both occurrences have the same bit in the binary code at
places 1,...,k — 1. a

Now we can express that the head moves properly, state is updated correctly
and the type symbol under the head is updated correctly.

Lemma 4.5. There is a formula @o such that if M represents a terminating
sequence of configurations oy, ..., q; and M,0 = @1, therll] M, 0 | oo iff

for every i <l if in «; the head is over symbol o at position j and the
state is ¢ and v(q,0) = (¢'.0’,d) then the state in the ;11 is ¢' the head
is at the position j + d, the symbol at position j is o’.

Furthermore, the size of 2 is O(n?).

Proof. Let v(g,0) = {(¢'.0’,1) and let S := V4, eQSq
Let 14, be the conjunction of

1. the heads moved one position to the right: Sy A A,— \/}_, v}, where ~; is
obtained from ~y, after substitution of S instead T" (see proof of Lemma [.4)).

2. The state and the symbols under the head were updated correctly: S, A
As—=("Vgeq 94, )U(Sy A (T)SAs)

When v(q,0) = (¢'.0’,0) and v(q,0) = (¢’.0’, —1) the formula v, , is defined
similarly.
The desirable formula 3 can be defined as always(Az(4, 4.3 No Va0)- O

The creative part of our proof is to show how to express succinctly that the
symbols not under the head are unchanged. In order to do this we introduce the
following notion.
Assume that M represent a terminating sequence of configuration aq, ..., a.
Recall that 7; ; € R is the j-th occurrence of T in the interval (i — 1,4). We
denote by tape(a;)[j] the j-th symbol of tape(a;). We say that M is well-timed
if for all ¢ < [ and j < 2" and some positive €; j, 6; ;:
1475 + € if tape(a;)[j] is 0

Titl,j = 1+ Tij — (Si’j if tape(ai)[j] is1 (Eq WT)
147, if tape(a;)[j] is blank

First observe

! Until the end of this section ¢; is the formula from Lemma E3l The scope of the

definition of > from this lemma and formulas @3 and ¢4 from the following lemmas
extends to the end of this section.
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Lemma 4.6. if ay...qq, is a terminating sequence of n-configuration, then
there is a well-timed M which represents this sequence.

Proof. Just choose 71 ; as 2nj+1 (for j = 1,...2") and choose ¢, ; = &;; as
3ZX(2171+1). Define 7,41 ; as in Bg. WT'. Our choice of ¢; ;, 6; j ensures that i —1 <
Til < Ti2 < - < Tjon < g for all 4 <. O

Lemma 4.7. There is a formula @3 such that M = s iff M is a well-timed
sequence of n-configurations. Furthermore, the size of @3 is O(n).

Proof. Let 1 be the conjunction of the following formulas

1. Abﬁ(Canl(T) A lem(an,l(T)) A Rlzm(an,l(T)))
3. A0—>(02n_1(T) A lem(C'gn(T)) A Rlzm(an_l(T)))

(Recall that Liim(X) (respectively, Rlim(X)) holds at ¢ iff ¢ is a left limit (re-
spectively, a right limit of X), see Sect. 222])

Let M’ represents an n-configuration «; in [i.i + 1] and has 2™ occurrences of
T in [i + 1,74 2] all the occurrences inside (i + 1,7+ 2). The crucial observation
is that Fq. WT holds iff M’, 7 | ¢ for every 7 € [i,i+ 1].

From ¢ it is easy to construct 3. Just express that ¢y holds, and 1 holds
at all points except the points of the interval where the last configuration is
represented. a

We are now ready to specify that if a symbols is not under the head then in the
next configuration it will be unchanged.

Lemma 4.8. There is a formula pg4 such that if M represents a well-timed
terminating sequence of n-configurations oy, . .., o and M, 0 = @1, then M,0 =
a1 iff
for every i < 1 if in «; the head is at position j, then tape(o;)[m] =
tape(a1)[m] for every m # j.
Furthermore, the size of p4 is O(n).

Proof. Let 1 be the conjunction of the following formulas

1. Ay—(Can_y(T) A Llin{ﬁgznq(T)) A Rli’f{rL_CEQn,l(T)))
2. Ay—(Con (T) A Rlim(C g0 11(T)) A Llim(C 3 (T)))
3. Ag—(Can_1(T) A Rlim(Con(T)) A Llim(C yu_1(T)))

1

Assume that M is well-timed. Hence, Eq. WT holds. Then v holds at 741, iff
tape(a;)[m] = tape(ait1)[m].
The head is at position m in o; iff at 7,41, the following formula ~ holds:

7= \Br = (FN)S(N A (~N)S(Veeq Sy A Br)))
k
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Indeed, this formula says that By holds at 7 iff in the previous interval By holds
at the (unique) position where Ve S, holds (this is the position of the head in
the configuration o;). Hence, T — ((—y)—1) holds in every point of the interval
[i + 1,4+ 2] iff tape(a;)[m] = tape(a;y1)[m] for every m different from the head
position in o;.

Finally, ¢4 should express that T — ((—y)—1) holds at all points except the
points of the interval [0, 1]. Note that ¢ € [0, 1] iff g(N/\ (<_>N) holds at ¢t. Hence,

4 can be defined as follows: ¢4 1= (K(N A <6.7\7))—>(T — ((—=7)—v)) o

From Lemmas 3] 4] 5] 7] we obtain:

Lemma 4.9. For every x € {0,1}™ let Accpry be INIT, A oo A w1 A @2 A
03 A @1 A OGace. Then M, 0 | Acenr, iff M represents a well-timed accepting
computation sequence of M on x.

The size Accpy,, is polynomial in the size of x, therefore this lemma together
with Lemma imply EXPSPACE hardness of the satisfiability problem for
TLC.

5 Further Results

Often in the literature the temporal logics with modalities < (;,, ) (X) for integers
m < n are considered. These modalities are defined by the truth tables:

O(m)n)(X) : 3t((t0+m<t<to+n)/\X(t))

The logic QTLI in addition to modalities U and S has infinity many modalities
O (m,n)(X) for all integers m < n. The logic QTLI, is a fragment of QTLI; it
has in addition to modalities U and S the modalities g n)(X), & (—n,0)(X) for
all natural n.

The logics QTL, QTLI) and QTLI have the same expressive power (under
arbitrary interpretations) and are equivalent to the logic MITL introduced in
ﬂ] However, there is an exponential succinctness gap (under the binary coding)
between QTL and QTLI, and between QTLI, and QTLI. The next theorem
characterize the complexity of these logics ﬂ]

Theorem 5.1. 1. The satisfiability problem for QTLIy is PSPACE complete
under the binary coding.

2. The satisfiability problem for QTLI is EXPSPACE complete under the bi-
nary coding.

The theorem was proved for the finite variability interpretation in ﬂ] and for
arbitrary interpretation in B, @]
In this section we consider temporal logics with the modalities C,(Cn’m) (X) and

Pngcm’n) (X1,...,X}) for the integers m < n. These modalities are defined by the
truth tables with free variable ty:
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k
Pn,gm’n)(Xl,...,Xk) : by ...Htk(to +m <<t << < t0+n/\/\Xi(ti))
i=1
k
C}im,n)(X) : Eltl...Eltk(to+m<t1 < <Z<tp<tg+nA /\X(tl))
i=1

(0,1 0,1)
k

Note that Pny is equivalent to Pn ) and C is equivalent to C,i
We consider the following temporal logics:

TLPI := TL(U,S,{Pn{™™ : m < n})

TLPI, := TL(U,S,{Pn"™, Pn{™" : 0 < n})
TLCI := TL(U,S,{C™™ : m < n})
TLCIy := TL(U,S,{C"™, c7™9 . 0 <n})

All these logics are expressively equivalent to TLC [|ﬁ|] We investigate the
complexity of the satisfiability problems for these logics under the unary and
binary codings. Under the unary (respectively, binary) coding all the numbers
which occur in the superscripts and subscripts of these modalities are coded in
unary (respectively, in binary). The full version of this paper contains proofs of
the results summarized in the following table:

Table 1. The complexity of the satisfiability problem

Logic unary coding binary coding
TLPI, PSPACE complete PSPACE complete
TLPI PSPACE complete EXPSPACE complete
TLCIy PSPACE complete EXPSPACE complete
TLCI PSPACE complete EXPSPACE complete

We conclude by a comparison of the expressive power of TLC and the expressive
power of temporal logics with finitely many modalities.

Let B = {O,0%,...} be a finite set of modality names, and assume that
every modality in B has a truth table definable in the monadic second-order logic
of order with A\z.z 4 1 function (we denote this logic by MLO'). MLO'! is a
very expressive (and undecidable) logic, and most of the modalities considered
in the literature can be easily formalized in it. We proved in ﬂﬂ] that there is n
(which depends on B) such that C,, is not expressible over the reals by a TL(B)
formulas. Hence, there is no temporal logic L which is at least as expressive as
TLC over the reals, which has a finite set of modalities with truth tables in
MLO™.

Our conjecture was that this result can be extended to the non-negative real
line. However, the results of Sect. [ refute this conjecture.

Indeed, let L be the temporal logic with the modalities U, S, {1 <<_>17 nat and
even, where nat and even are zero-arity modalities interpreted as the sets of
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natural and even numbers respectively Corollary [3.3] shows that TLP, TLC and
QTL are expressively equivalent over the class of proper structures, i.e., over the
expansions of (RT, <, N, Fven, Odd) by unary predicates.

Hence, L is at least as expressive (over the class of non-negative real struc-
tures) as TLC. Over the non-negative reals, the modalities nat and even are
casily definable by truth tables in MLO™ (see Lemma B4). This refutes the
conjecture.

Similarly to Corollary 3.3 one can show that TLP, TLC and QTL are expres-
sively equivalent over the class of the expansions of (R, <,Z, Fven) by unary
predicates, where Z and Fven are the sets of integers and even numbers. Hence,
QTL with two additional zero-arity modalities for the set of integers and for the
set of even numbers is at least as expressive as TLC. However, over the reals,
these two modalities are not definable by truth tables in MLO™.
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Abstract. This paper investigates the properties of Metric Temporal Logic
(MTL) over models in which time is dense but phenomena are constrained to
have bounded variability. Contrary to the case of generic dense-time behaviors,
MTL is proved to be fully decidable over models with bounded variability, if the
variability bound is given. In these decidable cases, MTL complexity is shown to
match that of simpler decidable logics such as MITL. On the contrary, MTL is
undecidable if all behaviors with variability bounded by some generic constant
are considered, but with an undecidability degree that is lower than in the case of
generic behaviors.

1 Introduction

The designer of formal notations faces a perennial trade-off between expressiveness
and complexity: on the one hand notations with high expressive power allow users to
formalize complex behaviors with naturalness; on the other hand expressiveness usually
comes with a significant price to pay in terms of complexity of the verification problem.
This results in a continual search for the “best” compromise between these diverging
features.

A paradigmatic instance of this general problem is the case of real-time temporal log-
ics. Experience with real-time concurrent systems suggests that dense (or continuous)
sets are a natural and effective modeling choice for the time domain. Also, Metric Tem-
poral Logic (MTL) is often regarded as a suitable and natural extension of “classical”
Temporal Logic to deal with real-time requirements. However, MTL is well-known to
be undecidable over dense time domains [IZI]El In the literature, two main compromises
have been adopted to overcome this impasse. One consists in the semantic accommoda-
tion of adopting the coarser discrete — rather than dense — time [2]]. The other adopts
the syntactic concession of restricting MTL formulas to a subset known as MITL [1]].
More recently other syntactic adjustments have been studied [4].

In this paper we investigate other semantic compromises, in particular the use of
models where time is dense but events are constrained to have only a bounded variabil-
ity, i.e., their frequency of occurrence over time is bounded by some finite constant. We

* Work partially supported by the MIUR FIRB Projects: ArtDeco and “Applicazioni della Teoria
degli Automi all’ Analisi, Compilazione e Verifica di Software Critico e in Tempo Reale”.
! With a few partial exceptions that will be discussed in the following.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 109 2008.
(© Springer-Verlag Berlin Heidelberg 2008
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show that MTL is fully decidable over such behaviors when the maximum variability
rate is fixed a priori; in such cases we are also able to show that the complexity of decid-
ability is the same as for the less expressive logic MITL, i.e., complete for EXPSPACE.
On the contrary, if all behaviors with bounded variability are considered together, MTL
becomes undecidable, but with a “lesser degree” of undecidability compared to the case
of unconstrained behaviors. Our decidability results are based on the possibility of ex-
pressing of certain features of bounded variability in the expressive decidable temporal
logics of [[11]]. Although the focus of this paper is on the more expressive behavior se-
mantic model (also called signal, timed interval sequence, or trajectory) which is more
expressive [3] but requires more sophisticated techniques, one can show that the same
decidability and complexity results hold in the timed word case as well (where they
were already partly implied by the results in [17]]). For lack of space, several proofs and
details are omitted from the paper but can be found in [9]].

Related work. The complexity, decidability, and expressiveness of MTL over stan-
dard discrete and dense time models are well-known since the seminal work of Alur
and Henzinger [2]]. In [2] MTL is shown to be decidable over discrete time, with an
EXPSPACE -complete decidability problem, and undecidable over dense time, with a
Y1-complete decidability problem. These results hold regardless of whether a timed
word or timed signal time model is assumed, with a peculiar, but significant excep-
tion: in a recent, unexpected, result, Ouaknine and Worrell showed that MTL is fully
decidable over finite dense-timed words, if only future modalities are considered [14].
The practical usefulness of this result is unfortunately plagued by the prohibitively high
nonprimitive-recursive complexity of the corresponding decidability problem.

In another very influential paper [II], Alur, Feder, and Henzinger showed that disal-
lowing the expression of punctual (i.e., exact) time distances in MTL formulas renders
the language fully decidable over dense time models. The corresponding MTL subset
is called MITL and has an EXPSPACE-complete decidability problem. The decision
procedure in [I]] is based on a complex translation into timed automata; similar, but
simpler, automata-based techniques have been studied by Maler et al. [[13]].

Hirshfeld and Rabinovich have reconsidered the work on MITL from a broader, more
foundational, perspective built upon the standard timed behavior model [[11]]. Besides
providing simpler decision procedures and proofs for a real-time temporal logic with
the same expressive power as MITL, they have probed to what extent MITL can be
made more expressive without giving up decidability. This lead to the introduction of
the very expressive, yet decidable, monadic logic Q2MLO, and of the corresponding
TLC temporal logic. In a nice analogy with classical results on linear temporal logic
[10], TLC is expressively complete for all of Q2MLO (hence it subsumes MITL), and
it has a PSPACE-complete decidability problem (or EXPSPACE-complete assuming
a succinct encoding of constants used in formulas as it is customary in the majority of
MITL literature) [16].

It is clear that TLC and MTL have incomparable expressive power; in particular the
former disallows the expression of exact time distances. However, Bouyer et al.
have shown that it is possible to devise significantly expressive MTL fragments that
are fully decidable (with EXPSPACE complexity) even if punctuality requirements
are allowed to some extent. Also, for brevity we omit the summary of other, related
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complexity results for decidable real-time temporal logics over dense time domains
recently developed by Lutz et al. [12].

Dense-timed words where the maximum number of events in a unit interval is fixed
have been introduced by Wilke in [[17]. More precisely, timed words over X where
there are at most & positions over any unit interval are denoted by T'SSy (X') and called
words of bounded variability k; in the following we introduce the class 72Ty, that
can be seen to correspond to TSS;(X'). Wilke showed that, for every k, the monadic
logic of distances £d (X)) is fully decidatzl_e) over TSSy(X). Wilke’s results are based on

translation into the monadic fragment £d(X'), which ultimately corresponds to timed
automata; also, they subsume the decidability of MTL over the same models. In this
paper, we extend and generalize Wilke’s result, and we discuss the complexity of the
corresponding models.

The corresponding notion of dense-time behaviors with bounded variability has been
introduced by Friinzle in [6] (where they are called trajectories of n-bounded variabil-
ity). Frinzle shows that full Duration Calculus is undecidable even over such restricted
behaviors, while some syntactic subsets of it become decidable; the decidability proofs
exploit a characterization of certain behaviors with bounded variability by means of
timed regular expressions.

In previous work [8l7], we introduced the notion of non—BerkeleynessH a dense-
time behavior is non-Berkeley for some 6 > 0 if § time units elapse between any
two consecutive state transitions. In this paper we show that this notion is similar, but
different, than the notion of bounded variability; we also introduce a corresponding
definition of non-Berkeleyness for timed words.

2  Words and Behaviors: A Semantic Zoo

The symbols Z, Q, and R denote the sets of integer, rational, and real numbers, re-
spectively. For a set $, S, with ~ one of <, <,>,> and ¢ € $ denotes the subset
{s €S| s~ c} C8;forinstance Z>o = IN denotes the set of nonnegative integers
(i.e., naturals). An interval I of a set $ is a convex subset (I, u) of $ with [,u € S, (
one of (,[, and ) one of ),]. An interval is empry iff it contains no points; an interval
is punctual (or singular) iff [ = w and the interval is closed (i.e., it contains exactly
one point). The length of an interval is given by |I| = max(u — [,0). —I denotes the
interval (—u, —1), and I &t = t @ I denotes the interval (¢t + [,t 4 u), for any t € S.
Correspondingly, we define the length |x| of x as |x| = n.

2.1 Words and Behaviors

The two most popular models of real-time behavior are the timed word (also called
timed state sequence [17]) and the timed behavior (also called Boolean signal [13],
timed interval sequence [[1I], or trajectory [6]). Let T be a time domain; in this paper we
are interested in dense time domains, and in particular R and its mono-infinite subset
R>q. Also, let X be a set of atomic propositions.

% The name is an analogy with non-Zenoness [[7].



112 C.A. Furia and M. Rossi

Behaviors. A (timed) behavior over timed domain T and alphabet X' is a function
b: T — 2% which maps every time instant ¢ € T to the set of propositions b(t) € 2%
that hold at ¢. The set of all behaviors over time domain T and alphabet ' is denoted by
BXT. For a behavior b let 7(b) denote the ordered (multi)set of its discontinuity points,
ie,7(b) ={z € T |b(x) # lim;_,,- b(t) V b(z) # lim;_ ,+ b(t)}, where each point
that is both a right- and a left-discontinuity appears twice in 7(b). If 7(b) is discrete, we
can represent it as an ordered sequence (possibly unbounded to +00); it will be clear
from the context whether we are treating 7(b) as a sequence or as a set. Elements in
7(b) are called the change (or transition) instants of b. 7(b) can be unbounded to oo
only if T has the same property.

Words. An infinite (timed) word over time domain T and alphabet 3 is a sequence
(X xT) 3 (o,t) = (00,t0)(01,t1) - - - such that: (1) forall k € IN : 03, € 2%, and
(2) the sequence t of timestamps is strictly monotonically increasing. Every element
(o, ty) in a word denotes that the propositions in the set o, hold at time ¢,,. The set
of all infinite timed words over time domain T and alphabet X' is denoted by 7XT«.
Finite timed words over time domain T and alphabet X' are defined similarly as finite
sequences in (X x T)* and collectively denoted by 7XT*. Also, the set of all finite
timed words of length up to n is denoted by 7XT" = {(o,t) € TXT* | [t| < n}.

2.2 Finite Variability and Non-zenoness

Since one is typically interested only in behaviors that represent physically meaningful
behaviors, it is common to assume some regularity requirements on words and behav-
iors. In particular, it is customary to assume non-Zenoness, also called finite variability
.

A behavior b € BXT is non-Zeno iff 7(b) has no accumulation points; non-Zeno
behaviors are denoted by BXT. It should be clear that every non-Zeno behavior can
be represented through a canonical countable sequence of adjacent intervals of T such
that b is constant on every such interval. Namely, for b € BXT, «(b) is an ordered
sequence of intervals ¢(b) = {I; = (*l;,u;)* | i € I} such that: (1) I is an interval
of Z with cardinality |7(b)| 4+ 1 (in particular, I is finite iff 7(b) is finite, otherwise I
is denumerable); (2) the intervals in ¢(b) form a partition of T; (3) for all i € I we
have 7; = u; = l;41; (4) for all ¢ € I, for all t1,t2 € I; we have b(t1) = b(t2). Note
that ¢(b) is unique for any fixed 7(b) or, in other words, is unique up to translations
of interval indices. Transitions at instants 7; corresponding to singular intervals [; are
called pointwise (or punctual) transitions.

An infinite word w € TXT“ is non-Zeno iff the sequence t of timestamps is diverg-
ing; non-Zeno infinite timed words are denoted by 7XT*“. On the other hand, every
finite timed word is non-Zeno.

2.3 Bounded Variability and Non-berkeleyness

In this paper we investigate behavior and words subject to regularity requirements that
are stricter than non-Zenoness. In this section we introduce the two closely related —
albeit different — notions of bounded variability and non-Berkeleyness.
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Bounded variability. A behavior b € BXT has variability bounded by k, 6 for k €
IN.g,6 € R~ iff it has at most k transition points over every open interval of size 0.
The set of all behaviors in BXT with variability bounded by £, 6 is denoted by BXTY, 5.
Formally, BXTy, s = {b € BET |Vt € T : [[t,t + 6] N 7(b)| < k}.

Similarly, a word w € TXT% U TXT* has variability bounded by k, ¢ iff for every
closed interval of size ¢ there are at most &k elements in w whose timestamps are within
the interval. The set of all infinite (resp. finite) words with variability bounded by k, 6
is denoted by 7XTY}, 5 (resp. 7XT}, ). With the notation introduced above, 7XT}, 5 =
{fwe TXTY | Vi € N @ tjgp —t; > 6} and 72T} s = {w € TXTY | V0 < i <
|w| = (k+1):tipp —t; > 6} '

We also introduce the set of all behaviors (resp. infinite words, finite words) that are
of bounded variability for some k, 6 as BET 3,35 = Urew., BET ) s (resp. TS, 55 =

6€R>0
UkelN>o TZ]I‘LIACJ,(S’ Tm§k36 = UkelN>o TZEZ,E)
6€R~0 6€R~0

Non-Berkeleyness. A behavior b € BXT is non-Berkeley for § € R~ iff every max-
imal constancy interval contains a closed interval of size . The set of all behaviors
in BXT that are non-Berkeley for 6 is denoted by BXTs; with the notation introduced
above BXTs = {be BET |VI € o(b) : 3t € [ : [t,t + 6] C I}.

Similarly, the set of infinite (resp. finite) words that are non-Berkeley for 6 € R~ is
denoted by TXT¢ (resp. 7XT5) and is defined as TXTy = {w € TXT* | Vi € IN :
ti+1 —t;, > (5} (resp. TZ]P; = {w c 7XT* ‘ Vo< < |w| —2: ti+1 —t; > 6})

We also introduce the set of all behaviors (resp. infinite words, finite words) that
are non-Berkeley for some 6 € Rsq as BXT35 = U66R>o BXTs (resp. TXTYs =
U&e]R>o TZT%}’ TZT;(S = U&e]R>o TZT;)-

Relations among classes. 1t is apparent that some of the various classes of behaviors
that we introduced above are closely related. More precisely, the following inclusion
relations hold.

Proposition 1. Forall & > 6 > 0and k >k > 2:

BXT 5 C BETs: C BTy C BETyr s C BXTy 5 C BET5535 C BET (1)

BYTs C BXT3s C BYT33s € BYT 2)
BXT5s5 and BXTy, s are incomparable 3)
TXTE, C TATY = TXTY s C TXTY,) s C TNy, s C BXTak3s C TXTY (4)
TZ]TLS} C TZIP%’(S C BXT33s C TXTY 5)
TXT5s and TXTY, 5 are incomparable (6)

TXT; CTXTy =TXT] s C TXTy, s C TXTy, s C TXT5s = TXTS, 55 = TXT"
(7

For lack of space, in the rest of the paper we will focus on behaviors, leaving the proofs
of the corresponding results for words to [9]]. Also, we will consider only behaviors (and
words) that have bounded variability ¢ for some rational value of 6 > 0. This is due to the
fact that even decidable logics such as MITL become undecidable if irrational constants
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are allowed [L3]. It is also well-known that this is without loss of generality — as much as
satisfiability is concerned — because formulas of common temporal logics are satisfiable
iff they are satisfiable on behaviors (or words) with rational transition points [1]].

3 MTL and Its Relatives

The main focus of this paper is the decidability of MTL over the classes of behaviors
and words that we introduced in the previous section. Hence, this section introduces
formally MTL and other closely related temporal logics that will be used to obtain the
results of the following sections. For notational convenience, in this paper we usually
denote MITL formulas as ) and MTL formulas as ¢.

3.1 MITL and MTL

Let us start with the Metric Interval Temporal Logic (MITL) [1]], a decidable subset of
MTL. MITL formulas are defined as follows, for p € P an atomic proposition and I a
non-singular interval of the nonnegative reals with rational (or unbounded) endpoints:
Y o= p| | Y1 A | Up(h1,92) | Sy (¢, 12). Metric Temporal Logic (MTL)
is defined simply as an extension of MITL where singular intervals are allowed.
Abbreviations such as T, L, V, =, < are defined as usual. We drop the interval |
in operators when it is (0, co), and we represent intervals by pseudo-arithmetic expres-
sions such as > k, > k, < k,< k, and = k for (k, ), [k,o0), (0,k), (0,k] and
[k, k], respectively. We also introduce a few derived temporal operators; in the follow-
ing definitions [ is an interval of the nonnegative reals with rational (or unbounded)
endpoints. More precisely, the following definitions introduce MITL derived operators
if I is taken to be non-singular and ¢ is an MITL formula; otherwise they introduce
MTL derived operators. For both semantics we introduce the following derived opera-

tors: 07 (@) = Uy (T, 9), 0;(6) = =0, (= ()_’RI(¢17¢2) = U (=1, ~¢2), O(o) =

U(¢, T), as well as their past counterparts § ;(¢) = S;(T, ¢), ﬁj(qb) = 451(—'(;5),
TI(¢1a ¢2) = _‘SI(_‘¢17 _'¢2)’ O(d)) = S(¢7 T)’ and AIW(¢) =0 (¢) A ¢/\ D(¢) and

A(¢) = O(=9) A (o V O(0)).

Semantics. Forb € BET (with ¥ = 2%) and t € T we definef]

b(t) Erp iff p € b(t)

b(t) Er ¢ iff b(t) Fr ¢

b(t) Er ¢1 A2 iff b(t) =1 @1 and b(t) =1 2

b(t) =1 U, (1, ¢2) iff thereexists d € t @ I N'T such that b(d) =1 ¢
and forall u € (¢,d) itis b(u) =1 ¢4

b(t) =1 S;(¢1, ¢2) iff thereexists d € —I & ¢ N T such that b(d) =1 ¢
and for all u € (d, t) itis b(u) Er1 ¢1

bET ¢ iff b(0) =r ¢

Normal form over behaviors. In order to simplify the presentation of some of the fol-
lowing results, we present a normal form for MITL over behaviors, defined by the fol-
lowing grammar, where d is a positive rational number: p | ) | 11 A | U(t1,12) |

3 We assume that 0 € T without practical loss of generality.
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S(W1,02) | OLq(¥) | (5<d(z/)). The fact that every MITL formula can be expressed
according to the syntax above follows from two results. [11}, Th. 4.1, Prop. 4.2] showed
that every generic MITL formula using intervals with integer endpoints can be trans-
lated into an equivalent one in the normal form above. Second, [I, Lm. 2.16] showed
that every MITL using intervals with rational endpoints can be translated into an equi-
satisfiable one with integer endpoints only; this is achieved by uniformly scaling the
endpoints into integers. It is then clear that all our results for behaviors can assume
formulas in this normal form. In addition, an analogous normal form for MTL can be
defined by introducing the additional operators: ¢_,(¢) | (5:d(¢).

For any MTL formula ¢ and behavior b € BXT, we define the derived behavior by
that represents the truth value of ¢ over b; namely:

by (t) = {b(t) {9} ifb(t) o

b(t) otherwise

Also, the size |¢| of a formula ¢ is defined as the number of its atomic propositions, con-
nectives, and temporal operators, multiplied by the size — assuming a binary encoding
— of the largest finite constant appearing in intervals bounding temporal operators.

3.2 QITL: Decidable Extensions of MITL

Following [11I16], we introduce decidable extensions of MITL over behaviors. These
extensions will be useful in the decidability proofs of Section 3]

We extend MITL by introducing modalities €7 (¢1, ...,y ) forn > 0 and I a non-
singular interval. We denote the corresponding temporal logics by QITL(n), for n. > 0.
Also, we denote the temporal logic | J,,. , QITL(k) simply by QITL; note that QITL
is essentially equivalent to the logic TLPI introduced in [16]. The semantics of the new
operators is:

b(t) =1 OF (W1,...,,) iff thereexistty <---<t, €[t
such that forall 1 <4 < nitis b(t;) Er ¥

We also introduce the abbreviation &7 () = @7 | ¥, v, ..., ¢
N~ ~ -
n times
The small syntactic gap between QITL and TLPI can be easily bridged along the
lines of (see [9] for details). Hence, the following is a corollary of the complexity
results for TLPT — with a succinct encoding of constants — presented in [16].

Proposition 2 (Decidability and Complexity of QITL). QITL is decidable with an
EXPSPACE-complete validity problem.

4 Syntactic Definition of Regularity Constraints

In this section we show how to express the regularity constraints of bounded variability
and non-Berkeleyness as MITL or QITL formulas. The following two sub-sections
introduce two preliminary results.
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4.1 From Non-berkeleyness to Bounded Variability

Let ¢ be any MTL formula and b € BXTs a non-Berkeley behavior. While non-
Berkeleyness is defined according to the behavior of atomic propositions in b, it is
simple to realize that, in general, it cannot be lifted to the behavior of ¢ itself in by. In
other words, it may happen that b is Berkeley (i.e., two adjacent transitions are less
than ¢ time units apart) even if b is not.

However, by is at least with variability bounded by 6(¢), 6, where 6(¢) can be com-
puted from the structure of ¢. More precisely, consider the following definition, where
(3 is a Boolean combination of atomic propositions.

0(3) = 2

0(—¢) = 0(¢)

0(¢1 A ¢2) = 0(¢1) + 0(¢2)
O(U(¢1, ¢2)) = 0(41)
0(0<a(®)) = 0(¢) +1
0(0_a(9)) = 0(¢)

Note that 6(¢) = O(|¢|). Then, we can prove the following.

Lemma 1. For any b € BXTs and MTL formula ¢, it is by € BXTg(4) s.

Proof. Let bbe anon-Berkeley behavior for § > 0, J = [t, ¢ + 6] be any closed interval
of size 6, and ¢ be a generic MTL formula. The proof goes by induction on the structure
of ¢; for brevity let us just consider the cases ¢ = O_;(¢') and ¢ = ¢ _4(¢').

In the first case, clearly T(qi)) o1 —d,zo—d,z1 —d,...,z; —d,..., where
T(¢') = ..., 2 1,20,21,..., % Thus by € BXT (s 51mphes by EBZIFew
as well, since 0(¢) = 6(¢’).

For the second case, let 21, ...,z = 7(by) N J be the transition points of by over
J; by inductive hypothesis we know that k < 6’ = 6(¢’). Let us first consider the case:
r; —x;_1 >dforalli =2,...,k+ 1. If also x is a transition from false to true (see
Figure [Tl for an example with k& = 4, where 2}, = z; — d), b, has the corresponding
transition points 1 — d, x2, 23 — d, .. .; if instead x; is a transition from true to false,
by has the corresponding transition points x1,z2 — d, x3,.... In particular, note that

when 211 — x; = d and ¢' is false throughout (x;, x;+1), ©; = x;+1 — d is a punctual
transition point for b,, and in fact it appears twice in 7(by). Overall, b, has at most
all the transition points by has over J, plus one corresponding to xx11 — d. Since
0(¢) = 0(¢') + 1, we have that by € BEXT (4 s. Whenever 2; — ;1 < d for some
¢ = 2,...,k + 1, the transition points of by may instead be fewer. In fact, if z; is a
transition from false to true, forall oddi = 3, ...,k + 1 such that z; — ;1 < d, there
are no transition points for by between x;_; and x;. Similarly, if x; is a transition
from true to false, for all even i = 2,...,k + 1 such that x; — ;1 < d, there are no
transition points for by between x;_1 and x;41. Overall, 6(¢) = 0(¢’) + 1 is an upper
bound on the number of transitions of by over J in this case as well. O
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t,t+38)=J
4 1
!
qb’ — T e—
T T2 we; CU‘4 w‘5
N
0<d(9’):
‘/ : /‘ 7‘/
ZL’l To IS (1341?5

Fig. 1. by and by, _ () over J

4.2 Describing Sequences of Transitions

Let us now introduce QITL formula happ(¢, k, I) stating that formula ¢ takes exactly
k — 1 consecutive transitions, eventually leading to true (i.e., it holds at the end of I).
Formally, for every QITL formula ¢, nonsingular interval I, and integer k& > 0, we
introduce the QITL formula:

happ(¢a k71) = ©’I€ ?/a _‘¢/7 e 7¢7 _'djad/) /\_‘©]]C+1 ?/a _‘¢/7 e a¢a _‘¢7 ¢7 _'d/)

k terms k+1 terms

where ¢/ = ¢ if k is odd and ¢’ = —¢ otherwise.

Next, we introduce a formula, built upon happ(¢, k, I'), to describe the case where
we have at most n transitions over I. For every QITL formula ¢, nonsingular interval
I, and n > 0, we introduce the QITL formula:

yieldsT(¢,n,T) = \/ happ(¢,k,T) ®)
0<k<n

Lemma 2. Ler ¢ undergo at most n transitions over t & [T — 6, 7| for some T > 0,
that is (T(by) Nt @ [ — 6,7]) < n; then b(t + 7) | ¢ iff b(t) = yieldsT(p,n +
1, [max(0, 7 — 6), 7))

Proof. Let ¢ undergo exactly k < n transitions over t & [T — 8,7], and let | =
[max(0,7 — §), 7]. Let us first consider the case 7 — 6 > 0, and thus [ = [7 — 6, 7].
If b(t + 7) = ¢ then one can check that b(t) = happ(¢, k + 1,[r — 6,7]), which
implies b(t) | vyieldsT(¢,n + 1,[r — 6,7]) according to (8). Conversely, if b(t)
yieldsT(¢,n + 1,[r — 6,7]) then b(t) = happ(¢, k, [r — 8, 7]) for some k < n + 1.
In particular, it is b(t) |= happ(¢, k + 1,1); hence b(t + 7) |= . Let us now assume
T —6 < 0,and thus I = [0,7] C [r — 4, 7]. Then, ¢ undergoes exactly h transi-
tions over ¢t @ I, for some h < k < n.If b(t + 7) &= ¢ then one can check that
b(t) = happ(¢, h+ 1,0, 7]), which implies b(¢) k= yieldsT (¢, n + 1, [0, 7]) according
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to (8). Conversely, if b(t) = yieldsT(¢, n + 1, [0, 7]) then b(t) = happ(, h, [0, 7]) for
some h < n + 1. In particular, it is b(¢) = happ(¢, h + 1,1); hence b(t +7) = ¢. O

4.3 Syntactic Characterizations

This section defines non-Berkeleyness and bounded variability syntactically.

Non-Berkeleyness. The following formula ys characterizes behaviors that are non-
Berkeley for § > 0, that is b € BETs with X = 27 iff b |= ys.

X6 = AIW 0[0’5] \/ D[O’é](ﬂ) A (E(J‘):> \/ D[O"S](ﬂ)

pe2P Be2”

Note that the second conjunct is needed only for time domains bounded to the left,
where it holds precisely at the origin.

While xs has size exponential in |P], it is possible to express non-Berkeleyness
with a formula which is polynomial in |P|. To this end, let us first define: RT(3) =
AB)ABV A(=B) NG, LT(B) = A(B)A-BV A(=B)AB, GT(B) = A(B) VA(=D)
that model a right-continuous, left-continuous, and generic transition of /3, respectively.
Then, we introduce:

D(o,a)(_‘GTW))
N
o= N |RTG= A GT(y) = RT(7)
pex Nex A
00.6(GT(M) = 00.5(LT(7))

D(o’g](_‘GT(’Y))
LT(3) = A A
vex \ GT(y) = LT(v)

=0 = A DpgBV-5)
pex’

X5 = Alw(xg AxsAxG)

xX describes the non-Berkeley requirement about a right-continuous transition: no
other transition can occur over (0, 6), if there is a transition at the current instant it
must also be right-continuous, and if there is a transition at ¢ it must be left-continuous,
so that a closed interval of size ¢ is fully contained between the two consecutive tran-
sitions. Similarly, x} describes the non-Berkeley requirement about a left-continuous
transition. Finally, x} describes the non-Berkeley requirement at the origin of a time
domain bounded to the left. It should be clear that b € BETs with ¥ = 27 iff b = x,
and x has size quadratic in |P|.

Bounded variability. To describe bounded variability syntactically over behaviors, we
first introduce QITL formula pt(k, I), for k > 0.
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el 1) = 0F [ \/ (A AOH8) v A8 A0B))

BeP

A=0F [V (29 A O8) v A8 A OB))

BeP

If we let pt(0,1) = ~0} (Vsep (B(8) AO) vV AES) AOB) ), ptk, 1)
states that there are exactly k& > 0 punctual transitions of atomic propositions over

interval I.
Second, we introduce QITL formula gt(k, I), for k > 0:

gt(k, 1) = 05 | \/ (A B)V A( ﬁﬂ)> A-OR [/ (A(ﬂ)\/Abﬁ))

ﬁep Be’P

If we let gt(0,1) = —¢} (VBG’P (A(ﬂ) vV A(=0) )), gt(k, I) states that there are
exactly £ > 0 (generic, i.e., punctual or not) transitions of atomic propositions over
interval 1.

Finally, the following formula s characterizes behaviors with variability bounded
by k, 6, thatis b € BETy s with X = 27 iff b = yy. 5.

Xgl,é = \/ pt(hv [Oa 6]) A gt(.] - h7 [07 6})
0<j<k
0<h<[j/2]
. BAO(=B) pt(h, (0, 6])
Yoo = DA\ v =V "
per \ 7B AO(B) o<j<k—2 \ gt(j — h,(0,4])
0<h<[5/2)

Xk,6 = AlW(X%,& A Xlk,é)

More precisely, xg) s applies to any time instant and requires that at most £ transitions
(weighted according to whether they are punctual or not) occur over any closed interval
of size 6. On the other hand, Xlzc, s applies only at the origin of time domains that are
bounded to the left: if there is a punctual transition at the origin, there must be at most
k — 2 transitions over the residual interval (0, 6] (in fact, lim,_,o- b(¢) is undefined and
hence different than b(0)); if not, it is clear that the general formula X%, s 1s enough.
Note that the size of x,s is polynomial in |P|, k.

5 Decidability Results

For simplicity, in this section we assume future-only MTL formulas. It is however clear
that the results can be extended to MTL with past operators by providing a few addi-
tional details. We also assume formulas in normal form (introduced in Section[3.1)).
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5.1 MTL over Non-berkeley Behaviors

This section shows that MTL is decidable over non-Berkeley behaviors, by providing a
translation from MTL formulas to QITL formulas.

Lemma 3. For any MTL formula ¢ over any behavior b € BXT6, we have:

O_q(p) = vyieldsT(¢,0(¢) + 1, [max(0,d — §),d])

Proof. Let I = [max(0,d—¢),d]. From Lemmal[ll ¢ undergoes at most f(¢) transitions
overt & I. So, from Lemma[Z we have immediately that b(t + d) = ¢ —i.e., b(t) |

O_q(@) —iff b(t) |= yieldsT (¢, 0(¢) + 1,1). ]

Decidability of MTL over non-Berkeley behaviors. It is now straightforward to prove
the decidability of MTL over non-Berkeley behaviors. To this end, let us introduce the
following translation function p from MTL formulas to QITL formulas, where v is any
MITL formula and ¢ is any MTL formula.

p(y) = (8
w(—o) = ()

(o1 A d2) = w(p1) A p(¢2)
w(U(o1, d2)) = U(u(e1), p(92))
w(Oca(0)) = Ocalu(e))
1(0—q(9)) = yieldsT (1(), 0(¢) + 1, [max(0,d — 6),d])

Theorem 1. For any MTL formula ¢, for any behavior b € BXTs for some 6 > 0, we
have b =1 ¢ iff b =1 (o).

Theorem[I] the decidability of MITL and QITL , and the syntactic characteriza-
tion of non-Berkeleyness by means of the ys formula, immediately imply the following.

Corollary 1. Forany 6 > 0, the satisfiability of MTL formulas is decidable over BXT .

Proof. Given a generic MTL formula ¢, ¢ is satisfiable over BET s iff ¢ = ¢ A xj is
satisfiable over non-Zeno behaviors. In turn, by Theorem[T] ¢’ is satisfiable over non-
Zeno behaviors iff ¢ = 11(¢) A xs is. Since ¢” is a QITL formula, the theorem follows
from Proposition 2l ]

5.2 MTL over Bounded Variably Behaviors

The results of the previous section can be extended to the case of behaviors with
bounded variability along the following lines. First, consider the claim: for any b €
BYT} s and MTL formula ¢, it is by € BXT}4(4),s- The claim can be proved simi-
larly as for Lemmal[Il where the base case for Boolean combinations /3 is changed into
2 + k, whereas the inductive steps are essentially unaffacted, provided the inductive
hypothesis about the variability being bounded by 6 is replaced by it being bounded by
6 + k. Correspondingly, we can introduce a translation g’ from MTL to QITL formu-
las which is obtained from p by replacing 6(¢) with k + 6(¢). Finally, QITL formula
W' (P) A xk,s is satisfiable over BYT iff ¢ is satisfiable over BXT}, s. Hence, MTL is
decidable over BXT; 5.
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6 Related Results

This section discusses the expressiveness and complexity of MTL over non-Berkeley
and bounded variably behaviors and words.

6.1 Expressiveness of MTL over Non-berkeley

The technique used in Section [ to assess the decidability of MTL over non-Berkeley
behaviors involved the translation of MTL formulas into QITL, a strict superset of
MITL. This raises the obvious question of whether QITL is really needed in translating
MTL to a decidable logic. A partial negative answer to this question can be provided by
showing that MITL is strictly less expressive than MTL over non-Berkeley behaviors.
This answer is only partial because we address expressiveness, not equi-satisfiability;
that is, it might be possible to construct, for every MTL formula, a corresponding MITL
formula which is equi-satisfiable over non-Berkeley behaviors but requires additional
atomic propositions to be built. However, one can prove that for any 6 > 0, MTL is
strictly more expressive than MITL over BXTs. We refer to [9] for some details of the
(involved) proof.

6.2 Complexity of MTL over Non-berkeley

This section shows that the satisfiability problem for MTL formulas over non-Berkeley
(and bounded variably) behaviors has the same complexity as the same problem for
MITL over generic behaviors.

Theorem 2. The satisfiability problem for MTL over BXT s is EXPSPACE-complete.

Proof. The fact that the problem is in EXPSPACE follows from the translation proce-
dure of Section 3 from an MTL formula ¢ to an equi-satisfiable QITL formula of size
polynomial in |¢|, and from the complexity of QITL (Proposition 2.

The EXPSPACE -hardness of MTL satisfiability over non-Berkeley behaviors can
be proved by reducing the corresponding problem over the integers, where integer-
timed words are embedded into non-Berkeley behaviors. See [9] for details. a

With a very similar justification we can prove the following.

Theorem 3. The satisfiability problem for MTL over BET, s is EXPSPACE-complete
(assuming a unary encoding of k).

7 Undecidability Results

MTL is decidable no more if we consider all non-Berkeley behaviors for any ¢ together.
More precisely, the satisfiability problem for MTL over BXT3s is X{-complete; com-
pare against the same problem over BXT where it is X'{-complete.

Theorem 4. The satisfiability problem for MTL over BXT 35 is X = RE-complete.
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Proof. Let ¢ be a generic MTL formula. ¢ is satisfiable over BX T3 iff there exists a
6 > 0 such that ¢ is satisfiable over BXT . Given that BXT,, D BYT forall v < ¢
(Proposition [I), and that the satisfiability of ¢ is decidable over BLT,, for any fixed
~ > 0 (Corollary[I)), the following procedure halts iff ¢ is satisfiable over BXT3s: (1)
let d < 1; (2) decide if ¢ is satisfiable over BXT 4; (3) if not, let d < d/2 and goto (2).
This proves that the satisfiability problem for MTL over BXT'55 is in RE.

To show RE-hardness, we reduce the halting problem for 2-counter machines to
MTL satisfiability over BXT5s. The key insight is that a halting computation is one
where only a finite number of instructions is executed. Correspondingly it can be rep-
resented by a behavior where only a finite number of transitions occur within a finite
amount of time; such behaviors are necessarily in BXT355 because the infimum over
distances between transitions coincides with the minimum. See [9] for all details. O

The above proof can be adapted with simple modifications to work for infinite timed
words, as well as for the classes BXT 3,35 and 72T, 5. On the contrary, undecidability
does not carry over to finite words, where the problem is known to be decidable [14].

8 Summary

Table [I] summarizes the results on the expressiveness of MTL over various semantic
classes. Cells without shade host previously known results; cells with a light shade are
corollaries of known results; cells with a dark shade correspond to the main results
discussed and proved in this paper.

As future work, it will be interesting to investigate the practical impact of the new
decidability results of this paper. This will encompass, on the one hand, experimenting
with implementations of decision algorithms to evaluate their performances on practical
verification problems and, on the other hand, assessing which classes of systems can be
naturally described with bounded variably models.

Table 1. Summary of the known results

DECIDABILITY COMPLEXITY

BXTs, BETy s Yes EXPSPACE-C
BXT'3s, BXT3k3s No »9-c
BET No Xi-C
TS, TETY s Yes EXPSPACE-C
TS, TETS 35 No x0-.c
7T No Xi-C
T, TXT, Yes EXPSPACE-C
TXT5s, TXTE,56 Yes non-PR
7T Yes non-PR
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Abstract. We consider two-player games played in real time on game
structures with clocks and parity objectives. The games are concurrent in
that at each turn, both players independently propose a time delay and
an action, and the action with the shorter delay is chosen. To prevent a
player from winning by blocking time, we restrict each player to strategies
that ensure that the player cannot be responsible for causing a zeno run.
First, we present an efficient reduction of these games to turn-based (i.e.,
nonconcurrent) finite-state (i.e., untimed) parity games. The states of
the resulting game are pairs of clock regions of the original game. Our
reduction improves the best known complexity for solving timed parity
games. Moreover, the rich class of algorithms for classical parity games
can now be applied to timed parity games.

Second, we consider two restricted classes of strategies for the player
that represents the controller in a real-time synthesis problem, namely,
limit-robust and bounded-robust strategies. Using a limit-robust strategy,
the controller cannot choose an exact real-valued time delay but must
allow for some nonzero jitter in each of its actions. If there is a given lower
bound on the jitter, then the strategy is bounded-robust. We show that
exact strategies are more powerful than limit-robust strategies, which are
more powerful than bounded-robust strategies for any bound. For both
kinds of robust strategies, we present efficient reductions to standard
timed automaton games. These reductions provide algorithms for the
synthesis of robust real-time controllers.

1 Introduction

Timed automata [2] are models of real-time systems in which states consist of
discrete locations and values for real-time clocks. The transitions between loca-
tions are dependent on the clock values. Timed automaton games [QGIT2ITT] are
used to distinguish between the actions of several players (typically a “controller”
and a “plant”). We consider two-player timed-automaton games with w-regular
objectives specified as parity conditions. The class of w-regular objectives can
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Fig. 1. A timed automaton game T

express all safety and liveness specifications that arise in the synthesis and veri-
fication of reactive systems, and parity conditions are a canonical form to express
w-regular objectives [20]. The construction of a winning strategy for player 1 in
such games corresponds to the controller-synthesis problem for real-time systems
[TOUT7I22] with respect to achieving a desired w-regular objective.

Timed-automaton games proceed in an infinite sequence of rounds. In each
round, both players simultaneously propose moves, each move consisting of an
action and a time delay after which the player wants the proposed action to take
place. Of the two proposed moves, the move with the shorter time delay “wins”
the round and determines the next state of the game. Let a set @ of runs be
the desired objective for player 1. Then player 1 has a winning strategy for @
if she has a strategy to ensure that, no matter what player 2 does, one of the
following two conditions holds: (1) time diverges and the resulting run belongs
to @, or (2) time does not diverge but player-1’s moves are chosen only finitely
often (and thus she is not to be blamed for the convergence of time) [9I14]. This
definition of winning is equivalent to restricting both players to play according
to receptive strategies [BI19], which do not allow a player to block time.

In timed automaton games, there are cases where a player can win by propos-
ing a certain strategy of moves, but where moves that deviate in the timing by an
arbitrarily small amount from the winning strategy moves lead to her losing. If
this is the case, then the synthesized controller needs to work with infinite preci-
sion in order to achieve the control objective. As this requirement is unrealistic,
we propose two notions of robust winning strategies. In the first robust model,
each move of player 1 (the “controller”) must allow some jitter in when the ac-
tion of the move is taken. The jitter may be arbitrarily small, but it must be
greater than 0. We call such strategies limit-robust. In the second robust model,
we give a lower bound on the jitter, i.e., every move of player 1 must allow for a
fixed jitter, which is specified as a parameter for the game. We call these strate-
gies bounded-robust. The strategies of player 2 (the “plant”) are left unrestricted
(apart from being receptive). We show that these types of strategies are in strict
decreasing order in terms of power: general strategies are strictly more powerful
than limit-robust strategies; and limit-robust strategies are strictly more power-
ful than bounded-robust strategies for any lower bound on the jitter, i.e., there
are games in which player 1 can win with a limit-robust strategy, but there does
not exist any nonzero bound on the jitter for which player 1 can win with a
bounded-robust strategy. The following example illustrates this issue.
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Ezample 1. Consider the timed automaton T in Fig.[Il The edges denoted ak for
k € {1,2,3,4} are controlled by player 1 and edges denoted a? for j € {1,2,3}
are controlled by player 2. The objective of player 1 is O(—l3), ie., to avoid I3.
The important part of the automaton is the cycle I°,1'. The only way to avoid
13 in a time divergent run is to cycle in between (° and {' infinitely often. In
addition player 1 may choose to also cycle in between (° and [2, but that does
not help (or harm) her. Due to strategies being receptive, player 1 cannot just
cycle in between [° and [? forever, she must also cycle in between [ and ['; that
is, to satisfy O(—(3) player 1 must ensure (OOI0) A (OOIY), where OO denotes
“Infinitely often”. But note that player 1 may cycle in between {° and [ as many
(finite) number of times as she wants in between an (%, cycle.

In our analysis below, we omit such [°,12 cycles for simplicity. Let the game
start from the location [° at time 0, and let {! be visited at time t° for the first
time. Also, let #/ denote the difference between times when [! is visited for the
j+1-th time, and when [ is visited for the j-th time. We can have at most 1 time
unit between two successive visits to {°, and we must have strictly more than 1
time unit elapse between two successive visits to ['. Thus, t/ must be in a strictly
decreasing sequence. Also, for player 1 to cycle around [° and I' infinitely often,
we must have that all # > 0. Consider any bounded-robust strategy. Since the
jitter is some fixed ¢j, for any strategy of player 1 which tries to cycle in between
19 and 1!, there will be executions where the transition labeled a} will be taken
when z is less than or equal to 1 —¢j, and the transition labeled a? will be taken
when y is greater than 1 — ;. This means that there are executions where ¢/
decreases by at least 2-¢; in each cycle. But, this implies that we cannot having
an infinite decreasing sequence of #7’s for any ¢; and for any starting value of ¢°.

With a limit-robust strategy however, player 1 can cycle in between the two
locations infinitely often, provided that the starting value of x is strictly less
than 1. This is because at each step of the game, player 1 can pick moves that
are such that the clocks x and y are closer and closer to 1 respectively. A general
strategy allows player 1 to win even when the starting value of z is 1. The details
can be found in [7]. |

Contributions. We first show that timed automaton parity games can be re-
duced to classical turn-based finite-state parity games. Since the timed games
are concurrent, in that in each turn both players propose moves before one of the
moves is chosen, our reduction to the untimed finite state game generates states
that are pairs of clock regions. The reduction allows us to use the rich literature
of algorithms for classical parity games to solve timed automaton parity games.
While a solution for timed automaton games with parity objectives was already
presented in [9], our reduction obtains a better computational complexity; we

improve the complexity from roughly O ((M 1C] - |Ay] - |Ag]) - (16 - \SReg|)d+2)
to roughly O (M |C| - |Az2] - (32 |Sreg| - M - |C] - |Al\)d§2+g>7 where M is the
maximum constant in the timed automaton, |C| is the number of clocks, |4;]

is the number of player-i edges, |A;|* = min{|A;|, |L| - 2!€1}, |L| is the number
of of locations, |Sreg| is the number of states in the region graph (bounded by
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IL| - [[oec(ca + 1) - |C!- 2/¢1), and d is the number of priorities in the parity
index function. We note that the restriction to receptive strategies does not fun-
damentally change the complexity —it only increases the number of indices of
the parity function by 2.

Second, we show that timed automaton games with limit-robust and bounded-
robust strategies can be solved by reductions to general timed automaton games
(with exact strategies). The reductions differentiate between whether the jit-
ter is controlled by player 1 (in the limit-robust case), or by player 2 (in the
bounded robust case). This is done by changing the winning condition in the
limit-robust case, and by a syntactic transformation in the bounded-robust case.
These reductions provide algorithms for synthesizing robust controllers for real-
time systems, where the controller is guaranteed to achieve the control objective
even if its time delays are subject to jitter. We also demonstrate that limit-robust
strategies suffice for winning the special case of timed automaton games where
all guards and invariants are strict (i.e., open). The question of the existence of
a lower bound on the jitter for which a game can be won with a bounded-robust
strategy remains open. The proofs of the results of the paper can be found in [7].

Related work. A solution for timed automaton games with receptive strategies
and parity objectives was first presented in [9], where the solution is obtained
by first demonstrating that the winning set can be characterized by a p-calculus
fixpoint expression, and then showing that only unions of clock regions arise in
its fixpoint iteration. Our notion of bounded-robustness is closely related to the
Almost-ASAP semantics of [24]. The work there is done in a one-player setting
where the controller is already known, and one wants the know if the composition
of the controller and the system satisfies a safety property in the presence of
bounded jitter and observation delay. A similar model for hybrid automata is
considered in [I]. The solution for the existence of bounded jitter and observation
delay for which a timed system stays safe is presented in [23]. Various models of
robust timed automata (the one-player case) are also considered in [4U5IT3IT5].

2 Timed Games

In this section we present the definitions of timed game structures, runs, objec-
tives, and strategies in timed game structures.

Timed game structures. A timed game structure is a tuple G = (S, A1, Ag, I,
I, 6) with the following components.

— S is a set of states.

— A; and A, are two disjoint sets of actions for players 1 and 2, respectively.
We assume that 1; € A;, and write Af for A; U{L;}. The set of moves for
player i is M; = Rso x A" Intuitively, a move (A, a;) by player i indicates
a waiting period of A time units followed by a discrete transition labeled
with action a;.

— I : S+ 2Mi\ () are two move assignments. At every state s, the set I;(s)
contains the moves that are available to player i. We require that (0, 1;) €
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I;(s) for all states s € S and i € {1, 2}. Intuitively, (0, L;) is a time-blocking
stutter move.

— 6 : 8 x (My UM;) — S is the transition function. We require that for
all time delays A, A’ € Rso with A’ < A, and all actions a; € A7,
we have (1) (A,a;) € Ii(s) iff both (&', L;) € I(s) and (A — A’ a;) €
T;(6(s, (A", 1;))); and (2) if §(s, (47, L;)) = " and 6(s', (A — A’ a;)) = s,
then (s, (4, a;)) = s".

The game proceeds as follows. If the current state of the game is s, then both
players simultaneously propose moves (Aq,a1) € I1(s) and (Ag,az) € Ia(s). If
a1 # L4, the move with the shorter duration “wins” in determining the next
state of the game. If both moves have the same duration, then the next state is
chosen non-deterministically. If a; = 11, then the move of player 2 determines
the next state, regardless of A;. We give this special power to player 1 as the
controller always has the option of letting the state evolve in a controller-plant
framework, without always having to provide inputs to the plant. Formally, we
define the joint destination function 04 : S X My x My — 25 by

{6(8, <A1,a1>)} if Ay <Ay and a17éJ_1;
8ja (s, (A1, a1), (Ag,a2))=4{0(s, (A2, a2))} if Ao < Ay or ag=1q;
{6(8, <A2, a2>), 6(8, <A1, a1>)} ifA2:A1 and aq 751_1.

The time elapsed when the moves my = (A1, a1) and mo = (Ag, as) are proposed
is given by delay(mi,ms) = min(A;, As). The boolean predicate blame;(s, m1,
ma, s’) indicates whether player ¢ is “responsible” for the state change from s to
s’ when the moves m; and ms are proposed. Denoting the opponent of player 4
by ~i =3 —1, for i € {1,2}, we define

blamei(s7 <A17 0,1>7 <A27 0,2>7 SI)Z(AZ‘ SAN,‘/\(S(& <Ai, ai>):8/) /\(izl — aq #J_l)

Runs. A run of the timed game structure § is an infinite sequence r =
s0, (m{,m9), s1, (mi,ml),... such that s, € S and m¥ € Ii(s) and sp1 €
Sia(sk,my,m%) for all k > 0 and i € {1,2}. For k > 0, let time(r, k) denote the
“time” at position k of the run, namely, so, (Mm%, m9), s1, (mi, ml), ... time(r, k)
= Zé:é delay(m?, m3) (we let time(r,0) = 0). By r[k] we denote the (k 4 1)-th
state si of r. The run prefix r[0..k] is the finite prefix of the run r that ends in
the state s;. Let Runs be the set of all runs of G, and let FinRuns be the set of

run prefixes.

Objectives. An objective for the timed game structure G is a set @ C Runs of
runs. We will be interested in parity objectives. Parity objectives are canonical
forms for w-regular properties that can express all commonly used specifications
that arise in verification.

Let 2 : S — {0,...,k — 1} be a parity index function. The parity ob-
jective for 2 requires that the maximal index visited infinitely often is even.
Formally, let InfOften(£2(r)) denote the set of indices visited infinitely often
along a run r. Then the parity objective defines the following set of runs:
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Parity(£2) = {r | max(InfOften(£2(r))) is even }. A timed game structure G to-
gether with the index function {2 counstitute a parity timed game (of order k) in
which the objective of player 1 is Parity(£2).

Strategies. A strategy for a player is a recipe that specifies how to extend a
run. Formally, a strategy m; for player i € {1,2} is a function 7; that assigns to
every run prefix r[0..k] a move m; in the set of moves available to player i at the
state r[k]. For i € {1,2}, let II; be the set of strategies for player i. Given two
strategies my € I1; and 7o € Il the set of possible outcomes of the game starting
from a state s € S is the set of possible runs denoted by Outcomes(s, w1, m2).

Receptive strategies. We will be interested in strategies that are meaningful
(in the sense that they do not block time). To define them formally we first
present the following two sets of runs.

— A run r is time-divergent if limy_  time(r, k) = co. We denote by Timediv
is the set of all time-divergent runs.

— The set Blameless; C Runs consists of the set of runs in which player i is respon-
sible only for finitely many transitions. A run sg, (m{,m3), s1, (mi, m3), ...
belongs to the set Blameless;, for i = {1, 2}, if there exists a k > 0 such that
for all j > k, we have — blame;(s;, m{, m}, sj11).

A strategy m; is receptive if for all strategies m.;, all states s € S, and all runs r €
Outcomes(s, 71, m2), either € Timediv or r € Blameless;. Thus, no what matter
what the opponent does, a receptive strategy of player i cannot be responsible for
blocking time. Strategies that are not receptive are not physically meaningful. A
timed game structure G is well-formed if both players have receptive strategies.
We restrict our attention to well-formed timed game structures. We denote I}
to be the set of receptive strategies for player i. Note that for my € IT{, mo € IIE,
we have Outcomes(s, w1, m2) C Timediv.

Winning sets. Given an objective @, let WinTimeDiv{ (#) denote the set of
states s in G such that player 1 has a receptive strategy 7 € IT such that for all
receptive strategies mo € 147, we have Outcomes(s, 71, m2) C @. The strategy 7 is
said to be winning strategy. In computing the winning sets, we shall quantify over
all strategies, but modify the objective to take care of time divergence. Given
an objective @, let TimeDivBly (®) = (TimedivN @) U (Blameless; \ Timediv), i.e.,
TimeDivBl; (®) denotes the set of runs such that either time diverges and @ holds,
or else time converges and player 1 is not responsible for time to converge. Let
Win{ (@) be the set of states in G such that for all s € Win{(®), player 1 has
a (possibly non-receptive) strategy m € II; such that for all (possibly non-
receptive) strategies mo € Ilo, we have Outcomes(s, w1, m2) C @. The strategy w1
is said to be winning for the non-receptive game. The following result establishes
the connection between Win and WinTimeDiv sets.

Theorem 1 ([14]). For all well-formed timed game structures G, and for all
w-regular objectives ®, we have WinY (TimeDivBIy(®)) = WinTimeDiv{ (¥).



130 K. Chatterjee, T.A. Henzinger, and V.S. Prabhu

We now define a special class of timed game structures, namely, timed automaton
games.

Timed automaton games. Timed automata [2] suggest a finite syntax for
specifying infinite-state timed game structures. A timed automaton game is a
tuple T = (L, C, Ay, Az, E,~) with the following components:

— L is a finite set of locations.

— (C is a finite set of clocks.

— Ay and A, are two disjoint sets of actions for players 1 and 2, respectively.

E C L x (AjUAs) x Constr(C) x L x 2¢ is the edge relation, where the

set Constr(C) of clock constraints is generated by the grammar: 6 = x <

d|d<x]|—0]60; A6, for clock variables 2z € C' and nonnegative integer

constants d. For an edge e = ([, a;,60,1’, \), the clock constraint 6 acts as a

guard on the clock values which specifies when the edge e can be taken, and

by taking the edge e, the clocks in the set A C C' are reset to 0. We require
that for all edges (I, a;, 0", 1', ') # (I,a,,0", 1", \") € E, we have a; # a}. This

requirement ensures that a state and a move together uniquely determine a

successor state.

— v : L — Constr(C) is a function that assigns to every location an invariant
for both players. All clocks increase uniformly at the same rate. When at
location [, each player ¢ must propose a move out of  before the invariant (1)
expires. Thus, the game can stay at a location only as long as the invariant
is satisfied by the clock values.

A clock valuation is a function s : C'+— IR>( that maps every clock to a non-
negative real. The set of all clock valuations for C' is denoted by K(C). Given a
clock valuation x € K(C) and a time delay A € IR>¢, we write x + A for the
clock valuation in K (C') defined by (k + A)(z) = k(x) + A for all clocks z € C.
For a subset A C C of the clocks, we write k[A := 0] for the clock valuation
in K(C) defined by (s[A := 0])(z) = 0 if = € A, and (k[\ := 0])(z) = r(x) if
x & A A clock valuation k € K(C) satisfies the clock constraint § € Constr(C),
written x = 0, if the condition é holds when all clocks in C' take on the values
specified by k. A state s = (I, k) of the timed automaton game T is a location
[ € L together with a clock valuation x € K(C) such that the invariant at the
location is satisfied, that is, k = v(l). We let S be the set of all states of T. Given
a timed automaton game 7T, the definition of a associated timed game structure
[7] is standard [9].

Clock regions. Timed automaton games can be solved using a region construc-
tion from the theory of timed automata [2]. For a real ¢ > 0, let frac(t) =t — [¢t]
denote the fractional part of t. Given a timed automaton game T, for each clock
x € C, let ¢, denote the largest integer constant that appears in any clock con-
straint involving x in T (let ¢, = 1 if there is no clock constraint involving ).
Two states (I, k1) and (I3, k1) are said to be region equivalent if all the fol-
lowing conditions are satisfied: (a) {3 = l2, (b) for all clocks z, k1(z) < ¢,
iff ko(x) < ¢z, () for all clocks  with k1(z) < ¢, |k1(z)] = |k2(x)], (d) for
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all clocks z,y with r1(z) < ¢, and ki1(y) < ¢y, frac(ki(z)) < frac(ki(zx)) iff
frac(ka(x)) < frac(ka(x)), and (e) for all clocks x with k1 (z) < ¢, frac(k1(z)) =
0 iff frac(k2(x)) = 0. A region is an equivalence class of states with respect to the
region equivalence relation. There are finitely many clock regions; more precisely,
the number of clock regions is bounded by |L| - [[,cc(co + 1) - |C|!-21€1

Region strategies and objectives. For a state s € S, we write Reg(s) C
S for the clock region containing s. For a run r, we let the region sequence
Reg(r) = Reg(r[0]), Reg(r[1]),--. Two runs 7,7’ are region equivalent if their
region sequences are the same. An w-regular objective & is a region objective if
for all region-equivalent runs 7,7, we have r € @ iff ' € &. A strategy 7 is a
region strategy, if for all runs r; and 7o and all k > 0 such that Reg(r1[0..k]) =
Reg(r2[0..k]), we have that if m1(r1[0..k]) = (A, a1), then 71 (r2[0..k]) = (4’ a1)
with Reg(r1[k] + A) = Reg(r2[k] + 4’). The definition for player 2 strategies is
analogous. Two region strategies m; and 7} are region-equivalent if for all runs
r and all k£ > 0 we have that if 71 (r[0..k]) = (4, a1), then 7} (r[0..k]) = (4’ a1)
with Reg(r[k]+ A) = Reg(r[k]+ 4’). A parity index function (2 is a region (resp.
location) parity index function if {2(s1) = (2(s2) whenever Reg(s1) = Reg(s2)
(resp. s1, s2 have the same location). Henceforth, we shall restrict our attention
to region and location objectives.

Encoding time-divergence by enlarging the game structure. Given a
timed automaton game T, consider the enlarged game structure T with the state
space S C S x R, 1 X {TRUE, FALSE}?, and an augmented transition relation

5:5x (MyUM;) — 5. In an augmented state (s, 3, tick, bly) € S, the component
s € S is a state of the original game structure [T], 3 is value of a fictitious
clock z which gets reset to 0 every time it hits 1, tick is true iff z hit 1 at last
transition and bl; is true if player 1 is to blame for the last transition. Note
that any strategy m; in [J], can be considered a strategy in T. The values of
the clock z, tick and bly correspond to the values each player keeps in memory
in constructing his strategy. Any run r in T has a corresponding unique run 7
in T with 710] = (r[0],0, FALSE, FALSE) such that r is a projection of 7 onto T.
For an objective @, we can now encode time-divergence as: TimeDivBI,(?) =
(OO tick — @) A (-0 tick — &O-bly). Let & be a valuation for the clocks
in C = C'U{z}. A state of T can then be considered as ((I, &), tick, bl;). We
extend the clock equivalence relation to these expanded states: ((I, ) tick, bly) =
((I,®), tick', bl}) iff | = U, tick = tick’, bl; = bl} and £ = %'. Given a location
I, and a set A C C, we let Rlloc := I, A := 0] denote the region {(I,7) € S |
there exist I/ and 7' with (I/,7/) € R and &(z) = 0if z € \,R(z) = #/(z) if = &
A}. For every w-regular region objective @ of T, we have TimeDivBly(®) to be an
w-regular region objective of 7.

We now present a lemma that states for region w-regular objectives region
winning strategies exist, and all strategies region-equivalent to a region winning
strategy are also winning.

Lemma 1 ([8]). Let T be a timed automaton game and T be the correspond-
g enlarged game structure. Let ® be an w- -regular region objective of‘J' Then,
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(1) there exists a region winning strategy for @ from Win(‘lr(ﬁf), and (2) if ™ is
a strategy that is region-equivalent to a region winning strategy m, then ) is a

winning strateqy for 7 from Wm?(@)

3 Exact Winning of Timed Parity Games

In this section we shall present a reduction of timed automaton games to turn-
based finite game graphs. The reduction allows us to use the rich literature
of algorithms for finite game graphs for solving timed automaton games. It also
leads to algorithms with better complexity than the one presented in [9]. Let T be
a timed automaton game, and let T be the corresponding enlarged timed game
structure that encodes time divergence. We shall construct a finite state turn
based game structure T/ based on regions of T which can be used to compute
winning states for parity objectives for the timed automaton game T. In this
finite state game, first player 1 proposes a destination region R; together with
a discrete action a;. Intuitively, this can be taken to mean that in the game T,
player 1 wants to first let time elapse to get to the region Ry, and then take
the discrete action aj. Let us denote this inter@eiliate state which specifies the
desired region of player 1 in T/ by the tuple (R, R1,a;). From this state in T7,
player 2 similarly also proposes a move consisting of a region R, together with
a discrete action ap. These two moves blgmfy that player i proposed a move
(A, a;) in T from a state § € R such that §+ A; € R;. The following lemma
states that only the regions of 5+ A; are important in determining the successor
region in 7.

Lemma 2 ([8]). Let T be a timed automaton game and let Y,Y{,Y3 be regions

in the enlarged timed game structure m Suppose player-i has a move from
s1 €Y tos) €Y', forie {1,2}. Then, one of the following cases must hold.

1. From all states 3 € Y, there exists a player-1 move mj with 5(3\, mj) €
Y/ such that for all moves m3 of player-2 with (3, m3) € Yy, we have
blame: (8, m, m3, (3, m{)) = TRUE and blames (3, m{, m3, (3, m3)) = FALSE.

2. From all statess €Y, for all moves mj of player-1 with 6(5 m3) € Y/, there
exists a player-2 move mj with 5(3, m3) € Yy such that blamey (5, ml,mQ,é
(5,m3)) = TRUE.

By Lemma[2] given an initial state in 1/%, for moves of both players to some fixed
Rq, Ro, either the move of player 1 is always chosen, or player 2 can always pick
a move such that player-1’s move is foiled. Note that the lemma is asymmetric,
the asymmetry arises in the case when time delays of the two moves result in
the same region. In this case, not all moves of player 2 might work, but some
will (e.g., a delay of player 2 that is the same as that for player 1).

Let §Reg = {z | X is a region of ‘/J\'} Because of Lemma [2] we may construct
a finite turn based game to capture the winning set.
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A finite state turn based game G consists of the tuple ((S, E), (S1, S2)), where
(S1,52) forms a partition of the finite set S of states, E is the set of edges,
S1 is the set of states from which only player 1 can make a move to choose
an outgoing edge, and Sy is the set of states from which only player 2 can
make a move. The game is bipartite if every outgoing edge from a player-1
state leads to a player-2 state and vice-versa. A bipartite turn based finite game
TI = (S, ET), (Sreg x {1}, Stup X {2})) can be constructed to capture the
timed game T (the full construction can be found in [7]). The state space St
equals SReg x {1} U STup x {2}. The set SReg is the set of reglons of T. Each
<R, 1) e SReg x {1} is indicative of a state in the timed game T that belongs to
the region R. Each (Y,2) € §Tup x {2} encodes the following information: (a) the
previous state of 7/ (which corresponds to a region R of ‘?), (b) a region R’ of
T (representing an intermediate state which results from time passage in T from
a state in the previous region R to a state in R’ ), and (c) the desired discrete
action of player 1 to be taken from the intermediate state in R'. An edge from
<R 1) to (Y, 2) represents the fact that in the timed game T, from every state
se R player 1 has a move (A, a1) such that §+ A is in the intermediate region
component R of (Y, 2), with a; being the desired discrete action. From the state
(Y, 2), player 2 has moves to §Reg x {1} depending on what moves of player 2
in the timed game T can beat the player-1 moves from R to R according to
Lemma

Each Z € S/ is itself a tuple, with the first component being a location of T.
Given a location parity index function 2 on T, we let £2/ be the parity index
function on T/ such that £2/({I,-)) = 22({l,-)). Another parity index function 2/
with two more priorities can be derived from 2/ to take care of time divergence
issues, as described in [EZﬂ Given a set X = X1 x {1} U Xo x {2} C S/, we let
RegStates(X) = {5 € S | Reg(3) € X;}. Theorem [ shows that the turn based
game T/ captures the timed automaton game 7.

Theorem 2. LetT be an enlarged timed game structure, and let T be the corre-
spondmgﬁmte game structure. Then, given anw-reqular regwn objective Parity(£2),

we have Win] (TimeDivBI, (Parity(£2))) = RegStates(Win] (Parlty(Qf)))

The state space of the finite turn based game can be seen to be at most O(\§Reg 2.
|L| - 2I€1) (a discrete action may switch the location, and reset some clocks). We
show that it is not required to keep all possible pairs of regions, leading to a
reduction in the size of the state space. This is because from a state s € R, it is
not possible to get all regions by letting time elapse.

Lemma 3. Let T be a timed automaton game, T the corresponding enlarged
game structure, and R a region in J. The number of possible time successor
regions of R are at most 2 - Yowec2ca+1) <4-(M+1)-(|C|+1), where c, is
the largest constant that clock x is compared to in T, M = max{c, |z € C'} and
C is the set of clocks in T.
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Complexity of reduction. Recall that for a timed automaton game T, A; is
the set of actions for player ¢, C' is the set of clocks and M is the largest constant
in T. Let |A;]* = min{|4;],|L| - 2!°!} and let |Tconsty| denote the length of the
clock constraints in T. The size of the state space of T/ is bounded by \§Reg\ .
(14 (M +1)-(|C| +2) - 2- (|A1|* + 1)), where |Sreg| <16 [L| - [T co(ca +1) -
|C’+1/\\!~2|C|+1 is the number of regions of T. The number of edges in T/ is bounded
by [Skegl - (M +1)-(|C[+2)-2) - (JA:[" + 1)[(1+ (JA2[*+1)- (M +1) -
(IC] +2) - 2)]. The details can be found in [7].

Theorem 3. Let T be a timed automaton game, and {2 be a region parity index
function of order d. The set WinTimeDivy (Parity(£2)) can be computed in time

3 2

d4+2 | 3
O ((Steel [Tl + M+ €1+ 142 [2+ Bl 2 [T 1anf] )

where \§Reg| <16-|L| - [[,ec(co + 1) |C+ 112114 M s the largest constant
in T, |Tconstr| is the length of the clock constraints in T, C is the set of clocks,
|A;|* = min{|A;],|L| - 2/}, and |A;| the number of discrete actions of player i
forie{1,2}.

In Theorem [B] we have used the result from [I8] which states that a turn based
parity game with m edges, n states and d parity indices can be solved in O(m -
nngé) time. From Theorem [J we can solve the finite state game 7 to compute
winning sets for all w-regular region parity objectives @ for a timed automaton
game T, using any algorithm for finite state turn based games, e.g., strategy
improvement, small-progress algorithms [2TJT6].

4 Robust Winning of Timed Parity Games

In this section we study restrictions on player-1 strategies to model robust win-
ning, and show how the winning sets can be obtained by reductions to general
timed automaton games. The results of Section [B] can then be used to obtain
algorithms for computing the robust winning sets.

There is inherent uncertainty in real-time systems. In a physical system, an
action may be prescribed by a controller, but the controller can never prescribe
a single timepoint where that action will be taken with probability 1. There
is usually some jitter when the specified action is taken, the jitter being non-
deterministic. The model of general timed automaton games, where player 1 can
specify exact moves of the form (A, a;) consisting of an action together with a
delay, assume that the jitter is 0. In subsection I we obtain robust winning sets
for player 1 in the presence of non-zero jitter (which are assumed to be arbitrarily
small) for each of her proposed moves. In subsection L2] we assume the jitter
to be some fixed € > 0 for every move that is known. The strategies of player 2
are left unrestricted. In the case of lower-bounded jitter, we also introduce a
response time for player-1 strategies. The response time is the minimum delay
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between a discrete action, and a discrete action of the controller. We note that
the set of player-1 strategies with a jitter of ¢; > 0 contains the set of player-1
strategies with a jitter of €j/2 and a response time of ¢j/2. Thus, the strategies of
subsection ] automatically have a response time greater than 0. The winning
sets in both sections are hence robust towards the presence of jitter and response
times.

4.1 Winning in the Presence of Jitter

In this subsection, we model games where the jitter is assumed to be greater
than 0, but arbitrarily small in each round of the game.

Given a state s, a limit-robust move for player 1 is either the move (A, 1) with
(A, L1) € I'n(s); or it is a tuple ([a, F],a1) for some o < (B such that for every
A € [a, §] we have (A, ay) € T'1(s). Ll Note that a time move (A, L) for player 1
implies that she is relinquishing the current round to player 2, as the move of
player 2 will always be chosen, and hence we allow a singleton time move. Given a
limit-robust move mrob; for player 1, and a move ms for player 2, the set of pos-
sible outcomes is the set {éja(s,m1,ma) | either (a) mroby = (A, L;) andm; =
mroby; or (b) mroby = ([, 8], a1) and my = (A, a1) with A € [a, B]}. A limit-
robust strategy w°® for player 1 prescribes limit-robust moves to finite run pre-
fixes. We let II7 b denote the set of limit-robust strategies for player-1. Given an
objective @, let RobWinTimeDiv] (@) denote the set of states s in T such that
player 1 has a limit-robust receptive strategy 7°® € ITf such that for all recep-
tive strategies my € IT1%, we have Outcomes(s, 7r{°b mg) C &. We say a limit-robust
strategy 77°P is region equivalent to a strategy 7y if for all runs 7 and for all k > 0,
the following conditions hold: (a) if 7 (r[0..k]) = (A, L1), then 7°°(r[0..k]) =
(A, L1) with Reg(r[k] + A) = Reg(r[k] + 4’); and (b) if w1 (r[0..k]) = (A4, a1)
with a; # 11, then 7°°(r[0..k]) = ([c, 8], a1) with Reg(r[k]+A) = Reg(r[k]+A")
for all A’ € [a, 5]. Note that for any limit-robust move ([a, ], a1) with a; # 14
from a state s, we must have that the set {s + A | A € [, 3]} contains an open
region of 7.

We now show how to compute the set RobWinTimeDiv] (¢). Given a timed
automaton game T, we have the corresponding enlarged game structure T which
encodes time-divergence. We add another boolean variable to T to obtain another
game structure ‘J'mb The state space of ‘J'mb is S x {TRUE FALSE}. The transition
relation &,p is such that drep ({3, 7b1), (A, a;)) = (6(5,(A, a;)), rb}), where rb] =
TRUE iff rb; = TRUE and one of the following hold: (a) a; € A5; or (b) a; = Ly;
or (¢) a; € Ay and s + A belongs to an open region of 7.

Theorem 4. Guwen a state s in a timed automaton game J and an w-regular
region, objective @, we have s € RobWinTimeDiv] (®) iff (s, -, -, -, TRUE) € Winflrmb
(® A O(rby = TRUE) A (OO(tick = FALSE) — (©OO(bl; = FALSE)))).

We say a timed automaton T is open if all the guards and invariants in T are open.
Note that even though all the guards and invariants are open, a player might still

1 'We can also have open or semi-open time intervals, the results do not change.
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propose moves to closed regions, e.g., consider an edge between two locations [y
and Iy with the guard 0 < = < 2; a player might propose a move from (1,2 = 0.2)
to (la,z = 1). The next theorem shows that this is not required of player 1 in
general, that is, to win for an w-regular location objective, player 1 only needs to
propose moves to open regions of J. Let Constr*(C') be the set of clock constraints
generated by the grammar: 0 :=x <d |z >d|x>0]|x <y| 0 Abs, for clock
variables x,y € C and nonnegative integer constants d. An open polytope of T
is set of states X such that X = {(l,k) € S| k |= 0} for some 6 € Constr™(C).
An open polytope X is hence a union of regions of 7. Note that it may contain
open as well as closed regions. We say a parity objective Parity({2) is an open
polytope objective if 271(j) is an open polytope for every j > 0.

Theorem 5. Let T be an open timed automaton game and let & = Parity({2) be
an w-regular location objective. Then, WinTimeDiv] (@) = RobWinTimeDiv] ().

4.2 Winning with Bounded Jitter and Response Time

The limit-robust winning strategies described in subsection 1] did not have a
lower bound on the jitter: player 1 could propose a move ([a,« + €], a;) for
arbitrarily small « and €. In some cases, the controller may be required to work
with a known jitter, and also a finite response time. Intuitively, the response
time is the minimum delay between a discrete action and a discrete action of
the controller. We model this scenario by allowing player 1 to propose moves
with a single time point, but we make the jitter and the response time explicit
and modify the semantics as follows. Player 1 can propose exact moves (with
a delay greater than the response time), but the actual delay in the game will
be controlled by player 2 and will be in a jitter interval around the proposed
player-1 delay.

Given a finite run r[0..k] = so, (m{,m9), s1, (m},mi),..., sk, let TimeElapse
(r[0..k]) = Z;:; delay(m?, m}) where p is the least integer greater than or equal
to 0 such that for all £k > j > p we have mg = <A%, 1o) and blameg(sj,m{7m§,
sj+1) = TRUE (we take TimeElapse(r[0..k]) = 0 if p = k). Intuitively, TimeElapse
(r[0..k]) denotes the time that has passed due to a sequence of contiguous pure
time moves leading upto sy in the run r[0..k]. Let £j > 0 and &, > 0 be given
bounded jitter and response time (we assume both are rational). Since a pure
time move of player 1 is a relinquishing move, we place no restriction on it.
Player 2 can also propose moves such that only time advances, without any
discrete action being taken. in this case, we need to adjust the remaining response
time. Formally, an ¢j-jitter e.-response bounded-robust strategy m of player 1
proposes a move 7 (r[0..k]) = m¥ such that either

- m]f = <Ak7J_1> with <A,J_1> S F1(S)7 or,

— m¥ = (AF a;) such that the following two conditions hold:
o A* > max(0,¢, — TimeElapse(r[0..k])), and,
o (A ay) € I'(s) for all A’ € [AF, AF + ]



Timed Parity Games: Complexity and Robustness 137

Given a move m; = (A, ay) of player 1 and a move ma of player 2, the set of re-
sulting states is given by 6ja(s, m1, me) if a1 = L1, and by {ja(s, mi1+¢,ms) | € €
[0,¢j]} otherwise. Given an ¢j-jitter e-response bounded-robust strategy mi of
player 1, and a strategy 7o of player 2, the set of possible outcomes in the present
semantics is denoted by Outcomesj.(s, 7, m2). We denote the winning set for
player 1 for an objective ¢ glven finite €j and €, by JRWlnTlmeDlvfr E (D). We
now show that JRWinTimeDiv; H (®) can be computed by obtaining a timed au-
tomaton T from T such that WinTimeDiv] '~ (¢) = JRWinTimeDiv] % ().
Given a clock constraint <,0 we make the clocks appearing in ¢ explicit by denoting
the constraint as o(7') for @ = [x1, ..., 2,]. Given areal number 6, we let (7 +6)
denote the clock constraint ¢’ where ¢’ is obtained from ¢ by syntactically substi-
tuting x; + ¢ for every occurrence of z; in ¢. Let f& : Constr(C') +— Constr(C)
be a function defined by 4 (¢(7')) = ElimQuant (V6 (0 <6 < & — (7 +6))),
where ElimQuant is a function that eliminates quantifiers (this function exists as we
are working in the theory of reals with addition, which admits quantifier elimina-
tion). The formula f () ensures that ¢ holds at all the pointsin {7 + A | A < }.
We now describe the timed automaton J%-*. The automaton has an extra
clock z. The set of actions for player 1 is {(1,e) | e is a player-1 edge in T} and
for player 2 is Ay U {{az,e) | az € Az and e is a player-1 edge in T} U {(2,¢) |
e is a player-1 edge in T} (we assume the unions are disjoint). For each location
I of T with the outgoing player-1 edges ef,...,eJ", the automaton T has
m+1locations: [, 1, ..., lep. Every edge of 79 includes z in its reset set. The
invariant for [ is the same as the invariant for [ in T. All player-2 edges of T are
also player-2 edges in T%-r (with the reset set being expanded to include z). The
invariant for I is z < ;. If (I, a2, ¢, I’, A) is an edge of T with ay € As, then then
(lej, (az,e5), @, 1", AU{z}) is a player-2 edge of T%* for every player-1 edge ¢; of
T. For every player-1 edge e; = (I, a], <p, U, \) of T, the location [ of T%-* has the
outgoing player-1 edge (I, (1, ¢;), 5 (v7 (1 )) A(z > ) A fe(), le,, A\U{z}). The
location I.; also has an additional outgoing player-2 edge (l.;, (2, ¢;),o,l', AU
{z}). The automaton T as described contains the rational constants e, and ¢;.
We can change the timescale by multiplying every constant by the least common
multiple of the denominators of €, and ¢j to get a timed automaton with only
integer constants. Intuitively, in the game T, player 1 moving from [ to [,
with the edge (1,e;) indicates the desire of player 1 to pick the edge e; from
location ! in the game T. This is possible in T iff the (a) more that ¢, time has
passed since the last discrete action, (b) the edge e; is enabled for at least ¢;
more time units, and (c) the invariant of [ is satisfied for at least &j more time
units. These three requirements are captured by the new guard in T%* namely
5 (vT(1)) A (z > &) A f(p). The presence of jitter in T causes uncertainty in
when exactly the edge e; is taken. This is modeled in T%° by having the location
le; be controlled entirely by player 2 for a duration of ; time units. Within ¢;
time units, player 2 must either propose a move (as, €;) (corresponding to one of
its own moves as in 7, or allow the action (2, e;) (corresponding to the original
player-1 edge e;) to be taken. Given a parity function 27 on T, the parity
function 277" is given by 2777 (1) = QTEJ‘Er(le].) = 27(1) for every player-1
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edge e; of T. In computing the winning set for player 1, we need to modify blame;
for technical reasons. Whenever an action of the form (1, e;) is taken, we blame
player 2 (even though the action is controlled by player 1); and whenever an
action of the form (2, e;) is taken, we blame player 1 (even though the action is
controlled by player 2). Player 2 is blamed as usual for the actions (a2, e;). This
modification is needed because player 1 taking the edge e; in T is broken down
into two stages in T . If player 1 to be blamed for the edge (1,¢;), then the
following could happen: (a) player 1 takes the edge (1,e;) in T corresponding
to her intention to take the edge e; in T (b) player 2 then proposes her own
move (ag, e;j) from I, corresponding to her blocking the move e; by as in T. If
the preceeding scenario happens infinitely often, player 1 gets blamed infinitely
often even though all she has done is signal her intentions infinitely often, but
her actions have not been chosen. Hence player 2 is blamed for the edge (1, ¢;).
If player 2 allows the intended player 1 edge by taking (2,e¢;), then we must
blame player 1. We note that this modification is not required if &, > 0.

The construction of T%° can be simplified if ¢ = 0 (then we do not need
locations of the form [;). Given a set of states S of T5, let JStates(S) denote
the projection of states to T, defined formally by JStates(S) = {(I,k) € S |
(I,7) € S such that (x) = &(z) for all z € C}, where S is the state space and
C the set of clocks of T.

Theorem 6. Let T be a timed automaton game, €, > 0 the response time of
player 1, and €j > 0 the jitter of player 1 actions such that both e, and ; are ratio-
nal constants. Then, for any w-regular location objective Parity(£27) of T, we have

Jstates ([z = 0] N WinTimeDiv] " (Parity(277"))) = JRWinTimeDiv]

(Parity(27)), where JRWinTimeDiv?’q’E'@) is the winning set in the jitter-
response semantics, T is the timed automaton with the parity function T
described above,and [z = 0] is the set of states of T with k(z) = 0.

An example which illustrates the differences between the various winning
modes can be found in [7].

Theorem 7. Let T be a timed automaton and @ an objective. For alle; > 0 and
& > 0, wehave JRWinTimeDivy"™ (®) C RobWinTimeDiv; (®) C WinTimeDiv; (®).
All the subset inclusions are strict in general.

Sampling semantics. Instead of having a response time for actions of player 1,
we can have a model where player 1 is only able to take actions in an ¢j interval
around sampling times, with a given time period esample. A timed automaton can
be constructed along similar lines to that of T5°*r to obtain the winning set.
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Abstract. We study a class of scheduling problems which combines the
structural aspects associated with task dependencies, with the dynamic
aspects associated with ongoing streams of requests that arrive during ex-
ecution. For this class of problems we develop a scheduling policy which
can guarantee bounded accumulation of backlog for all admissible re-
quest streams. We show, nevertheless, that no such policy can guarantee
bounded latency for all admissible request patterns, unless they admit
some laxity.

1 Introduction

The problem of efficient allocation of reusable resources over time, also known as
scheduling, is a universal problem, appearing almost everywhere, ranging from
the allocation of machines in a factory ﬂa, @, @]7 allocation of processor time
slots in a real-time system E, @}, allocating communication channels in a net-
work [16], or allocation of vehicles for transportation tasks [7]. Unfortunately, the
study of scheduling problems is distributed among many academic communities
and application domains, each focusing on certain aspects of the problem.

In the vast scheduling literature, one can, very roughly, identify two generic
types of problems. In the first type, the work to be scheduled admits a struc-
ture which includes precedence constraints between tasks, but the problems are,
more often than not, static: the work to be executed is known in advance and is
typically finite. Examples of this type of problems are the job-shop problem moti-
vated by manufacturing (linear precedence constraints, heterogeneous resources)
HE, E] or the task-graph scheduling problem, motivated parallel execution of
programs (partially-ordered tasks, homogeneous resources) M] (some recurrent
aspects of scheduling are exhibited in program loop parallelization ] but the
nature of uncertainty there is different and rather limited).

On the other hand, in problems related to real-time systems HE] or in queuing
theory ﬂﬁ], one is concerned with infinite streams of tasks which arrive either
periodically or sporadically (or in a combination of both), satisfying some con-
straints on task arrival patterns. In many of these “dynamical” problems, the
structural dimension of the problem is rather weak, and each request consists of
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a monolithic amount of work. A notable exception is the domain of adversarial
queuing theory B] where some structure and uncertainty are combined.

In this paper we propose a model which combines the dynamic aspect asso-
ciated with request streams whose exact content is not known in advance, with
the structural aspects expressed by task dependencies. We define a scheduling
problem where the demand for work is expressed as a stream of requests, each
being a structured job taken from a finite set of types, hence such a stream can
be viewed as a timed word over the the alphabet of job types. Each job type
defines a finite partially-ordered set of tasks, each associated with a resource
type and a duration. Such a stream is to be scheduled on an execution platform
consisting of a finite number of resources (machines). A schedule is valid relative
to a request stream if it satisfies both the precedence constraints imposed by
the structure of the jobs and the resource constraints imposed by the number
of resources available in the platform (and, of course, it does not execute jobs
before they are requested).

The quality of a specific schedule is evaluated according to two types of mea-
sures, one associated with the evolution of the backlog over time, that is, the
difference between the amount of work requested and the amount of work sup-
plied, and the latency, the temporal distance between the arrival of a job instance
and the termination of its execution. To model the uncertain external environ-
ment we use the concept of a request generator, a set of request streams satisfying
some inter-arrival timing constraints. Such constraints can be expressed, for ex-
ample, using timed automata ﬂj], real-time logics E] or timed regular expressions

|. We restrict the discussion to admissible request streams that do not demand
more work over time than the platform can offer. A scheduling policy (strat-
egy) should produce a schedule for each admissible request stream, subject to
causality constraints: the decision of the scheduler at a given moment can only
be based on the prefiz of the request stream it has seen so far.

After defining all these notions we prove two major fundamental results:

— Positive: we develop a scheduling policy which produces a bounded backlog
schedule for any admissible request stream. Note that due to the precedence
constraints between the tasks in the jobs, request stream admissibility does
not, a priori, guarantee the existence of such a schedule. In fact, we show
that a naive “oldest first” policy can accumulate an unbounded backlog for
certain request streams. Our policy achieves this goal by making decisions
that provide for pipelined execution whenever possible.

— Negative: there are admissible request streams for which no bounded-latency
schedule (and hence no bounded-latency policy) exists.

The rest of the paper is organized as follows: in Sect. [2] we define our schedul-
ing framework, in Sect. Bl we prove a negative result concerning the impossi-
bility of bounded latency schedules. In Sect. @l we extend the framework to
include scheduling policies and in Sect. Bl we develop a scheduling strategy that
guarantees bounded backlog. We conclude with a discussion of past and future
work.
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2 The Recurrent Scheduling Problem

2.1 General Definitions

We use timed words and timed languages to specify streams of requests for work.
Intuitively, a timed word such as & = 3 -aj -2 - ag - as - 6 consists of a passage
of time of duration 3, followed by the event a;, followed by a time duration 2,
followed by the two events as and az and then a time duration of 6. We present
some basic definitions and notations (see more formal details in M])

— A word over an event alphabet X' is either €, the empty word, or u - a where
u is a word and a € X. An w-word is an infinite sequence (a;);eny € X*.

— A timed word over X is a word over Y UR,.. The duration of a timed word wu,
denoted by |u] is the sum of its elements that are taken from R, for example
|a] = 11. A timed w-word is an infinite sequence (a;)ieny € (X UR4)“ such
that its duration diverges.

— The concatenation of a word w and a word (or w-word) v is denoted by wu - v.

— A word u is a prefix of v iff there exists w such that v = u - w, which we
denote u C v. We say that u is a proper prefix of v, denoted by u C v, if
U F# v.

— A word (or an w-word) w is a suffix of v iff there exists w such that v = w-u.

For a timed (w-)word u over X

— By u(a,i) we denote the time of the i-th occurrence of event a € X in the
timed word w. Formally u(a,i) =t if u = v - a - w such that |v| = ¢ and v
contains ¢ — 1 occurrences of a. We let u(a,i) = oo when a occurs less than
1 times in u.

— The timed word wupg ) is the longest prefix of u with duration ¢. Formally
Ujg,) = to - ao -ty -ay-..-t; such that Zo<k<i tr, = t and there exists no
discrete event a such that tg-ag-t1-ay1-...-1;-a is a prefix of w. For example,
Ujgg = 3-a1-1and ups =3-a1-2-az-a3-0.

Sets of timed (w-)words over X are called timed (w-)language. We denote the
sets of such languages by 7 (X) and 7,(Y), respectively.

2.2 Execution Platform, Jobs and Tasks
The execution platform determines our capacity to process work.

Definition 1 (Execution Platform). An execution platform over a finite set
M = {mi,...,mp} of resource (machine) types is a function R : M — N.

Example: {m; — 2,my — 4,m3 — 1} is an execution platform with three
resource types mq, mo, m3 having 2 instances of mq, 4 instances of ms, and 1
instance of ms

! We will use the notation R,, for R(m) and R when we want to treat the whole
platform capacity as vector and make component-wise arithmetical operations. The
same will hold for sets of functions indexed by the elements of M.
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The task is the atomic unit of work, specified by the resource type it consumes
and by its duration. The job is a unit of a larger granularity, consisting of tasks
related by precedence constraints. Each job is an instantiation of a job type.

Definition 2 (Job Type). A job type over a set M of resources is a tuple
J = (T, =<, p,d) such that <C T x T and (T, <) is a finite directed acyclic graph
whose nodes are labelled by 2 functions: p: T — M, which associates a task to
the resource type it consumes, and d: T — Ry — {0} specifying task duration.

As an example consider a job type where T = {a1,az2,a3}, < = {(a1 <
as),(az < a3)} p = {a1 — my,az — ma,as — mz}, d = {a; — 3,a3 —
2, a3 — 1}), where a; needs resource my for 3 time units, as uses resource ms for
2 time units while ag consumes mg for 1 time unit. Task a3 cannot start before
both a; and a- terminate.

Foraset J = {(Th, <1, pt1,d1), .oy (Tiny <, fin, dn) } of job types, welet T.7, < 7
, w7 and d7 denote, respectively, the (disjoint) union of T;, <;, u; and d;, for
i = 1..n. We call elements of Ty task types. When J is clear from the context
we use notations 7', <, p and d.

Definition 3 (Initial Tasks, Rank). An initial task a is an element of T such
that there exists no a’ € T with a’ < a. The rank of task a is the number of edges
of the longest path ag < a1 < ... < a such that ag is initial. Initial tasks have
rank 0.

2.3 The Demand

The sequence of jobs and tasks that should be executed on the platform is
determined by a request stream.

Definition 4 (Request Streams and Generators). A request stream over
a set J of job types is a timed w-word over J. A request generator is a timed
w-language over J.

Each request stream presents a demand for work over time which should not
exceed the platform capacity, otherwise the latter will be saturated.

Definition 5 (Work Requested by Jobs and Streams). With each resource
type m we define a function W, : J — Ry so that Wy, (J) indicates the total
amount of work on m demanded by job J, Win(J) = 3 (e p(a)=m} da). We
lift this function to request stream prefizes by letting W(e) =0, W(u-t) = W (u)
fort e Ry and W(u-J)=W(u)+W(J) for J€ J.

We restrict our attention to request streams that do not ask for more work per
time unit than the platform can provide, and, furthermore, do not present an
unbounded number of requests in a bounded time interval.

Definition 6 (Admissible, Critical and Subcritical Request Streams)
A request stream o is a-lax (o € Ry) with respect to an execution platform R if
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Jor every t <t', W(oj41) —W(0op0,9) < a(t’ —t)R+Db for some constant b € R™.
A stream is admissible if it is a-lax for some « < 1, subcritical if it is a-lax for
a < 1 and critical if it is admissible but not subcritical. A request generator G
is a-lax if every o € G is a-lax.

2.4 Schedules

Definition 7 (Schedule). A schedule is a function s : T x N — RS (where
RS = R4 U {oo} with the usual extension of the order and operations).

The intended meaning of s(a,i) = t is that the i-th instance of task a (which is
part of the i-th instance of the job type to which it belongssl)gstarts executing at
time ¢. If we restrict ourselves to “non-overtaking” scheduledq such that s(a,i) <
s(a,i") whenever i < i/, we can view a schedule as a timed w-word in 7, (T).
Likewise we can speak of finite prefixes sig ;) which are timed words in 7 (7).

Since tasks have fixed durations and cannot be preempted, a schedule deter-
mines uniquely which tasks are executed at any point in time and, hence, how
many resources of each type are utilized, a notion formalized below.

Definition 8 (Utilization Function, Work Supplied). The resource utili-
zation function associated with every resource m is Uy, : T,,(T) xRy — N defined
as Up(s,t) = [{(a,i) € TxN: p(a) = mAs(a,i) <t < s(a, i)+d( )}| The work

supplied by a prefiz of s is the accumulated utilization: W (sjo4)) fo (s,7)dr.

Definition 9 (Valid Schedule). A schedule s is valid for a request stream o
on an execution platform R if for any task instance (a,1)

— if J is the job type a belongs to, then s(a,i) > o(J,i) (no proactivity: jobs
are executed after they are requested);

- Vd',d < a,s(a,i) > s(a’,i) + d(a’) (job precedences are met);

-Vt e R, U(s,t) < R (no overload: no more resource instances of a type are
used than their total amount in the execution platform).

The quality of a schedule can be evaluated in two principal and related (but
not equivalent) ways, the first of which does not look at individual job instances
but is based on the amount of work. During every prefix of the schedule there is
a non-negative difference between the amount of work that has been requested
and the amount of work that has been supplied. This difference can be defined in
a “continuous” fashion like Ay s(t) = W (o) — W(s[0,4)- An alternative that
we will use, is based on the concept of residue or backlog, which is simply the
set of requested tasks that have not yet started executing. It is not hard to see
that a bounded residue is equivalent to a bounded difference between requested
and supplied work.

Definition 10 (Residue, Bounded Residue Schedules). The residue as-
sociated with a request stream o and a valid schedule s at time t is po s(t) =
{(a,i) € T x N:o(a,i) <t < s(a,i)}. A valid schedule s is of bounded residue
if there is a number ¢ such that |pss(t)| < ¢ for every t.

2 Note that non-overtaking applies only to tasks of the same type.
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The second performance measure associated with a schedule is related to la-
tency, the time an individual job has to wait between being requested and the
completion time of its last task.

Definition 11 (Latency). Given a request stream o and a valid schedule s, the
latency of a job instance (J,i) is Lj;(0,s) = maxqer,{(s(a,i)+d(a))} —o(J,i).
The latency of s with respect to o is L(0,s) = sup je 7.;en Li(0,s).

Note that it is possible that every job instance is served in finite time but the
latency of the schedule is, however, infinite, that is, the sequence {L;}ien may
diverge. Bounded residue does not imply bounded latency: we can keep one job
waiting forever, while still serving all the others without accumulating backlog.
But the implication holds in the other direction.

Lemma 1. A walid schedule with bounded latency has a bounded residue.

Proof. Let s be a valid schedule with latency A € R;. Let V(¢) be the total
amount of work of the tasks that are in the residue at time ¢. Since all these
tasks are supposed to be completed by ¢ + A we have V(¢) < AR which implies
a bound on the residue. a

2.5 The Running Example

We will use the following recurrent scheduling problem to construct the negative
result and to illustrate our scheduling policy. Consider a platform over M =
{m1,ma} with R(m1) = R(mg) = 1. The set of job types is 7 = {A, B} whose
respective sets of tasks {a; < a2} and {b1 < b2} have all a unit duration. The
difference between these job types is that A uses m; before mo while B uses mo
before my (see Fig.[I]). As a request generator we consider G = ((A-1)+(B-1))¥,
that is, every unit of time, an instance of either one of these jobs is requested
(to simplify notations we will use henceforth A and B as a shorthand for A -1
and B -1, respectively). Since each job type requires exactly the amount of work
offered by the platform, G is admissible and, in fact, critical. A bounded-residue
schedule for such critical request streams should keep the machines busy all
the time except for some intervals (that we call utilization gaps) whose sum of
durations is bounded.

The reversed order of resource utilization in A and B renders these two job
types incompatible in the sense that it is not easy to “pipeline” them on our
platform. Intuitively at the moment a request stream switches from A to B, we

Job Type A Job Type B
Resource -
Type 1 (m,) al
Resource
Type 2 (m)

Fig. 1. The example
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[al [al b2 ] b2 |
a2 |a2] same [bl[bl

resource
? type! ?
schedule on m, ? ? ? ? |al]al] ? ?2 |b2]|b”

schedule on m, )1 21?21 ?2]|?2)a2]a2| ? | ? |bl]bl
requests r A A A A A B B B B B ?
time t-2A t-A t

Fig. 2. An illustration of the fact that a request segment A* - B* implies a utilization
gap in any schedule of latency A or less. Before t — \: job type A has been requested for
a long time, so the residue contains only tasks from A. At ¢ — \: from now on, requests
are of type B. After ¢ — 1: if the latency is A, there should be no more tasks from A in
the residue. Now between t — A and ¢ — 1, only suffixes of A and prefixes of B can be
scheduled, and among those, at least one proper suffix.

may have tasks ao and by ready for execution but only one instance of their
common resource ms is free. Our scheduling policy will, nevertheless, manage
to pipeline them but, as we show in the next section, bounded latency schedules
are impossible.

3 Negative Result

Theorem 1. Some admissible request streams admit no bounded-latency
schedule.

We prove the theorem using the following lemma, which shows that for any
latency A, the occurrence of a certain request pattern implies a unit increase
in the residue and hence infinitely many consecutive repetitions of this pattern
will imply an unbounded residue. The statement of the lemma and its proof are
illustrated in Fig.

Lemma 2. Let o be a request stream with a prefiz of the form ojg 4 = u- AN B
and let s be a valid schedule for o with latency \. Then there is a utilization gap
(an idle resource) of duration 1 or more in the interval [t — XA — 1,t].

Proof. Since the latency of s is A, no task instance of B belongs to the residue
po.s(t—A—1), so the only way to avoid a gap at time ¢ — A\ — 1 is to schedule an
instance of a; and an instance of ag. For the same reason, p, s(t — 1) contains
no task instance of A, so that at time ¢t — 1, s schedules b; and bs. Moreover any
task instance of B in the residue after ¢t — A\ — 1 is an instance that was requested
since t — A.

Now what happens in [t — At — 1]? In that interval, the residue has task
instances from requests for A made before t — A and from requests for B made
since that time. Due to bounded latency all the instances from A are due for
t — 1. We also know that, because a; < a2, the residue has always more ay than
a1, and that their amount is the same only when all started job instances of A
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are finished, which is not possible at ¢t — 1 because an a; is scheduled for t — A\ —1
(and thus task as of the same job instance cannot start before ¢ — ). In that
interval we also schedule task instances from B the earliest of which can have
started execution at t — A. Thus, since b; < bo, we cannot schedule more bs
than b;.

Summing up the quantity of work scheduled by s between ¢t — X and ¢, we find
that on my we schedule n,, instances of a; and np, instances of b and on me
we schedule n,, instances of as and np, instances of by, satisfying n,, > ng, and
np, > Np,. Thus my performs at least one unit of work more than m; in the same
interval, which is only possible if m; admits a utilization gap of duration 1. a

Consider now a request stream that has infinitely many occurrences of the pat-
tern u - A - B*. A schedule with latency A for this stream will have infinitely
many gaps, and hence an unbounded residue, a fact which contradicts Lemmal [Tl
Hence such a stream admits no schedule whose latency is A or less.

Proof (of Theorem[d]). Consider now any request stream o in the language Lo, =
J*“A-B-B-J*A-A-A-B-B-B-B-J*-A-A-A-B-B-B---, where
J stands for (A + B). For every A, ¢ has infinitely many prefixes of the form
u- A - B and cannot have a schedule of latency A. Consequently it admits no
bounded latency schedule. O

Note that this impossibility result is not related to the dynamic aspect of the
scheduling problem. Even a clairvoyant scheduler who knows the whole request
stream in advance cannot find a bounded latency solution.

Note also that the language L, is not pathological. If fact, in any reasonable
way to induce probabilities on (A+ B)“, this language will have probability of 1.
Hence we can say that critical systems having two incompatible jobs will almost
surely admit only unbounded-latency schedules.

4 Scheduling Policies

Now we want to consider the act of scheduling as a dynamic process where a
scheduler has to adapt its decisions to the evolution of the environment, here
the incoming request stream. We want the scheduler to construct a schedule
incrementally as requests arrive. The mathematical object that models the pro-
cedure of mapping request stream prefixes into scheduling decisions is called a
scheduling policy or a strategy.

Formally speaking, a policy can be viewed as a timed transducer, a causal
function p : 7,(J) — 7. (T) which produces for each request stream o a valid
schedule s = p(c). Causality here means that the value of s, depends only
on o[- We will represent the policy as a procedure p which, at each time
instant ¢, looks at oo and selects a (possibly empty) set of task instances to
be scheduled for execution at time ¢, that is, s(a,i) = t if (a,i) € p(ojo,4). We
will use sj4) = p(07o,4) to denote the schedule prefix constructed by successive
applications of p during the interval [0, t]. We assume that each policy is designed
to work with admissible request streams taken from a generator G C 7,,(J).
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Definition 12 (Scheduling policy). A scheduling policy is a function
p: T(T) — 27N such that for every task instance (a,i) and a request stream
prefix o, (a,i) € p(o) implies that (a,i) & p(c’) for any o’ T o. A scheduling pol-
icy is valid for o if for everyt, the obtained schedule sjo 4 = p(o[o,y) satisfies the
conditions of Definition [d, namely, no proactivity and adherence to precedence
and resource constraints.

We evaluate the overall performance of a policy based on the worst schedule it
produces over the streams in the generator. Since we have just shown a negative
result concerning latencies, we focus on the residue.

Definition 13 (Bounded Residue Policies). A scheduling policy has a
bounded residue relative to a generator G if it produces a bounded-residue sched-
ule for every o € G.

In the following, we use notation p,, instead of p, ) to denote the residue
resulting from the application of a policy p to a request stream (or prefix) o.

5 Positive Result

In this section we show that any recurrent scheduling problem with an admissible
request generator admits a policy in the sense of Sect. @ which maintains the
residue bounded. We emphasize again that the policy makes decisions at run
time without knowing future requests.

5.1 Oldest-First Policy Does Not Work

To appreciate the difficulty, let us consider first a naive Oldest-First policy:
whenever the number of tasks that are ready to use a resource is larger than the
number of free instances of the resource, the available instances are granted to
the older tasks among them. We show that this policy fails to guarantee bounded
residues.

Theorem 2. The Oldest-First policy cannot guarantee a bounded residue.

In fact, this policy will lead to an unbounded residue schedule for request streams
in the language Lo, of the previous section as illustrated in Fig. Bl and proved
below. The reason is, again, the incompatibility between the job types, which
leads to infinitely many utilization gaps where a resource is free while none of
the corresponding tasks in the residue is ready to utilize it. The result is a direct
corollary of the following lemma:

Lemma 3. A bounded residue schedule which conforms to the Oldest-First pol-
icy has a bounded latency.

Note that we already proved the converse for arbitrary schedules and policies.



150 A. Degorre and O. Maler

Proof. First we show that any task instance (a,4) that becomes eligible for ex-
ecution at time ¢, is scheduled for execution within a bounded amount of time
after t. This holds because, following the policy, the only tasks that can be exe-
cuted between ¢ and s(a, i) are those that are already in the (bounded) residue
at time ¢. Next we show, by induction on the rank of the tasks, that this fact
implies that any task is executed within a bounded amount of time after its
job is issued. This holds trivially for the initial tasks which become eligible for
execution immediately when the job arrives and then holds for tasks of rank
n+ 1 by virtue of the bounded latency of tasks of rank n. Thus the latency of a
bounded-residue schedule produced by the Oldest-First has to be bounded. O

Since we have already shown that request streams in L., do not admit bounded-
latency schedules, a bounded residue strategy will lead to a contradiction and
this proves Theorem [2l Like the case for Theorem [ under reasonable probabil-
ity assignments to jobs, one can show that the Oldest-First policy will almost
surely lead to unbounded-residue schedules when applied to critical streams of
incompatible jobs.

schedule on m al b2 | b2 | al |al|al b2 | b2 | b2
schedule on m, a2 | bl | bl a2 | a2 | a2 | bl | bl | bl | bl
residue on m, 0|1 222|222 |3|4|4)|4]|4

residue on m, 1 1 1 1 2 3 3 3 3 3 3 3 3

requests A B B A A A B B B B A A A

Fig. 3. Schedule generated by the “oldest first” policy on a stream in the language
Loo, described in[Bl Here we see that a gap of length 2 is created on one of the resource
types at every change of job type in the request stream, which makes the residue grow
indefinitely.

5.2 A Bounded Residue Policy

Theorem 3. Any admissible generator admits a bounded-residue scheduling
policy.

In order to circumvent the shortcomings of the “Oldest First” policy, we describe
in the sequel a policy that eventually reaches the following situation: whenever
a resource becomes free and the residue contains tasks that need it, at least one
of those tasks will be ready for execution.

The policy is described in detail in Algorithm [ and its proof is omitted
due to space limitations. We explain the underlying intuition below. The policy
separates the act of choosing which tasks to execute in the future from the act
of actually starting them. The first decision is made upon job arrival while the
second is made whenever a resource is free and a corresponding task has been
selected. To this end we partition the residue into two parts. The first part P (the
“pool”) consists of requested task instances that have not yet been selected for
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execution. Among those, only task instances whose <-predecessors have already
terminated are eligible for being selected and moved to the other part, which
consists of n FIFO queues {Q, }menr, one for each resource type. The passage
between the two is controlled by two types of events:

— Task termination: when a task (a, %) terminates, eligibility status of its suc-
cessors in P is updated;

— Job arrival: when a job instance (J,4) arrives we pick the oldestl eligible
instance (a,j,) € P (if such exists) for every task type a € T such that
w(a) = m, and move it to Q,,. Note that only initial tasks of (J,i) are
eligible for being selected when (J, i) arrives, while for other task types only
earlier instances can be chosen.

Whenever a resource of type m is free and @, is not empty, the first element is
removed from @, and starts executing. This is sufficient to ensure a bounded
residue. However, to improve the performance of the algorithm when the streams
are subcritical, we also choose to start the oldest eligible task which requires m
if an instance of m is released when @, is empty.

The intuition why this policy works is easier to understand when we look
at critical request streams. For such streams, any job type which is requested
often enough will eventually have instances of each of its tasks in @ and hence,
whenever a resource is freed, there will always be some task ready to use it. This
guarantees smooth pipelining and bounded residue for all admissible request
streams. In Fig. @ we can see how our policy schedules the request stream oo, =

Scheduling policies of the FIFO type have also been studied in the context
of adversarial queuing and it has been shown under various hypothesis ﬂﬁ] that
those were not stable, sometimes even for arbitrarily small loads. What makes
our policy work is the fact that the act of queuing is triggered by a global
event (arrival of a new job request) on which the actual choice of tasks to be
queued depends. So the decision is somehow “conscious” of the global state of
the system, as opposed to what happens in a classical FIFO network.

schedule on m al b2|al [al |al |b2|b2|b2|b2|al | al|al
schedule on m, bl |bl|a2|a2|a2 bl |bl | bl |bl|a2|a2| a2
residue on m, o111 ]1|1|1]1 1 11]1]1
residue on m, 1 1 1 1 1 1 1 1 1 1 1 1 1
requests A B B A A A B B B B A A A

Fig. 4. The schedule generated by the bounded-residue policy for 0. We can see that
after the arrival of the second B, every resource is always occupied, and that the residue
does not grow after that.

3 Or one of the oldest if there are several of the same age.
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Algorithm 1. The Bounded-Residue Policy

declarations
req: jobType inputEvent // events from o
free: resourceType inputEvent // triggered when a resource is freed
start: taskInstance outputEvent // scheduling decisions
P: taskInstance set // pool, unselected tasks
Q: resourceType — (taskInstance fifo) // queues, selected tasks

procedure INIT
P=0;
for allm &€ M do Q. =0
procedure STARTWORK(m: resourceType)
if Qm is not empty then o = pop(Qm); emit start(c)
else // for bounded latency against subcritical streams
if P has eligible task instances requiring m then
«a = the oldest eligible task instance using m in P;
P = P — {a}; emit start(o)
on free(m) do startWork(m)

on req(J) do
for all a € Ty do
P = P U {newlInstance(a)};
if P has eligible task instances of type a then
a = the oldest eligible task instance of a in P;
P =P — {a}; push(a, Qm) // select for execution
for all m € M do
for all free instances of m do startWork(m)

5.3 Bounded Latency for Subcritical Streams

We just showed that a policy could ensure bounded residues in the case of critical
streams for which one needs full utilization. But criticality is just a limit case
and for that reason it is interesting to know whether such a policy can adapt and
behave better when the request stream is subcritical. Fortunately the answer is
positive: the previously exhibited policy, by starting tasks which are not queued
when a resource would be otherwise idle, ensures bounded latencies for request
streams that admit some laxity.

Theorem 4. The policy described by Algorithm [ has a bounded latency when
applied to any a-lax stream with o < 1 .

Lemma 4. There exists a time bound Ty, such that any interval [t,t + To m)
admits a time instant where Q,, is empty, an instance of m is free and no new
request arrives.

Sketch of proof. Consider an interval of the form [¢,¢ + d] in which no machine
of type m is idle. The quantity of work dequeued from @Q,, is R,,d and, due to
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laxity, the amount of work enqueued into @, is at most (1 — «)R,,,d. Hence the
total contribution to the amount of work in @, is (o — 1)R,,d and for some
sufficiently large d it will empty Q. O

Proof (of Theorem[])). We know that, when a task in the pool becomes the oldest
task of the residue which is not queued, it becomes eligible in a bounded amount
of time (all its predecessors must be in the queue). Thus we know that at most
T, m units of time after that, this task is started (either queued or started to fill
a gap). Since furthermore the residue (and hence the pool) is bounded (Thm. [3)),
there is a bound on the time it takes a task to become the oldest in the pool
and hence to be executed. Thus we conclude that the latency of the policy is
bounded. O

6 Discussion

We have proved some fundamental results on a model that captures, we be-
lieve, many real-world phenomena. Let us mention some related attempts to
treat similar problems. The idea that verification-inspired techniques can be
used to model and then solve scheduling problems that are not easy to express
in traditional real-time scheduling models has been studied within the timed
controller synthesis framework and applied to scheduling problems @, B, , ]
What is common to all these approaches (including [15] which analyzes given
policies that admit task preemption) is that the scheduler is computed using a
verification/synthesis algorithm for timed automata, which despite several im-
provements ﬂﬂ] are intrinsically not scalable. The policy presented in this paper
does not suffer from this problem, it only needs the request generator to be
admissible. Explicit synthesis may still be needed in more complex settings.

In the future it would be interesting to investigate various extensions of the
model and variations on the rules of the game, in particular, moving from worst-
case reasoning to average case by using probabilistic request generators and
evaluating policies according to expected backlog or latency. Finally, we intend
to look closer at the question of “pipelinability”, that is, the mutual compatibility
of a set of job types. Results in this direction may lead to new design principles
for request servers.
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indebted to Viktor Schuppan for his great help in writing the paper.
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Abstract. The design of critical embedded real-time systems requires
high confidence in the architecture and the implemented functionalities.
Classically, such functions are supported on a single monoprocessor, be-
havior of which is completely predictable, while the execution is totally
deterministic. With the growing complexity of systems, it becomes quite
unavoidable to implement these systems on distributed architectures.
Scaling from mono to multiprocessor raises several issues which we ad-
dress in this paper: we propose a simple executive model based on time
triggered paradigm and an automated approach to allocate real-time
tasks based on constraint resolution techniques. We illustrate the method
on an industrial case study.

Keywords: Distributed systems, Constraint programming, Industrial
case study.

1 Introduction

The use of digital embedded systems becomes natural for implementing highly
critical systems. In the transport sector, numerous steps have been made, leading
to the development of critical functions-by-wire and unmanned vehicles. Usually,
this type of systems is based on a federated architecture of dedicated uniprocessor
equipments: each one of these implements a critical function. With the increasing
cost of energy, manufacturers generally try to optimize the power consumption,
for instance by improving the aerodynamics and the weight of aircraft. This leads
to flexible and unstable vehicles which need more accurate and complex control
functions requiring more and more computing resources. Thus, in the next years,
it will become unreasonable to expect to implement such control functions upon
uniprocessor platforms. Additionally, next generation of embedded chips will
evolve toward multicore architectures. Thus, efficient implementations on such
multiprocessor or multicore platforms will require efficient tools and methods for
carefully managing key resources, such as processor capacity, memory capacity,
communication bandwidth, etc.
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Global Objective. Digital embedded systems are mainly composed of a con-
trol software (which implements the functions with a set of functional interacting
tasks), a hardware architecture (which provides a set of processors, memories, buses,
etc.), and an ezecutive model (which schedules the execution of the tasks so that
precedence, determinism and deadline constraints are satisfied). These different
parts are often developed by several teams. Minimising modifications of the whole
industrial process is thus a major purpose. Particularly, functional design has to
be impacted as less as possible by hardware evolution. That purpose requires the
definition of firstly an executive model that abstracts the hardware platform and
that fits with the functional specifications assumptions, and secondly an automatic
allocation method that maps the functional part onto the hardware architecture.
Furthermore, the allocation method should be optimal in the sense that it should
allocate as few resources as possible while guaranteeing the real-time requirements
(deadlines and precedences). Obviously, in the case of realistic applications, this
problem can note be treated manually. To overcome this difficulty, we show in this
article that the allocation problem can be expressed (and solved) as a constraint
satisfaction problem, even when considering very large applications.

Functional Hypotheses. We are interested in aeronautical functions which
are mainly oriented control command and supervising. These functions are often
specified by using synchronous block diagram languages such as Simulink (at the
control design level) or SCADH] (at the software design level). From a semantic
point of view, the notion of time used in these languages differs from that of
non-synchronous languages in the following way: the notion of physical time
is replaced by the notion of logical instant and with a partial order relation
between blocks. Furthermore, the communication semantics often follows the
global memory paradigm: blocks communicate through data flow; each data-
flow has exactly one writer and several readers, and is supposed to be available
immediately after produced. According to this functional model, we assume in
this article that the functional specification to be allocated on the multiprocessor
platform is modelled as a collection of simple multiperiodic real-time tasks, with
precedence constraints, communicating through data flow; each task must be
mapped on a single processor.

Scheduling Choices. Two main scheduling paradigms govern the implemen-
tation of real-time control systems: on-line event-triggered [Che02] and off-line
time-triggered [GCGO2]. On the one hand, event-triggered approaches, i.e., task
executions are conducted by external or internal event, are efficient in terms
of CPU usage, especially when release and execution times are not known pre-
cisely but are subject to variations. However, such an implementation generally
requires the use of complex interfaces which are constrained by real-time oper-
ating systems and middleware; understanding its true behaviour becomes very
complex. On the other hand, off-line time-triggered approaches, i.e., tasks are

! SCADE (Safety Critical Application Development Environment) is a tool-suite based
on the data flow synchronous paradigm.
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executed at time instants defined a priory, are efficient when dealing with ultra-
dependable systems. Resulting implementation is very predictable (thus almost
deterministic), easy to debug, and guarantees small bounded jitters. Its main
drawback however lies in its lack of flexibility and in that it requires complex
and non trivial pre-runtime schedule generation.

Aeronautical critical systems are subject to sound requirements that imply a
particular care on the different components. The whole behaviour of the system
should be predictable. This first requires strong functional determinism, which
means that the program will always produce the same output sequence with
respect to the same input sequence. The program must be temporally determin-
istic as well, always having the same temporal behaviour and respecting hard
real-time constraints. This is crucial to predict, prove and debug computed out-
puts for any given sequence of acquisitions, either by simulation or verification.
Moreover, any designer of an aeronautical function has to ensure the quality of
the development to the certification authorities.

For these reasons, static off-line non preemptive strategies are much more
suited for such scheduling than others which generate non determinism. In this
article, we assume a static time-triggered off-line scheduling approach, and we
study the static allocation problem under such an assumption.

Mapping Problem. The task mapping problem consists in assigning (allocat-
ing) each task to a processor and ordering (scheduling) the execution of these
tasks such that all functional (precedence and deadline) and non functional
(memory capacity, bandwidth network, processor capacity, etc.) constraints are
met. Unfortunately, even in the simplified case when both the precedence con-
straints and the resource limitation constraints are ignored, the task mapping
problem is essentially a bin-packing problem which is known to be NP-complete
[GGIYT6]. The global problem, when considering resource limitations is then,
not surprisingly, intractable by exact methods. Consequently, much prior work
on allocation and scheduling real-time tasks upon a multiprocessor platform have
been made based upon specific heuristic approaches [PEP04]. If these methods
are efficient for specif applications. However, they strogly suffer from a lack gner-
icity and adaptability. To cope with complexity, many non-guided search heuris-
tics, like Simulated Annealing, can be used. These methods always maintain a
current allocation by slight modifications in order to get a better one for the next
iteration step. However, when considering very large applications (as presented
section M), these techniques often have difficulties in finding a first correct allo-
cation (i.e., which satisfies the functional and non functional constraints). This
is due to the size and the complex nature of the solution space.

Other recent approaches explore optimal techniques such as integer linear pro-

gramming [Bar04] [FABOD] or constraint programming [SW00] [SK03] [Eke04]
[ICDJ07]. Among these approaches, [CCMT03] and [SGRO7] explore the allo-

cation problem in the context of time triggered architectures. These methods
provide an optimal allocation with respect to scheduling criteria (e.g., schedul-
ing length). However, they often do not consider resource limitation constraints
such as communication bandwidth or memory size.
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Many other techniques are proposed based on constructive heuristics. How-
ever, most of these approaches focus on a particular aspect, such as the load bal-
ancing with the hope to keep the resources utilization low (e.g., network load).
When dealing with a complete system, it is more suited to optimize multi cri-
teria. We propose in this article to extend these constraint programming based
methods by taking into account not only the temporal aspects (deadline and
precedence) but also the resource limitation constraints (memory size, commu-
nication delay. .. ). This extends the results obtained by [Eke04].

Contribution. In the context presented above, we have introduced an execu-
tive model that responds to the functional hypotheses: this model is built upon
a temporal splitting into computation slices and communication slices. The al-
location has then in charge to ensure that no two communicating tasks with
precedence are placed on different processors at a same slice. This architectural
solution is simple and deterministic, though flexible enough to provide the re-
quired services.

We also choose an exact solving approach based on constraint program-
ming [RvBWOG]. First, this technique has been widely used to solve a large
range of combinatorial problems and it has proved quite effective in a variety of
applications. Second, it provides a quite attractive framework for industrial use
for many reasons:

declarativity: the variables, domains and constraints are simply described.
Once the designer is usual with the programming, the coding of new con-
straints is quite friendly. When dealing with a complete system, there are
several types of constraint. As an example, an aeronautical function can in-
teract with other functions via the uni-sender multireceivers bus Arinc429:
there is a bounded FIFO that stores messages to be sent and each message is
sent in 0.5 ms. Thus, a constraint is that no message is lost because the FIFO
is full. This type of constraint and more generally, many constraints to take
into account can be encoded within the constraint programming framework.
If we have chosen an ad hoc method, we would have to integrate any of these
requirements. This is not suitable since during the design of a system, new
requirements can emerge for many reasons, such as technological evolution,
new implementation of a function or IMA integration;

genericity: it is not a problem-dependent technique, general rules are mechan-
ically performed during the search. Once the problem is modelled, there are
several tools and methods to find solutions. Moreover, it is also possible to
express criteria of optimality such as smoothing;

adaptability: each constraint can be considered as independent and a model
could be simply extended by merging these different constraints;

performance: in our context, we obtain the optimal theoretical performance
that was computed by the incompressible path. However, optimisation is
better handled with dedicated methods such as heuristics or branch-and-
bound. It is then possible to combine the constraint programming declaration
framework with optimised search techniques;
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non-parametric ability: our approach is not sensitive to initial parameters
that are huge difficulty for other search methods, i.e. temperature and cooling
for simulated annealing, selection criteria and population size for genetic
algorithm, enumeration order for branch-and-bound, etc.

In the paper, we detail how the problem of allocating a functional specifica-
tion on a distributed architecture using the synchronous distributed executive
model can be expressed as a constraint problem. We have applied our approach
to different functions. We illustrate it in this paper on a particular case study
composed of 762 tasks, subjected to 236 precedence constraints, and communi-
cating by producing and consuming 3370 data. For solving the mapping problem
of this case study on two multiprocessor platforms (composed respectively of 4
and 8 processors), we used the solver OPL [[LOJ of ILOG Studio. OPL provides
several searching strategies for integer domains with a large set of constraints,
i.e. linear, global etc. A program is divided in two parts: a file .mod which con-
tains the model and the constraints, a file .dat which contains exclusively the
data. This separations allows to define a generic model for the material and exec-
utive architectures; and the user has just to change the .dat for each functional
specification. We then show that OPL, with our formulation, finds quickly an
allocation very close to the optimal one.

2 System Formal Description

To perform the tasks allocation, we first need to define formally the different com-
ponents in the framework of the constraint programming. After a brief recall on
the constraint programming, we model within this paradigm the system composed
of a set of functions, an hardware architecture enriched with executive mechanisms
that allow synchronisation between processors, a local sequencer on each proces-
sor, communication means between processors and with the environment.

2.1 Generalities on Constraint Programming

The constraint programming is a wide research area and several books, papers
or courses can be found such as [RvBW0G]. In a concise way, we can say that it
manipulates constraints where a constraint is a logical relation between variables,
values of which belong to a predefined domain. A constraint satisfaction problem,
csp for short, is a problem modelled by a set of constraints laid on a set of
variables. More formally, a csp is a tuple (X, D, C) where:

1. X ={x1,...,2,} is a set of variables;

2. D is a function that associates to each variable x; its domain D(x;), i.e. the
set of possible values of z;;

3. C'={C1,C4,...,Cy} is the set of constraints. Each constraint C; is a relation
between some variables of X and reduces the values that can be taken si-
multaneously by the variables. The simplest constraints are comparisons de-
fined over expressions of variables such as linear combinations, i.e. x < y+ z.
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More complex expressions such as min or max are also available. A global
constraint is a dedicated constraint which allows to filter efficiently. In this
paper we used only arithmetic and Boolean constraints.

Ezample 1. Here is a simple example of csp (X, D, C') describing the distribution
of 4 tasks on 2 processors:

1. X = {1,292, 23,24} represents the set of the 4 tasks;

2. D(z1) = D(z2) = D(x3) = D(xz4) = {0,1} corresponds to the variables
domain. If z; is equal to 0 it means that z; is on the first processor, otherwise
it is on the second one;

3. C ={x1 = z9,29 # x4} describes the constraints that x; and xo are on the
same processor and that xo must not be on the same processor as x4.

A solution to the problem is an assignment of a value in D(z;) to each variable
x; in X such that all constraints are satisfied. The solutions to a csp can be
found by systematically searching through the possible assignments of values to
variables. The variables are sequentially labeled and, as soon as all the variables
relevant to a constraint are instantiated, the validity of the constraint is checked.
If any of the constraints is violated, backtracking is performed to the most re-
cently instantiated variable that still has available values. However, constraint
programming offers more accurate methods to solve a csp. One of them is based
on removing inconsistent values from domains of variables till a solution is found.
This mechanism coupled with a backtracking scheme allows the search space to
be explored in a complete way. For a more detailed explanation, we refer the
reader to [RvBWOG].

When there are several solutions, it is interesting to express some preferences
among the solutions. For this, the idea is to define a numerical function from the
set of solutions whose values depend on a quality criterion. The objective is then
to maximise this function. In this case, we speak of a Constraint Satisfaction
Optimisation Problem, csop for short.

Ezample 2. There are several solutions for the csp in example[lt (x1, 2, z3,24) €
{(0,0, 1,1),(0,0,0,1),(1,1,1,0),(1,1,0,0)}. When adding the criterion f(A) =
x1 + x3, the csop has only one solution {(1,1,1,0)}.

We now introduce the variables of the allocation problem with respect to the
complete architecture.

2.2 Functional Architecture

The functional architecture is a set of communicating multiperiodic tasks par-
tially constrained by a set of precedences.

Definition 1. A functional architecture is a tuple Fonc = { NU{enva}, nb pe-
riods, periods, T1, nb tasks T, vec size, vec wcet, nb prec, prec, var sent, nb com,
com, nb input, nb output, output ) where
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N is a set of atomic functional tasks, denoted by ti where i refers to the
period and k is an identifier. enva is a functional abstraction of the envi-
ronment and is assumed to produce periodically data to the system at period
A;

— nb periods is the number of periods, Ty is the basic period of the specification
and periods is a vector of size nb periods elements of which are the relative
periods of the tasks. Then, we have periods[i] = T;/Ty. In the remainder of
the paper, when we define an integer name, we assume that Name stands for
the range 1.name. Thus, Nb periods is used for the interval [1..nb periods|;

— nb tasks T is a vector such that for all i € Nb periods, nb tasks T[i| is the
number of tasks of period T;;

— vec size (resp. vec wcet) is matriz such that for all (i,j) € Nb periods x
Nb tasks/i], vec sizeli][j] is the code size (resp. wcet (i.e., the worst case
execution time)) of the j-th task of period T;;

— nb prec is a vector such that for all i € Nb periods, nb prec[i] is the number
of precedence between tasks of period T;. prec is a matriz that depicts these
precedences: for all (i,7) € Nb periodsx Nb precfi], precli][j] =< k,l > means
that ti. has to be completed before t} starts;

— var sent is vector such that for all © € Nb periods, var sentli] is a list of pair
< k,l > that gives the number 1 of variables emitted by the task tz. nb com
is a matriz such that for all (i,7) € Nb periods x Nb periods, nb comli][j] is
the number of exchanges from a task of period T; to task of period T;. com
is a 3 dimensional matriz with for all (i,7,k) € Nb periods x Nb periods X
Nb comli][j], com[i][j][k] is a pair of form (producer, consumer). Thus comli]
[j][k] =< p,1 > means that t] consumes at least one variable produced by t,;

— nb input (resp. nb outputli], for i € Nb periods) is the number of inputs

(resp. outputs) receives from (resp. emitted to) the environment. ¥(i,j) €

Nb periods x Nb outpul[i], outputli][j] =< k,l > means that t; emits | out-

puts.

Let us denote by HP = lem;(periods[i]) the hyper period of the functional archi-
tecture.

Note that the dependence relation prec is not necessarily related to the data-flow.
Tasks are supposed to communicate asynchronously, following an “overwritting”
communication mode: emitters write in a non blocking space (typically a buffer)
(, and receivers always consume the last emitted value (or a default value if at
the initial instant no value is receive).

Note also that we make an over approximation for the communications: we
assume that if a variable produced by t; is consumed by a task ¢y, then we
send all the variables produced by t; to t5. It is possible to encode the exact
exchange but the complete problem was unsolved for our case study. If there
is a solution for the over constrained problem, the solution handles for the real
problem, which is fortunately the case for us.
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Example 3. Let us consider the following functional architecture:

tasks
(name,wcet,size) data-flow  precedences environment
10ms 20 ms 40 ms A =25ms
1121083 1.55 31415 varg 1241 ¢ 1 ¢} in ot
3111083141041 20 ty 2 13 t2
1111043053 t o 13
t10.53 var; 15¢3 13
t10.73 t

varg 20 t3  t3

The first macro column describes the set of tasks and each task is represented
by a pair (name, wecet, size). For instance, ¢1 has period Ty, weet 1.2 ms and size
10 bytes. This defines completely the set N = {t]|(,7) € [1,5] x 1U[1,3] x 2U
[1,2] x 3}. There are nb periods = 3 periods, periods = [1,2,4], nb tasks T[1] =
5 of period 10 ms, nb tasks T[2] = 3 of period 20 ms and nb tasks T[3] = 2
of period 40 ms. We deduce that HP = 40 ms. The wcet of each function
is stored in the vectors wec weet[l] = [12,11,11,5,7], vec weet[2] = [15,14, 5],
vec weet[3] = [15,14]. The code sizes are given by vec size[l] = [10, 10, 10, 3, 3],
vec size[2] =[5, 10, 3], vec size[3] = [15,20].

The second macro column gives the data-flow which is represented by a tuple
(variable name, variable size, producer, list of consumers). For instance t} pro-
duces a variable varg which is consumed by 3, t3 and t}. There is an emitter for
each period that sends exactly one variable var sent = [[< 1,1 >],[< 1,1 >],[<
1,1 >]]. com[1][1] = [< 1,2 >,< 1,4 >] and com[1][3] = [< 1,1 >] for instance,
other sub vectors can be deduced following the same way.

The third macro column depicts the precedence relation, for instance we have
t1 precedes t3. The dependencies, with nb prec = [1, 1, 0], are given by the vectors
precl] = [< 1,2 >], prec[2] = [< 1,2 >].

The last macro column gives the exchange with the environment. The name ¢
stands for input whereas o stands for output. There are one input used by #1 and
t2; and an output produced by t3. Thus, nb input = [1,0,0], nb output = [0,0, 1]
and output[3] = [< 2,1 >].

Restrictions. In the following, we only consider causal functional architectures,
i.e., such that the dependence relation defines an acyclic graph. This means that
for all n € N, (n,n) € prec* where prec* is the transitive closure of prec.

We moreover assume that all considered functional architectures are well-
formed. This means that the periods T; are multiple of the the emission period
A of the environment; each data is produced by one and only one task; each
data is consumed by at least one task.

2.3 Hardware Architecture

Numerous architectures have been embedded, but in this article we consider a dis-
tributed architecture composed of computing resources communicating through
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CPU, CPU, CPU,
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Fig. 1. Architecture and executive models

a commuted network as depicted in figure[Ilon the left side. This network is con-
stituted by a broadcast bus connecting all the resources.

We assume that each resource provides services to the functions that permit
to sequence locally the tasks, to construct or receive exchange messages for the
communication technology, to access the medium and so on. These services are
abstracted for the modelling since their temporal costs are taken into account
in the wcets and the communication rate.

Definition 2. A hardware architecture is a tuple Mat = { nb proc, FlashMe-
mory, SRamMemory, LinkRate ) where

— nb proc is the number of computing processors with a Flash and a SRam
memories. The Flash contains the codes of nodes allocated on the resource
whereas the SRam contains the data received and produced by these nodes;

e FlashMemory is a vector such that for all i € Nb proc, FlashMemoryli]
gives the Flash memory size (in Bytes) of resource i;

e SRamMemory is a vector such that for all i € Nb proc, SRamMemoryli]
gives the SRam memory size (in Bytes) of resource i;
— LinkRate € N is the rate (in bits/s) of the broadcast bus.

Distributed executive model. The global organisation of the distributed ar-
chitecture defines the so-called ezecutive model. For the critical and reactive con-
text, this model should ensure determinism properties by construction. We pro-
pose an executive model almost synchronous based on time triggered principles.

The execution time on each resource is divided into sequential slices as depicted
in figure[Ml on the right side: processors execute alternatively and synchronously
ezecution and communication slices. Tasks are executed during execution slices
while data exchange between tasks located on different processors occurs during
communication slices, i.e., between two execution slices. The slices begin and com-
plete synchronously, i.e., at the same time, on all the processors.

The environment sends data with period A. Since A is the quickest rate, A is
considered as the basic period of the system. Thus, the couples of execution and
communication slices are repeated with period A. In this executive distributed
model, we assume that all communication slices have the same size 6 < A and
all execution slices have the same size A — §. A task is non-preemtible and has
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to be completed during an execution slice. Thus, we consider only task with a
wcet lower than A — 6.

To summarize, the distributed executive model is defined by the number of
slices nb slices, the basic period huge delta, the length small delta of communi-
cation slices. Note that we have nb slices*x A = Tj.

Exzample 4. The hardware architecture of figure [Il is composed by 4 processors
(nb proc = 4), each processor has a FlashMemory = 40 and SRamMemory =
64. The LinkRate is assumed to be at 100. The executive slicing gives by the
conditions nb slices = 4, huge delta = 25 and small delta = 2.

3 Task Mapping Problem

The task mapping problem consists in allocating each task to a processor and
in scheduling the execution of the tasks such that all functional and temporal
constraints are respected. For the executive model defined below, each functional
task in A has to be allocated not only on a resource but also on an execution
slice. The aim of this section is to show that the mapping can be formalized as
a constraint solving problem.

3.1 The Problem Variables

Fixed parameters. Some variables have constant values depending on the ar-
chitecture and the function. The fixed parameters are given by the functional
and hardware architectures. We introduce the data structure Couple for describ-
ing pairs, for the parameters prec, var sent, com[i/[j] and output. If x is of type
Couple, we access to the fields z.elt! and z.elt2.

Variables. The variables describe the problem and the solver try to instantiate
them while respecting the constraints and trying to optimize the criterion. The
problem consists in allocating each task over one processor and one slice. There
are two types of variables for the allocation:

1. slice Tli][j] with (¢, j) € Nb periodsx Nb tasks T[i] that allocates each task on
the slice where it belongs. slice T[i][j] is in the domain 1..(nb slices*periods|i]);

2. proc Tli][j] with (i,7) € Nb periods x Nb tasks T[i] that allocates each task
on the processor where it executes. proc TJi][j] is in the domain Nb proc.

We use intermediate variables to simplify the modelling and the computation:

1. the variable var proc is a vector of Boolean such that var proc[p][i][j], with
(p,i,7) € Nb proc x Nb periods x Nb tasks T[i], is equal to 0 when the vari-
ables produced by t; are not used by any task located on the processor p,
meaning that the variables are not stored in the RAM of p;

2. SizeRam (resp. SizeFlash) is a vector of size Nb proc determining the effective
occupation of the RAM (resp. Flash) of each processor;

3. com occupation[iJ[t] with (i,t) € Nb periods x (Nb slices x periodsfif), deter-
mines the number of emissions of the tasks of period T; at slice t;

4. com occupation max and cpu occupation mazx are the variables to optimize.
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3.2 The Constraints

The choice of the variables ensures that a task is allocated on a unique processor
and a unique slice.

Precedence constraint. For all pair (1,t2) in precedence, t; must execute
and thus be allocated on a slice before the slice of to. This is given by the first
condition. The second condition says that t; and t2 can execute at the same slice
if and only if they are on the same processor:

Vk € Nb periods,i € Nb prec[k],
slice Tk|[prec[k][i].eltl] < slice T[k][prec[k][i].elt2];
(slice T(k][prec[k][i].eltl] = slice T[k][prec|k][i].elt2]) =
(proc Tlk|[prec[k][i].eltl]=proc Tk][prec|k][i].elt2]

CPU occupation. For any slice in the hyper period and for any processor, the
sum of the wcets of tasks executed on this slice and this processor is necessarily
less than A — 6:

vt € [1..(nb slices x HP)],p € Nb proc,
ZiENb periods,jENb tasks T[i] (pTOC T[Z] [.]] = p) X vec ’U.)C@t[’b] L]]
X (slice Ti|[j] =t — ((t — 1)/(nb slices x HP/T;) x nb slices x HP/T}))
< huge delta — small delta

We mix Boolean expressions, such as (proc T[i][j] = p) which is equal to 1
when the task tj» is on the processor p and 0 otherwise, and integer expressions.
(slice Tli][j] =t — ((t — 1)/(nb slices x HP/T;) x nb slices x HP/T;)) is also a
Boolean expression that tests if task t; is on the slice t. Since slice TJi] is defined
for the slices T; x nb slices and the computation is on the slices on the hyper
period HP, we compute the translated slices where the task belonged.

No memory overflow. The allocation must respect the resource capacities in
terms of storage. The sum of the tasks code size located on a resource should
not exceed the Flash memory size.

Vpe Nb proc, Z (proc Tli][j]=p) x vec size[i][j] < FlashMemory|p]
i€ENb periods,fANb tasks T[i]

The sum of the tasks data size located on a resource should not exceed the
SRam memory size. We need to be more careful when expressing this constraint
since we should not count twice a same data which could be produced by a
local task and consumed by an another local task. For this, we compute the
intermediate predicates var proc/p/[i/[j] which is equal to 1 when the variables
produced by tj» are needed on processor p.

Vp € Nb proc,i € Nb periods, j € Nb tasks T[i],
var proc[p][i][j] = ((proc T[i][var sent[i][j].eltl] = p)
+2 vt compiyg) (comlil]g][l]-eltl=var sent[i][j].elt1)x(proc T[i][com[ij[j][l].elt2]=p)
>1)
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The variables produced by var sentfi][j].elt] are on the processor p if the pro-
ducer is itself on the processor, condition given by (proc Tli][var sent[i][j].elt1] =
p) or if one of the consumer is on the processor p. If the global sum is greater
than one, it means that the producer or consumer is on processor p. Thus, for
computing the occupation of the SizeRam/[k] we just have to add all the required
variables on processor k. We also add the output allocated on the processor. The
constraint is then to ensure that SizeRam[k] < SRamMemory|k].

Vk € Nb proc,
SzzeRam[k] = Zz‘ENb periods,jENb tasks T[i] var pTOC[IC] [7’] L]] X var Sentﬁ][]] elt?
+ D iene periods,jEND Dutput[i](pmc T[i][output[i,j].elt1]=Fk) x outputfi,j].elt2

Communication constraint. The last constraint concerns the communica-
tion slices duration. During a communication slice, time is spent emitting the
variables.

Vi € Nb periods,Vt € [1..(nb slices X pertods/[i])]
com occupation[i|[t] = D .c Ny sasks 71 (Slice Tli][var sent[i][j].eltl] =1)
X (D pe Nt proe var proc[p][i][j] >= 2) x var sent[i][j].elt2
+ 2 jent outpurs (Slice T[i[output[i][j].elt1]=t) x output[i][j].elt2

This computes for each slice ¢t the number of variables emitted by tasks of pe-
riod T;. For any source of data allocated on the slice (slice Tli][var sent[i][j].elt1]
= 1), we test if the data is required on two different processors var sent[i|[;].elt2
entailing that the data have to be sent. Moreover, we must take into account the
outputs emitted at the slice t.

Globally, we obtain that for all slice, the number of variables emitted does not
exceed the maximal number of variables, taking into account the inputs which
are always emitted. This expressed by the constraint (com occupation max +
nb input) x LinkRate < small delta where com occupation maz is the maximal
number of internal variables exchanged during a slice:

Vt € [1..(nb slices x HP)],
D ienb periods C0m occupationTi|[t—((t—1)/(nb slicesx HP/periods[i/)x HF/periods|i])]
< com occupation max

Example 5. The example model is given in the page [Web]. The allocation is the
following:

slice 1 23456789 10111213 141516

P1 ¢} o2 4l t 2
P2 ti ti t2 1} te 3 t2
P3 i3 ot ot ot it ot il ti
P4 ts t3 ts B

The maximal CPU occupation is 18 and at most one variable is sent during
a slice commmunication. The maximal Flash is 33 and RAMs contain at most 2
variables.



A Framework for Distributing Real-Time Functions 167

4 Case Study

We have applied the approach on a real avionics case study provided by Airbus
and have obtained promising results for the distribution of the function.

Presentation. The function is composed of 762 tasks subjected to 236 prece-
dences. The specification is given in a tabular, similar to the one of example 3]
in the file definition.csv on the web page [Web]. The OPL code is also on the
web page. In this example, we did not take into account the outputs. For the
code size, we choose the same values as the wcet since we miss the information.
The global uniprocessor occupation is of 8336.

Results. For solving the problem, we use a SUN station of 1600Mhz and with
1027Mo RAM. For finding optimal results, we first minimize cpu occupation maz
and then fix cpu occupation mazx to be this minimum and then minimize com oc-
cupation maz. The results are summarized in the following tabular:

Number of CPU number of data RAM  Flash
processors occupation exchanged max Size max size
4 2093 445 3028 14488
Optimisation 2093 339 2929 14470
Bounded Flash 2252 527 2980 9899

8 1047 787 2791 3398

For 4 processors, we obtain an optimal distribution in term of CPU, since
8336,/4=2084. OPL does not converge and iterates indefinitely on the values.
OPL has difficulties to distribute homogeneously on the slices and have the
tendency to make packets. For improving the communication, we force, with
additional constraints, to spread the tasks. The line Optimisation gives some
improvements of the number of communications. The idea is to study the general
solution founded and to impose the allocation of the non dependant nodes in
different slices. The line Bounded Flash constrains the Flash to be bounded and
to study the impact on the other resources occupation.

We then generate the code for 8 processors but in this case OPL was not able
to solve the problem for insufficient RAM availability question. We then use a
heuristic adapted to the context: we first allocate the tasks of period T3, we then
allocate the tasks of period T, while fixing tasks 77 and so on. Again, we find a
optimal repartition of the tasks.

It is hard to really measure the time spent by the solver since we interact with
it. When fixing the bounds correctly, solving the problem takes a small amount
of time. For instance, the computation needs 95s to find an optimal allocation
for 4 processors.

5 Conclusion

This paper deals with the task mapping problem for aeronautical functions, i.e.,
it consists in assigning tasks to a set of processors and scheduling their execution
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such that all functional (precedence and deadline) and non functional (memory
capacity, bandwidth network, processor capacity, etc.) constraints are met.

This problem is tackled by constraint programming to map automatically
the functional architecture onto the hardware. We extended an existing method
[Eke04] to assume a large diversity of functional specifications such as precedence
constraints, communicating through data flow, memory (flash and ram) resource,
etc. We illustrate it on a particular case study composed of 762 tasks, subjected
to 236 precedence constraints, and communicating by producing and consuming
3370 data. Experimental results show that this method produces an efficient way
to solve allocation problem.

The results produced by our experiments encourage us to go a step further.
Future works concern the use of dedicated global constraint as cumulative one
for memory constraints, i.e. a constraint which deals with bin packing problems.
Another interesting work deals with the used of novel techniques to reduce the
runtime of optimization algorithms, such as exclusion of symmetries in the solu-
tion space or local ad-hoc heuristics to reduce the amount of search in the last
iteration of optimization.

References

[Bar04] Baruah, S.K.: Partitioning real-time tasks among heterogeneous multipro-
cessors. In: ICPP 2004: Proceedings of the 2004 International Conference
on Parallel Processing, pp. 467-474. IEEE Computer Society Press, Wash-
ington (2004)

[CCM™T03] Caspi, P., Curic, A., Maignan, A., Sofronis, C., Tripakis, S., Niebert, P.:
From Simulink to SCADE/Lustre to TTA: a layered approach for dis-
tributed embedded applications. SIGPLAN Not. 38(7), 153-162 (2003)

[Che02] Cheng, A.M.K.: Real-Time Systems: Scheduling, Analysis, and Verifica-
tion. John Wiley & Sons, Inc., New York (2002)

[Eke04] Ekelin, C.: An Optimization Framework for Scheduling of Embedded Real-
Time Systems. PhD thesis, Chalmers University of Technology (2004)

[FABO5] Fisher, N., Anderson, J.H., Baruah, S.: Task partitioning upon memory-
constrained multiprocessors. In: RTCSA 2005: Proceedings of the 11th
IEEE International Conference on Embedded and Real-Time Computing
Systems and Applications, pp. 416-421. IEEE Computer Society Press,
Washington (2005)

[GCGO2] Grolleau, E., Choquet-Geniet, A.: Off-line computation of real-time sched-
ules using petri nets. Discrete Event Dynamic Systems 12(3), 311-333
(2002)

[GGJYT76] Garey, M.R., Graham, R.L., Johnson, D.S., Yao, A.C.: Resource con-
strained scheduling as generalized bin packing. Journal of Combinatorial
Theory 21, 257-298 (1976)

[HCDJO07] Hladik, P.-E., Cambazard, H., Déplanche, A.-M., Jussien, N.: Solving a
real-time allocation problem with constraint programming. Journal of Sys-
tems and Software 5(4), 335-357 (2007)

[ILO] ILOG. OPL Studio, http://www.ilog.com/products/oplstudio/

[PEPO04] Pop, P., Eles, P., Peng, Z.: Analysis and Synthesis of Distributed Real-
Time Embedded Systems. Kluwer Academic Publishers, Dordrecht (2004)


http://www.ilog.com/products/oplstudio/

A Framework for Distributing Real-Time Functions 169

[RvBWO06] Rossi, F., van Beek, P., Walsh, T. (eds.): Handbook of Constraint Pro-
gramming. Elsevier, Amsterdam (2006)

[SGRO7] Sethu, R., Ganesan, P.V., Raravi, G.: A formal framework for the correct-
by-construction and verification of distributed time triggered systems. In:
IEEE Symposium on Industrial Embedded Systems (SIES 2007). IEEE
Computer Society, Los Alamitos (2007)

[SKO03] Szymanek, R., Kuchcinski, K.: Partial task assignment of task graphs un-
der heterogeneous resource constraints. In: Proceedings of the 40th con-
ference on Design Automation (DAC 2003), pp. 244-249 (2003)

[SW00] Schild, K., Wiirtz, J.: Scheduling of time-triggered real-time systems. Con-
straints 5(4), 335-357 (2000)

[Web] Web, http://www.cert.fr/anglais/deri/pagetti/FORMATS/


http://www.cert.fr/anglais/deri/pagetti/FORMATS/

Formal Modeling and Scheduling of Datapaths
of Digital Document Printers*

Georgeta Igna?, Venkatesh Kannan?®, Yang Yang!,
Twan Basten!, Marc Geilen!, Frits Vaandrager?, Marc Voorhoeve?,
Sebastian de Smet?, and Lou Somers?

! Fac. of Electrical Engineering
Eindhoven University of Technology, the Netherlands
{Y.Yang,A.A.Basten,M.C.W.Geilen}@tue.nl
2 Institute for Computing and Information Sciences
Radboud University Nijmegen, the Netherlands
{g.igna,f.vaandrager}@cs.ru.nl
3 Fac. of Mathematics and Computer Science
Eindhoven University of Technology, the Netherlands
{V.Kannan,M.Voorhoeve}@tue.nl
4 Océ Research & Development, the Netherlands
{sebastian.desmet,lou.somers}@oce.com

Abstract. We apply three different modeling frameworks — timed au-
tomata (UPPAAL), colored Petri nets and synchronous data flow — to
model a challenging industrial case study that involves an existing state-
of-the-art image processing pipeline. Each of the resulting models is used
to derive schedules for multiple concurrent jobs in the presence of lim-
ited resources (processing units, memory, USB bandwidth,..). The three
models and corresponding analysis results are compared.

1 Introduction

The Octopus project is a cooperation between Océ Technologies, the Embedded
Systems Institute and several academic research groups in the Netherlands. The
aim of Octopus is to define new techniques, tools and methods for the design
of electromechanical systems like printers, which react in an adaptive way to
changes during usage. One of the topics studied is the design of the datapath
of printers/copiers. The datapath encompasses the complete trajectory of the
image data from source (for example the network) to target (the imaging unit).
Runtime changes in the environment (such as the observed image quality) may
require the use of different algorithms in the datapath, deadlines for comple-
tion of computations may change, new jobs may suddenly arrive, and resource
availability may change. To realize this type of behavior in a predictable way
is a major challenge. In this paper, we report on the first phase of the project

* Research carried out in the context of the Octopus project, with partial support of
the Netherlands Ministry of Economic Affairs under the Senter TS program.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 170 2008.
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in which we studied a slightly simplified version of an existing state-of-the-art
image processing pipeline that has been implemented in hardware, in particular
the scheduling of multiple concurrent data flows.

1.1 The Case Study

Océ systems perform a variety of image processing functions on digital docu-
ments in addition to scanning, copying and printing. Apart from local use for
scanning and copying, users can also remotely use the system for image process-
ing and printing. A generic architecture of the system studied in this paper is
shown in Fig. [l

Controller

MEMORY

|Scanner|—i| ScanlP I—h —ul PrintIP |—>| Printerl

Fig. 1. Architecture of Océ system

The system has two ports for input: Scanner and Controller. Users locally
come to the system to submit jobs at the Scanner and remote jobs enter the
system via the Controller. These jobs use the image processing (IP) components
(ScanIP, IP1, IP2, PrintIP), and system resources such as memory and a USB
bus for executing the jobs. Finally, there are two places where the jobs leave the
system: Printer and Controller.

The IP components can be used in different combinations depending on how
a document is requested to be processed by the user. Hence this gives rise to
different use cases of the system, that is, each job may use the system in a
different way. The list of components used by a job defines the datapath for that
job. Some examples of datapaths are:

DirectCopy: Scanner ~» ScanIP ~» IP1 ~» IP2 ~» USBClient, PrintIP[]
— ScanToStore: Scanner ~» ScanlP ~» IP1 ~» USBClient

— ScanToEmail: Scanner ~» ScanIP ~» IP1 ~» IP2 ~» USBClient

— ProcessFromStore: USBClient ~» IP1 ~» IP2 ~» USBClient

LIf A ~» B occurs in a datapath, then the start of the processing by A should precede
the start of the processing by B.
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— SimplePrint: USBClient ~» PrintIP
— PrintWithProcessing: USBClient ~» IP2 ~» PrintIP

In the DirectCopy datapath, a job is processed in order by the components Scan-
ner, ScanlP, IP1, and IP2, and then simultaneously sent to the Controller via
the USBClient and to the printer through PrintIP. In the case of the Process-
FromStore datapath, a remote job is sent by the Controller to the USBClient
for processing by IP1 and IP2, after which the result is returned to the remote
user via the USBClient and the Controller. The interpretation of the remaining
datapaths is similar.

It is not mandatory that the components in the datapath process the job
sequentially: the design of the system allows for a certain degree of parallelism.
Scanner and ScanlIP, for instance, may process a page in parallel. This is be-
cause ScanlP works fully streaming and has the same throughput as the Scanner.
However, due to the characteristics of the different components, some additional
constraints are imposed. Due to the nature of the image processing function
that IP2 performs, IP2 can start processing a page only after IP1 has completed
processing it. The dependency between ScanlP and IP1 is different. IP1 works
streaming and has a higher throughput than ScanIP. Hence IP1 may start pro-
cessing the page while ScanlP is processing it, with a certain delay due to the
higher throughput of IP1.

In addition to the image processing components, two other system resources
that may be scarce are memory and USB bandwidth. Execution of a job is only
allowed if the entire memory required for completion of the job is available (and
allocated) before its execution commences. Each component requires a certain
amount of memory for its task and this can be released once computation has
finished and no other component needs the information. Availability of memory
is a critical factor in determining the throughput and efficiency of the system.
Another critical resource is the USB. This bus has limited bandwidth and serves
as a bridge between the USBClient and the memory. The bus may be used both
for uploading and for downloading data. At most one job may upload data at
any point in time, and similarly at most one job may download data. Uploading
and downloading may take place concurrently. If only one job is using the bus,
transmission takes place at a rate of high MByte/s. If two processes use the bus
then transmission takes place at a slightly lower rate of low MByte/ . This is
referred to as the dynamic USB behavior. The static USB behaviour is the one
in which the transmission rate is always high MByte/s.

The main challenge that we addressed in this case study was to compute
efficient schedules that minimize the execution time for jobs and realize a good
throughput. A related problem was to determine the amount of memory and
USB bandwidth required, so that these resources would not become bottlenecks
in the performance of the system.

2 Approximately, low is 75% of high. The reason why it is not 50% is that the USB
protocol also sends acknowledgment messages, and the acknowledgment for upward
data can be combined with downward data, and vice versa.
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1.2 Modelling and Analysis Approaches

We have applied and compared three different modeling methods: Timed Au-
tomata (TA), Colored Petri Nets (CPN), and Synchronous Data Flow (SDF).
These methods are known to serve the purpose of investigating throughput and
schedulability issues. The objective of our research was to see whether the three
methods can handle this industrial case study, and to compare the quality, ease
of construction, analysis efficiency, and predictive power of the models.

Timed Automata. A number of mature model checking tools, in particular Up-
PAAL [], are by now available and have been applied to the quantitative analysis
of numerous industrial case studies [3]. In particular, timed automata technol-
ogy has been applied successfully to optimal planning and scheduling problems
[7/1], and performance analysis of distributed real-time systems [8[12]. A timed
automaton is a finite automaton extended with clock variables, which are con-
tinuous variables with rate 1. A model consists of a network of timed automata.
Each automaton has a set of nodes called locations connected by edges. A new lo-
cation is reached after a condition, called guard, is satisfied or a synchronization
with another automaton takes place via a channel. Another way to communicate
in the network is by using shared variables.

Petri Nets. are used for modeling concurrent systems. They allow to both explore
the state space and to simulate the behavior of the models created. We have
used CPN Tools [IT/I0] as the sofware tool for the present case study and for
performance analysis using simulation. Petri Nets are graphs with two types
of nodes: places that are circular, and transitions that are rectangular. Directed
arcs are used to connect places to transitions and vice versa. Objects or resources
are modelled by tokens, which are distributed across the places representing a
state of the system. The occurrence of events corresponds to firing a transition,
consuming tokens from its input places and producing tokens at its output places.
CPN (Colored Petri nets) is an extension where tokens have a value (color) and a
time stamp. A third extension is hierarchy, with subnets depicted as transitions
in nets higher in the hierarchy.

Synchronous Data Flow Graphs (SDFG). are widely used to model concurrent
streaming applications on parallel hardware. An SDFG is a directed graph in
which nodes are referred to as actors and edges are referred to as channels. Ac-
tors model individual tasks in an application and channels model communicated
data or other dependencies between actors. When an actor fires, it consumes
a fixed number of tokens (data samples) from all of its input channels (the
consumption rates) and produces a fixed number of tokens on all of its output
channels (the production rates). For the purpose of timing analysis, each actor
in an SDFG is also annotated with a fixed (worst-case) execution time. A timed
SDF specification of an application can be analyzed efficiently for many perfor-
mance metrics, such as maximum throughput [6], latency or minimum buffer
sizes. Analysis tools, like the freely available SDF3 [I3], allow users to formally
analyze the performance of those applications.
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Outline of the Paper. In Sect. 2, the three models are explained. In Sect. 3, the
analysis results are presented and compared. Sect. 4 gives conclusions and some
directions for future research.

2 Modelling Approaches

2.1 Timed Automata

In the timed automata approach, each use case and each resource is described by
an automaton, except for memory which is simply modelled as a shared variable.

All image processing components follow the same behavioral pattern, dis-
played in Fig.[2 Initially a component is in idle mode. As soon as the component
is claimed by a job, it enters the running mode. A variable execution time spec-
ifies how long the automaton stays in this mode. After this period has elapsed,
the automaton jumps to the recovery mode, and stays there for recover time time
units. The template of Fig. @] is parametrized by channel names start resource
and end resource, which mark the start and termination of a component, and
integer variables ezecution time and recover time, which describe the timing be-
havior.

@ x <= arrivalTime start_ip2!
x>=arrivalTime setlp2Time()
memory>=memory_ip2+memoy_usb printing_claimed[i]!
start_scanner! setPrintlpTime()
x:=0,
setScannerAndScanlpTime()

- memory-=memory_ip2+memoy_usb imedil!
IDLE x:=0 RUNNING usb_transfer_claimed[i]!
start_resource? A
X<= _time
start_scan_ip! end_ip2?

X >= execution_time
x:=0

end_resource!
X >= recover_time

RECOVERING

X <= recover_time

. X <= scan_time-getlp1Time()

X >= scan_time - getlp1Time()

start_ip1!
setlp1Time()

end_ip1?

memory+=memory_ip2

printing_finished[i]?

usb_transfer_finished[i]?
memory+=memoy_usb

DONE

Fig. 2. Component template Fig. 3. DirectCopy template

Each use case has been modeled using a separate automaton. As an example,
the automaton for the DirectCopy use case is depicted in Fig. Bl A job may
only claim the first component from its datapath after its arrival and when
enough memory is available for all the processing in the datapath. This figure
shows the way memory allocation and release is modelled. At the moment a
component is claimed, the use case automaton specifies its execution time. The
figure illustrates, also, the way we modelled the parallel activities done by IP2,
USBClient and PrintIP.

USB. A challenging aspect in modelling the datapath was the USB because of
its dynamic behaviour. Firstly we modelled this like a linear hybrid automaton
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down =0
end_down!
up=0 up=0
down =0 start_down?\ down = —higl
down :=D

end down!

Fig. 4. Linear hybrid automaton model of USB bus

as can be seen in Fig. @l Linear hybrid automata [2], are a slight extension
of timed automata in which besides clocks, also other continuous variables are
allowed with rates that may depend on the location. In the automaton of Fig. [,
there are two continuous variables: up and down, modeling the amount of data
that needs to be uploaded and downloaded, respectively. In the initial state the
bus is idle (derivatives up and down are equal to 0) and there are no data
to be transmitted (up = down = 0). When uploading starts (event start up?),
variable up is set to U, the number of MBytes to be transmitted, and derivative
up is set to —high. Uploading ends (end up!) when there are no more data to be
transmitted, that is, up has reached value 0. If during uploading via the USB, a
download transfer is started, the automaton jumps to a new location in which
down is set to D and both up and down are set to —low. The problem we face is
that this type of hybrid behavior cannot be modeled directly in UPPAAL. There
are dedicated model checkers for linear hybrid automata, such as HyTech [9],
but the modeling languages supported by these tools are rather basic and the
verification engine is not sufficiently powerful to synthesize schedules for our case
study.

We experimented with several timed automaton models that approximate
the hybrid model. In the simplest approximation, we postulate that the data
rate is high, independently of the number of users. This behavior can simply
be modelled using two instances of the resource template of Fig. 21 Our second
“dynamic” model, displayed in Fig. Bl overapproximates the computation times
of the hybrid automaton with arbitrary precision. Clock x records the time
since the start of the last transmission. Integer variables up and down give the
number of MBytes still to be transmitted. If an upward transmission starts in
the initial state, up is set to U and = to 0. Without concurrent downward traffic,
transmission will end at time divide(up, high)ﬁ. Now suppose that downward
transmission starts somewhere in the middle of upward transmission, when clock

3 Since in timed automata we may only impose integer bounds on clock variables, we

use a function divide(a,b), which gives the smallest integer greater or equal than 3.
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end_down!
x==divide(down,high)

down :=0 x<=divide(down,high)

DOWN
start_down?
down=D, x
x :=0

x==divide(up,high)
end_up!
up :=0

i:int[0,n_usb]
x==divide(up,low) && x==i
end_up!

start_up? S:ozwn:=(down-(i*low))>? 0,
up:=U, =
x:=0 up:=0

. izint[0,n_usb]
i:int0,n_usb] . Xomi && x<(i+1)
x==divide(down,low) && x==i

start_up?
end_down!

up:=U,
down:=(down-(i*high))>? 0,

up:=(up-(i*low))>? 0,
x:=0 x:=0

down :=0

UP_AND_DOWN
x<=divide(up,low) &&
x<=divide(down,low)

uUpP
x<=divide(up,high) i:int[0,n_usb]

start_down?
x>=i && x<(i+1)
down :=D,
up:=(up-(i*high))>? 0,
x:=0

Fig. 5. Second timed automaton model of USB bus

x has value t. At this point still up — high - t MByte needs to be transmitted. In
UPPAAL we cannot refer to the value of clocks in assignments to integer variables.
However, and this is an interesting new trick, using the select statementd] we
may infer the largest integer ¢ satisfying ¢ < ¢t. We update up to the maximum
of up — high - i and 0, which is just a small overapproximation of the amount of
data still to be transmitted, and reset x. The other transitions are specified in a
similar style.

The UPPAAL verification engine is able to compute the fastest schedule for
completing all jobs (without any a priori assumption about the scheduler such
as first come first served). However, for more than 6 jobs, the computation times
increase sharply due to state space explosion. The state explosion problem can
be alleviated by declaring (some of) the start resource channels to be urgent.
In this way we impose a “non lazy” scheduling strategy in which a resource is
claimed as soon as it has become available and some job needs it. This strategy
reduces UPPAAL computation times from hours to minutes, with a risk of losing
sometimes the optimal schedule.

2.2 CPN

In the Octopus project, the Petri Net approach takes an architecture oriented
perspective to model the Océ system. The model, in addition to the system
characteristics, includes the scheduling rules (First Come First Served is used
when jobs enter the system) and is used to study the performance of the system
through simulation. Each component in the system is modeled as a subnet. Since

4 Adding a select statement i : int[0,n usb] to a transition effectively amounts to
having a different instance of the transition for each integer i in the interval [0, n usb].
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Fig. 6. Hierarchical subnet for components Scanner, ScanIP, IP1, IP2 and PrintIP

the processing time for all the components, except the USB, can be calculated
before they start processing a job, the subnet for these components looks like
the one shown in Fig. [0l The transitions start and end model the beginning
and completion of processing a job, while the places free and do reflect the
occupancy of the component. In addition, there are two places that characterise
the subnet to each component: complnfo and paperInfo. The place complnfo
contains a token with information about the component, namely the component
ID, processing speed and the recovery time required by the component before
starting the next job. The place paperinfo contains information on the number of
bytes the particular component processes for a specific paper size. The values of
the tokens at places complInfo and paperinfo remain constant after initialisation
and govern the behaviour of the component. Since the behaviour of the USB
is different from the other components, its model is different from the other
components; it is discussed below.

In Fig. [6 the place job@ contains tokens for the jobs that are available for
the components to process at any instance of time. The color of a token of type
Job contains information about the job ID, the use case and paper size of the
job. Hence, the component can calculate the time required to process this job
from the information available in the Job token, and the tokens at the places
complnfo and paperInfo. Once the processing is completed, the transition end
places a token at the place free after a certain delay, governed by the recovery
time specific to each component, thus determining when the component can
begin processing the next available job.

Fig. [ shows an abstract view of the model. New jobs for the system can be
created using the Job Generator subnet, which are placed as input to the Sched-
uler subnet at the place newJob. The Scheduler subnet models the scheduling
rules, memory management rules and routes each job from one component to
the next based on the datapath of the job. In this model, the scheduling rules
are modeled as being global to system and not local to any of the components.

To start with, the Scheduler picks a new job that enters the system from the
place newJob and estimates the amount of total memory required for executing
this job. If enough memory is available, the memory is allocated (the memory
resource is modelled as an integer token in the place memory) and the job is
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Fig. 7. Architectural view of the CPN model
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Fig. 8. CPN model for the USB

scheduled for the first component in the datapath of this job by placing a to-
ken of type Job in the place job@, which will be consumed by the corresponding
component for processing. When a component starts processing a job, it immedi-
ately places a token in the startedJob place indicating this event. The Scheduler
consumes this token to schedule the job to the next component in its datapath,
adding a delay that depends on the component that just started, the next com-
ponent in the datapath and the dependency explained in Sect. 1.1. Thus the
logic in the Scheduler includes scheduling new jobs entering the system (from
place newJob) and routing the existing jobs through the components according
to the corresponding datapaths. As mentioned above, the Scheduler subnet also
handles the memory management. This includes memory allocation and release
for jobs that are executed.

USB. The USB model is different from that of the other components since the
time required to transmit a job (upstream or downstream) is not constant and
is influenced by other jobs that may be transmitted at the same time. The Petri
Nets approach models the real-time behaviour of the USB explained in Sect. 1.1.

The CPN model of the USB works by monitoring two events observable in the
USB: (1) a new job joining the transmission, and (2) completion of transmission
of a job. Both events influence the transmission rates for any other jobs on
the USB, and hence determine the transmission times for the jobs. In the model
shown in Fig.[8 there are two transitions join and update, and two places trigger
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and USBjobList. The place USBjobList contains the list of jobs that are currently
being transmitted over the USB. Apart from information about each job, it also
contains the transmission rate currently assigned, the number of bytes remaining
to be transmitted and the last time of update for each job. The transition join
adds a new job waiting at the place jobIn that requests use of the USB (if it can
be accommodated) to USBjobList, and places a token at the place trigger. This
enables the transition update that checks the list of jobs at the place USBjobList
and reassigns the transmission rates for all the jobs according to the number
of jobs transmitted over the USB. The update transition also recalculates the
number of bytes remaining to be transmitted for each job since the last update
time, estimates the job that will finish next and places a timed token at trigger,
so that the transition wupdate can remove the jobs whose transmissions have
completed. The jobs whose transmission over the USB is complete are placed in
the place jobOut. Thus the transition join catches the event of new jobs joining
the USB and the transition update catches the event of jobs leaving the USB,
which are critical in determining the transmission time for a single job.

2.3 Synchronous Dataflow Graphs
In the SDF approach, we choose to

model the Océ system from an ap- [ Uso caso 1| [ usoCaso2 ]« # [ Uso cason |
plication oriented perspective. In con-
trast to the two earlier approaches, | I Design Time
.. Analysis
we take a compositional approach = Y
. . Schedule Schedule Schedule
that targets analysis efficiency for ap- T I R
plication at runtime. Since SDF is Usagefor | || Usage or Usage for
se Case 1 Use Case 2 Use Case n
particularly well suited to optimize B ——"
. . onflicts analysis for | N
throughput for streaming applica- ) Resource (Comporens, .EI.‘::‘
tions, we focus on the scheduling Run Time
problem for job sequences consisting e Seheduing
of jobs with many iterations per use

case (i.e., 100 pages of DirectCopy).
The scheduling problem is tackled via
a 2-phase methodology (see Fig. [).
Each use case is modeled as an SDF graph. Architecture information is included
by annotating graph actors with resource usage information. In the design time
analysis phase, we apply SDF3 [I3] to generate a throughput-optimal schedule
per use case. In the runtime scheduling phase, the schedule is computed based
on arrival times of jobs. The schedule takes into account constraints (number of
available components, memory amount) of the system. This 2-phase scheduling
approach provides schedules and guaranteed job completion times for arbitrary
job sequences. It avoids the complexity of analyzing all the details of a job se-
quence at runtime, which is infeasible in general, sacrificing some performance
that might be obtainable via global optimization. The method can be seen as
an instance of the Task Concurrency Management method of [T4], providing
predictability by the use of SDF as a modeling formalism.

Fig. 9. Job scheduling using SDF models
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Use Case Modeling. In the SDF approach, com-
putations performed by the components of printer
are modeled as actors. Actors are annotated with
execution times and resource usage information.
In order to model the appropriate delays be-
tween two concurrent computations running on
different components of the printer, such delays
are also explicitly modeled by means of actors.
The USB communication is split into two actors:
USB Download and USB Upload. The execution
times of the USB actors are approximated conser-
vatively by always assuming low bandwidth avail-  Fig. 10. ProcessFromStore
ability. Thus, use case analysis can be decoupled

from job scheduling, sacrificing some accuracy in exchange for analysis efficiency.
Fig.M0shows the SDFG of ProcessFromStore, actor production and consump-
tion rates are all 1 in this simple use case.

Job Scheduling and Completion Time Analysis. Using the SDF model to ana-
lyze the performance of a single job is straightforward. By ensuring composability
through virtualization of the resources (every job gets its own, private share of
the resources in system), multiple jobs can also be analyzed efficiently. How-
ever, as the components and memory can be shared between jobs, the existing
techniques to analyze multiple jobs cannot be applied directly to the datapath
analysis of a printer. How to model the behavior of concurrent jobs on the data-
path of the printer in a non-virtualized way and how to calculate the completion
time of those jobs is the challenge faced.

To analyze the datapath without virtualization, we make some assumptions.
We conservatively assume that the resources needed by actors are claimed at
the start of a firing and released at the end of firing, where the claim and re-
lease of a resource like the memory may happen in different actors. A waiting
job can start if all the resources needed according to use case analysis can be
reserved. The reservation of resources ensures that the execution time of all job
tasks are fixed. As already mentioned, USB bandwidth is always assumed to
be low. These assumptions make the system efficiently analyzable by limiting
the dynamism in the datapath behavior, and allow the 2-phase scheduling ap-
proach explained above. The first phase is concerned with the actor level and
uses throughput-optimal self-timed execution (data-driven, every actor fires as
soon as it is enabled) as a scheduling strategy for a single SDF that represents
a printer use case. Resource usage of each use case is calculated using this self-
timed schedule. The second phase concerns job scheduling. Jobs are served in
an FCFS (First Come First Served) way. If the resources required by a new
job cannot be ensured at arrival time, the new job has to be postponed until
the resources are available. Jobs can still be pipelined, overlapping in time, as
illustrated below. Two types of resources, mutual exclusive and cumulative re-
sources, are considered in a bit more detail. IP components are an example of
mutual exclusive resources that can only be used by one job at a time, while
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Fig. 11. Scheduling jobs with a conflict

shared memory is an example of a cumulative resource that can be used by many
jobs as long as the total usage does not exceed the available amount.

Fig. [l shows the scheduling of two jobs (J1 and J2) of different use cases
with a component conflict (ignoring for now memory usage). The self-timed
schedule and its resource usage are computed in phase one using the through-
put analysis algorithm in SDF3. The work is done off-line, avoiding computa-
tion work at runtime. In phase two, the scheduler computes the earliest start
time of the second job based on the phase one results and runtime information.
From Fig. [[I(a), we see that J2 can-
not start when it arrives at the printer
due to a resource conflict on IP4. In a Las
order to maximize the resource usage, e *‘ _
J2 has to start at a point that ensures b bt L t

Memory Usage of the System

that IP4 can be used by J2 as soon

as it is released by J1. FigllIi(b) il- o ,
lustrates how to compute this specific  S—
point. As explained, when J1 starts its ' ' '
execution, all components and mem- =
ory it needs are reserved. A system re-
source usage table is kept to store the

s

release time of components. When J2 GsQ
arrives, we initially assume it starts at @
the end of the last actor of J1 (t4 of . N I

J1 in Figl[dk(b)). Then, we calculate
the time distance between the current
release time of components and the Fig. 12. Update memory usage
reservation of those components for

J2. The start point then equals the end time of J1 minus the minimum of the
computed distances (d3 in FigllT(b)). In order to analyze memory conflicts, we
store the memory usage of each use case as a list of time interval-memory quan-
tity pairs. FiglI2 shows how to update system memory usage when a new job
starts (¢g; represents the amount of memory needed at time ¢;).As a single job

Updated Memory Usage of the System



182 G. Igna et al.

always fits in the memory, we only need to consider the overlap between a new
job starting and any running jobs using memory.

We define a memory usage interval MI; = (g, [t;,ti+1)) to represent that
from t; to t;+1 the used memory equals ¢;. We can check those intersecting
intervals iteratively to verify the memory constraint and calculate the time the
job may need to be postponed. Assume that the memory constraint is q., and
MI, = (q1,[t1,t3)) belongs to the system and Mo = (qo, [t2,t4)) to the new
job. If ¢1 + q2 < q., we can check the next pair of overlapping intervals; else, we
have to postpone the new job t3 — 5 and recheck all overlapping intervals. We
can repeat these checks until the memory constraint is satisfied.

Observe that other exclusive or cumulative resources, like the USB connection,
can be treated in the same way as outlined here.

3 Comparison

This section presents the results from comparing the analysis results for the
three approaches. For this purpose, we have chosen a common arrival sequence
of 7 one-page jobs shown below:

JobID Use case Arrival time Memory required
a6 PrintWithProcessing 0 12Y
a7 ProcessFromStore 0 24Y
a2 Scan2Email 1X 48Y
a3 Scan2Store 1X 36Y
ab  PrintWithProcessing 1X 12Y
al ProcessFromStore 2X 24Y
a4 ProcessFromStore 3X 24Y

The remainder of this section explains the results for both static and dynamic
USB behaviour obtained via the three approaches.

Static USB behavior

CPN approach. Fig.[I3lshows the execution of the jobs by the components with a
total completion time of 24X. Even though jobs a6 and a7 arrive at the same time
and request USBdown simultaneously, job a6 is chosen non-deterministically to
use USBdown first at time 0. Such resource contentions can be observed for the
IP components as well where job ab waits for the PrintIP to become available as
it is processing job a6, even though job a5 can be processed by Print/P as soon
as the USBdown is completed at 6X. The execution of the jobs is also influenced
by the memory available in the system. Even though job a2 arrives before jobs
a3, ab, al and a4, its execution commences only at time 15X, as shown in Fig.[I3]
because until 15X the memory available is less than that is required for job a2
of use case Scan2Email. This can be observed from Fig. and Fig. [IG where

® Due to space limitations we only present one benchmark here. In fact, we studied
several other benchmarks, for which we obtained similar results. The benchmark
presented in this paper is the most challenging one that we studied thus far.
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at time 15X execution of job a7 is completed, the memory required for job a2 is
available and it is scheduled for processing by the scanner.

SDF approach. In the SDF approach, jobs are served in an FCFS way and are
scheduled based on the strategy described before. The order of jobs is determined
by the arrival time of each job. If jobs arrive at the same time, the order is
determined non-deterministically. For the given arrival sequence, there are 12
possible orders for the 7 jobs (2!-3!-1-1 = 12) and the best schedule has the
shortest completion time, 27X, under 96Y of memory (see Fig. [[d)). From the
figure, we can see that job a2 is postponed due to the memory limit. Since the
static USB model optimistically assumes that USB bandwidth is high, in this
experiment, we align with this assumption.

TA approach. UPPAAL computed an optimal schedule with completion time 22X,
displayed in Fig. The memory chart of Fig. I8 illustrates the use of the avail-
able memory in this schedule. At 10X memory is released when a2 is completed,
and immediately afterwards, two jobs (a3 and ab) are started. The execution
chart shows that IP2 is the critical resource, which is used optimally.

We conclude that UPPAAL managed to come up with the optimal schedule of
22X, CPN found a schedule of 24X, and SDF came up with a schedule of 27X.
For the simulation based approach followed by the CPNTool, of course the result
depends on the simulation time, and longer simulations lead to better schedules.
The SDF approach follows a strict FIFO scheduling and hence the total comple-
tion time for the jobs is higher than for the optimal schedule. However, it is the
only approach that is compositional, and hence it is expected to scale better to
larger job sequences.

Dynamic USB behavior

CPN approach. As shown in Fig. [I7 the total execution time is 25.5X as against
24X for the static USB behavior. Analysing the simulation results of the static
and dynamic USB behavior, the difference in completion time is caused by the
change in transmission rates of the USB.

TA approach. The result for the dynamic USB model is depicted in Fig. The
total completion time is 25X. It is easy to see that the only difference between this
result and the one for the static model is caused by the changes in transmission
rate when an upload and a download transmission occurs simultaneously. We
claim that this is the optimal schedule for this dynamic behavior.

4 Conclusions and Future Work

We have applied three prominent state based modelling frameworks —UPPAAL,
Colored Petri Nets, and Synchronous Data Flow— to a realistic industrial case
study, and managed to compute schedules for a representative benchmark. Our
preliminary conclusion is that Colored Petri Nets provide the most expressive
modeling framework, whereas UPPAAL currently appears to be the most powerful
tool for finding (optimal) schedules. However, this case study pushes UPPAAL to
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its limits and since the SDF approach, which is the only compositional one, is
more scalable it is certainly possible that it will outperform UPPAAL on larger
benchmarks. Such benchmarks can possibly also be tackled using UPPAAL Cora
[5], a variant of UPPAAL that has been constructed to solve scheduling problems.
We consider it too early for a definite comparison of modeling frameworks.

We have not embarked on the enterprise to formally relate the three different
models. However, we can confirm the result of [8] that the construction of models
of the same system using different tools helps to find bugs in the models, and
thus contributes to improving the quality of the models.

From a modelling perspective, a very interesting feature in the Océ case study
is definitely the USB bus. We consider it surprising that timed automata are able
to deal so well with what at first sight appears to be a hybrid phenomenon. The
select statement from UPPAAL is crucial in defining this model.

Future work includes the construction of more refined models of the same
system. We want to develop better sense for what is the right level of modelling.
Notable features that we want to model in more detail are the memory bus and
memory fragmentation. We also want to study more realistic requirements on
system performance such as larger number of use cases (involving for instance
batches of several hundred pages), priorities between use cases, hard constraints
on throughput, and runtime decision making whether new jobs can be accepted
and how they should be scheduled.
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Abstract. We present a model checking procedure for the CSL until op-
erator on the CTMCs that underly Jackson queueing networks. The key
issue lies in the fact that the underlying CTMC is infinite in as many
dimensions as there are queues in the JQN. We need to compute the
transient state probabilities for all goal states and for all possible start-
ing states. However, for these transient probabilities no computational
procedures are readily available. The contribution of this paper is the
proposal of a new uniformization-based approach to compute the tran-
sient state probabilities. Furthermore, we show how the highly structured
state space of JQNs allows us to compute the possible infinite satisfac-
tion set for until formulas. A case study on an e-business site shows the
feasibility of our approach.

1 Introduction

Jackson queueing networks (JQNs) [9] are widely used to model and analyze
the performance of computer and communication systems. Recently, we have
presented detailed CSL model checking algorithms for QBDs [13] and in [12] (at
Formats 2007) we presented a general approach to model check JQNs against
continuous-stochastic logic (CSL)[1], [2]; note, however, that [I2] only presented
the principles of such an approach. This paper proposes an efficient iterative
algorithm for the computation of the transient probabilities for any possible
initial state on JQNs, which allows for model checking the CSL until operator
on JQNs; the proposed algorithm generalizes our previous work for QBDs [13].
We elaborate on the form and the growth of the data structures, as needed for
JQNs, that make our algorithm memory efficient. Furthermore, we explain that
our algorithm is computationally efficient, as it uses just as many iterations as
necessary to decide whether the transient probabilities meet a given probability
bound.
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Related work on transient analysis on queueing networks is mostly restricted
to finite state spaces. For instance, Harrison [8] presents an iterative method
to solve the time-dependent Kolmogorov equations of finite queueing networks.
In [4] Buchholz applies uniformization to hierarchical queueing networks that
have a finite structured state-space. We are not aware about any approach that
tackles the problem we are solving with our new algorithm.

This paper is organized as follows: In Section2lwe introduce Jackson queueing
networks and the partitioning of the underlying infinite state space. The
general approach for model checking the time-bounded until operator on JQNs is
discussed in Section Bl before we present the details of the uniformization-based
algorithm on JQNs in Section @l SectionBlshows how the presented algorithm can
be used to facilitate model checking the CSL until operator. As a case study, we
model an e-business site as JQN and analyze its scalability with the newly devel-
oped model checking techniques in Section [f] before we conclude in Section[1

2 Jackson Queueing Networks

In the following we recapitulate some of the foundations needed for CSL model
checking of Jackson queueing networks [9], as presented in [I2]. A labeled JQN
consists of a number of interconnected queues and is defined as follows:

Definition 1 (Labeled Jackson queueing network)

A labeled Jackson queueing network JQN J of order M (with M € NT) is a
tuple (A, u, R, L) with arrival rate A, a vector of size M of service rates p, a
routing matrix R € RM+X(M+1) 414 a labeling function L that assigns a set
of valid atomic propositions from a fixed and finite set AP of atomic propositions

to each state s = (s1,82,...,8Mm)- O

The underlying state space of a JQN J of order M is a highly-structured labeled
infinite state continuous-time Markov chain, J, with state space S = NM | that
is infinite in M dimensions. Every state s € S is represented as an M-tuple
s = (81,82, - ,sm) and denoted the number of customers per queue. To deal
with the underlying infinite state space we presented a partition into an infinite
number of disjoint finite sets [I2], such that with one step only the next higher or
the next lower partition of the state space can be reached. A given corner poin
v partitions the state space into rectangular shaped fronts, that are pairwise
disjoint and situated like shells around each other. In an M dimensional JQN

the front F'(v +1) is a finite set of states defined by
Fv+1)={seS|Im(sm =vm+1i)A(n#m(s, <v,+1))}, (1)

with m € {1,...,M}. The number of states per front in a partitioning with
corner point v equals:

(U (2)

=

M
F) =] on+1) -

1

m

! Denoted splitting vector in [T2].
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Fig. 1. (a) Partitioning of the underlying state space (b) Representative front, state
and set according to Definition 2]

In the following we introduce the concept of representative fronts, states and
sets for JQNs, as visualized in Figure[Il A CSL state formula @ is independent
as of g if the validity of @ remains the same in corresponding states in fronts
F(g+1) fori > 0.

Definition 2 (Representative front, state and set)

For a JQN and a CSL formula that is independent as of g the notion of repre-
sentatives is defined as follows: The front F'(g) is called representative front and
denoted as R(g). The states in the representative front are called representative
states r € R(g). Each representative state r represents a distinct infinite set of
states, denoted Sy, such that for all r € R(g) and for all s € S, it holds that
r= @ < s = @. In general, in an M-dimensional JQN, there are M types of rep-
resentative sets that account for 1 up to M infinite dimensions. A representative
set S, is called infinite in dimension m if and only if r,,, = g, and restricted in
dimension m otherwise. In case a representative state r equals g in k£ dimensions
it represents a k-dimensional set Sy, such that

seS, o Sm 2 Tm, iﬂ.rm:.gmv O
Sm = Tm, oOtherwise.

Hence, a state s belongs to S, when it takes the same value as r in the restricted
dimensions and any value at least r; in the infinite dimensions.
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3 Time-Bounded Until Operator

Recall that the CSL path formula @ U’V is valid if a W-state is reached on a path
during the time interval I vial only @-states. As shown is [2], for model checking
the time-bounded until operator with a time intervals of the form I = [0, ], the
future behavior of the JQN is irrelevant for the validity of ¢, as soon as a W-
state is reached. Thus all W-states can be made absorbing without affecting the
satisfaction set of formula ¢. On the other hand, as soon as a (—® A —¥)-state is
reached, ¢ will be invalid, regardless of the future evolution. As a result of the
above consideration, we may switch from checking the underlying CTMC J to
checking a new, derived, Markov chain denoted as J[¥][-® A ¥ = J[-D V ¥],
where all states in the underlying Markov chain that satisfy the formula in
square brackets are made absorbing. Model checking a formula involving the until
operator then reduces to calculating the transient probabilities 77 [ﬁqw‘p](s s',t)
for all U-states s’. Exploiting the partitioning of the underlying state space yields:

s = Poap (@ UONW) = Prob? (s, ® UPHW) a p

(:,@ S pohev s,’t)> . (3)

1=0 s/€Satf () (¥)

The transient probabilities are accumulated for the ¥ states in fronts F'(1) for ¢ €
N. The transient probability of being in each state of the infinite-state JQN for
any possible initial state can be calculated with a new iterative uniformization-
based method, which we present in the Section Ml

4 Uniformization with Representatives

We recapitulate the basic idea of uniformization with representatives as intro-
duced in [I3], before we present the details of applying uniformization with
representatives to JQNs.

4.1 Uniformization

Uniformization is a well-known technique to compute the transient probabilities
V(t) in a CTMC [7]. As standard property of uniformization, the finite time
bound t is transformed to a finite number of steps n. The probability matrix
P(s,s’) for the uniformized DTMC is defined as

G(s,s)

P(s,s') = for s #s', and P(s,s) =

G(s,5) +1, for all s,s’.
v

The uniformization constant v must be at least equal to the maximum of absolute
values of G(s, s); for JQNs, the value v = )‘+Z%:l fim suffices. Let U®) be the
state probability distribution matrix after k epochs in the DTMC with transition
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matrix P. That is, entry (i, j) of U®) is the probability that j is reached from
i in k steps. U®) can be derived recursively as:

U® =1, and U® =U*-YP, keNt. (4)

Then, the matrix of transient state probabilities for the original CTMC at time
t, can be calculated as:

= " wwtk)PF =" (vt k) U (5)
k=0 k=0

where ¢ (vt; k) is the probability of k events occurring in the interval [0,t) in a
Poisson process with rate v. The probability distribution in the DTMC after k
steps is described by V(0) - P* (note that V(0) = I).

Note that matrices V(t) and U®) | k € N, have infinite size. To avoid the
infinite summation over the number of steps k, the sum (&) needs to be truncated.
We denote the approximation of V(¢) that has been calculated with up to n+ 1
terms of the summation with V(*+1)(¢):

n+1
VO @) =3 "yt k)UK = VO (1) + (vt n + 1)U, (6)
k=0

Note that V(") (t) follows the structure of the previous U™ (m < n) in terms of
zeroes and non-zeroes because any non-zero entry in V(") corresponds to a non-
zero in U™ (m < n). We denote a maximum bound on the error that possibly

occurs in an entry of V(¢) when the series is truncated after n steps as €t . For
(n)

a given number of steps n, €, ,; increases linearly with v -t and decreases linearly

with n:

n k
<1-Y e C" _em). (7)

k=0

i Y(vt; k)YUF)

k=n+1

4.2 Finite Representation

In the following we will use uniformization to compute the transient probabil-
ities to reach all possible goal states from all (starting) states in a JQN. The
homogeneous probability matrix P contains the probability to reach a state s’
from a state s within one step for all s,s" € S. From every possible starting state,
only n fronts can be reached with n steps. Hence, for a given number of steps
n all states that are n + 1 steps away from the origin s seem to be identical in
the JQN. We only need to consider a finite part of the JQN, depending on the
number of steps n. As we will see, the homogenous structure of the JQN and
of the probability matrix implies that we obtain identical transient probabili-
ties for states s,s’ € S, with r € R(l), within the error bounds of uniformization
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Fig. 2. Finite state space that needs to be considered for a given | = (4,4)

given n steps. In fact, we restrict the computation to a finite number of starting
states and still perform a comprehensive transient analysis for every possible
state as starting state. As shown in Figure ] starting from every representa-
tive state r € R(n), still n steps can be undertaken in every direction without
reaching beyond the origin 5. In a two-dimensional JQN the total amount of
starting states we have to consider equals (n + 1)? and the total amount of goal
states equals (2n+1)2. In an M dimensional setting (I+ 1) starting states and
(21 +1)M goal states have to be considered out of which (14 1) — M states are
representative. The matrix U™ is the state probability matrix after n discrete
epochs and V(") (t) holds the approximated transient probabilities after n steps.
Note that these matrices remain two-dimensional for JQNs, as they represent
all possible combinations of starting states and goal states. It is now sufficient
to consider only starting states that belong to fronts F'(1) for ¢ < n for a finite
representation of U™ and V(™ (). The size of the finite representation depends
on the considered number of steps n, hence, on the time, the uniformization rate,
and the required accuracy. We now address the growth of the matrices U™ in
the course of the computation. Figure[3|(a) shows that the dimension of the finite
representation of U is: dim(U®) = (|F(0)[)2 = (1M —0M)2 = 1. Since n = 0,
we cannot leave a state and the first front R(0) is already a representative front.
Figure[3(b) shows the dimension of the finite representation of U, Since n = 1,
we can reach the next higher or the next lower fronts. Thus, front F(0) cannot
be used as representative front, but we can use the next higher front R(1) as
representative front, as shown in Figure Bi(b). Since n = 1, it is possible to reach
the front F'(2) as well; thus we have to consider starting in one of the first two
fronts F(i) for @ = {0,1} and ending up in one of the first three fronts F(j)
for j = {0,1,2}. The dimension of the finite representation of U!) depends on
the fronts that contain the starting states and on the fronts containing the goal
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representative
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(c) 2 steps
F(0) F(1)  R(2) F(3) F(4)
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F(1)
representative
R(2) probabilities

representative front R(2)

Fig. 3. Considered part of the state space (left) and finite representation of U™ and
V(1) (right), depending on the number of considered steps

states. The number of states of a given front can be calculated according to
Equation (). The dimension of UM is given by:

dim(UW) = ([F(O)] +|RO)) x (IFO)] + [ROL)| + |[F(2)])
= (M — oM 42 —1M) 5 (1M — oM 4 2M — 1M 4 3M M)
=2M x 3M,
Figure Bl(c) shows the finite representation of the matrix U®. From a given
front, we can reach at most two more fronts in both directions. Picking the
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second front as new representative, ensures that we cannot reach beyond the
origin 5. We have to attach another row of states to represent starting from the
new representative front. Furthermore, we attach two more columns to account
for the fronts F'(3) and F'(4) that can now be reached from the new representative
front. In a general JQN, for a given number of steps n, the size of the matrix
U™ is then

n 2-n
dim(UM™) = <Z|F(i)> < AN IFG) | =m+DM x 2-n+ DM (8)
i=0 j=0

Note that, even though the left side of Figure [3 only shows the two dimensional
case, (M = 2) the right side is also correctly depicted for an M dimensional
setting. As before, the finite representation of the matrix V(™ (¢) has the same
dimension as U™,

4.3 Uniformization with Representatives

We now proceed with the actual computation of the state probability matrix
U™ and the approximated transient probability matrix V(") (¢) according to
[@)). Starting with n = 0, and thus with the smallest finite portion of the JQN,
cf. Figure Bla), we increase n step by step, thus increasing accuracy and size
of the considered finite representation of the JQN. However, in each iteration
we always use the smallest possible representation. Considering n steps, the
probability of starting in a state in the representative front r € R(n) and ending
in a state s’ in one of the fronts F(i), for i € {0,...,2 - n}, represents the
probability of starting in a state s € S, and ending in the corresponding state
s”. In order to increase the number of steps from n — 1 to n we first adapt the
size of the data structure before computing the values for n steps. Moving from
step n — 1 to n we have to add the front F'(n) that is going to be representative
for n steps, to the set of starting states and the fronts F'(2n — 1) and F(2n)
to the set of goal states. First, the two new sets of columns of goal states are
initialized with zero, as it is impossible to reach these states with n — 1 steps.
Second, the new row of starting states F'(n) is initialized with the probabilities
of the corresponding entries from front R(n — 1) that is representative for n — 1
steps. Note that this holds for U™ and V(™ (t). An entry (s,s’) in the new
row of starting states F'(n) constitutes moving from a starting state s to a goal
state s’ with s € Fi(n) and s’ € F(1) for i = 0,...2n. We first need to find the
corresponding starting state r € R(n — 1) such that s € S,. The corresponding
goal state then is the state s’ that is, in every dimension, exactly as far away
from r than ¢’ is from s, (r—s” = s—¢’). Given a tuple of starting and goal state
(s,s') with s € F(n), the corresponding tuple (r,s”) with r € R(n — 1) is given
by r=s—h(s) and s” =5 —s+r, with

Mo =q T o )
h; = 07 Si 7& n,
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The matrices U™ and V(") (¢) have a block structure, according to the fronts of
a JQN; we denote the blOCkb that give the probabilities from states in front F(1)
to states in front F'(j) as U ) and V, (). Note that P can also be organized
according to this block structure In iteration step n, we then need to multiply
the enlarged representation of U™~ with the square part of P that accounts
for the one-step probabilities for all states in the first 2 - n fronts. In general, for
n>1,UM is computed as U~ 1) P cf. @), as follows:

n nl
Ul = ZU P, (10)

for1=0,...,nand j = 0,...,2-n. Due to the block structure of V(™ (t), we
can rewrite (@) as:

(n) 1y _ y(n=1 ) (n)
Vlh] (t) - Vlh] (t) + ¢(Vta n) U (11)

1,] ?

again for1=0,...,nand j=0,...,2-n+ 1.

4.4 Complexity Issues

In the k-th iteration, we actually consider the states of the first k fronts as
starting states and the states of the first 2 - k fronts as goal states, resulting
in matrices with (k + 1)™ x (2 -k + 1)M entries, as given by (). If n is the
maximum number of steps considered, the overall storage complexity for the
three probability matrices U1 U™ V(") and the discrete transition matrix
P is O(4n*M). The k-th multiplication of matrix U™~1 with P is carried out
in O(k*™). For n the maximum number of considered steps, the overall time
complexity therefore equals O(n®M*1). Note that the iteration costs per step
increase. However, when full probability matrices of the size U™ and V(") are
used throughout the complete computation, the iteration costs are much higher.

5 How to Stop?

For model checking an until-formula Py, (® UM-*21) we have to compare for
each starting state the probability to follow a (& U*1:t2]¥)-path with the proba-
bility bound p. In the transformed JQN J[=® V ¥] the set of goal states consists
of all U-states. We denote the probability to end up in a W-state before time t,
given starting state s, as vs(¢). For the time interval I = [0,¢], we have:

S Y Ay,
1=0 s/eSatf" () (¥)

Note that the vector 7(¢) consists of sub-vectors corresponding to the fronts
of the JQN. The approximation of 4s(t) after n iterations is denoted (™ (t) =

V(1) - 4(0), with
’Ys(o) = {1’ ° ): v

0, otherwise.
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In principle, v(™)(¢) is of infinite size, but we can cut it to a finite representation,
as from a representative front on, corresponding states have the same probability
values. For all states s € S, we add the computed transient probabilities to reach
any W-state and check whether the accumulated probability meets the bound p
on a regular basis. The accumulated probability is always an underestimation of

the actual probability. Recall that e§”j is the maximum error of uniformization

after n iteration steps (cf. (7)), such that vs(t) < 75(")(15) + EE@ for time interval

I = [0,t]. From () it follows that the value of e§”) decreases as n increases.
Exploiting the above inequality, we obtain the following stopping criteria:

(0 w0 zp=%0) =

(b) 1M (1) < p— el = (t) < p.
These criteria can be exploited as follows. Starting with a small number of steps,
we check whether for the current approximation one of the inequalities (a) or
(b) holds for all starting states. If this is not the case we continue, check again,
etc., until either of the stopping criteria holds. However, if for one of the starting
states s € S we have s(t) = p, the iteration never stops, as neither of the
stopping criteria ever holds. However, this is highly unlikely to occur in practice.
In case (=@ V ¥) is independent as of g and either (a) or (b) holds for all
considered starting states with n steps, front R(g + n) is representative and the
transient probabilities for all s € S, computed with n steps will be the same.
Proap(® UOUW) then is independent as of g + n. In that case, we check for all
states s < g + n whether the accumulated transient probability of reaching a ¥-
state meets the bound p. The representative states that satisfy Py, (P U [Oth)

form the representative satisfaction set Sat®9+) (P, (& UlO-1w)).

6 Case Study: An E-Business Site

Modeling an e-business site as Jackson queueing network facilitates analyzing its
scalability. This is extremely important as customers become dissatisfied easily
in case such a site is overloaded. We are able to model an e-business site in as
much detail as shown in [I0], however, we use a model with one queue per server
instead of two, to keep the model concise. On the other hand, where [10] only
analyzes average response times, we are able to analyze a wide range of more
advanced measures, given by the logic CSL and the new analysis algorithm.

6.1 System Description and Model

Consider an online retail shop, where requests arrive from a potentially infinite
customer base. The site itself consists of three servers: a web server, an applica-
tion server and a database server. The requests are first dealt with by the web
server that manages all the web pages and handles the direct interactions with
the customer. The application server implements the core logic of the site and
the database server stores persistent information about registered customers,
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prices and article descriptions. Arriving requests first visit the web server, after
which they are either forwarded to the application server, routed back to the web
server itself or leave the system, when they have been completed. Jobs that visit
the application server are either forwarded to the database server or routed back
to either the web server or the application server. From the database server, jobs
are routed to either the application server or back to the database server itself.
Note that requests can only leave the system via the web server. As illustrated in
Figure[] the associated JQN then consists of three unbounded queues modeling
the buffer of the web server, the buffer of the application server and the buffer
of the database server, respectively. Requests from the infinite population arrive
according to a Poisson process with rate A and are then routed as shown in Fig-
ure @ The arrival rates per queue that follow from solving the traffic equation
and the service rates per queue are given in Table [I1

To analyze the scalability of the e-business site, we define the CSL formula
overflow to indicate that all queues are filled above a certain threshold as

overflow = (s1 > full) V (s2 > full) Vv (s3 > full),
for different possible values of full. The atomic proposition
no overflow = —overflow = (s1 < full) A (so < full) A (s3 < full)

indicates that all queues contain less than full requests.

... Webserver _...application server database server
| D 03| || |
arriving A 10,3 0.3 0.7
requests I H1 o H2 o H3
| 03] |4 04 1 03

0.4| !

completed requests

Fig. 4. Queueing network model for an online auction site

6.2 Model Checking Time-Bounded Until

Figure Bl shows the number of uniformization steps needed for model checking
Sat(Psp(overflow U® no overflow)) for t = {5;10;5},

depending on the probability bound p. We show the number of iterations with

the dynamic stopping criterion, as well as the a priori computed number of

(n)

steps required for an error stﬁj = 1077. Clearly, the a priori number of steps is

independent of the probability bound p and increases with time bound ¢. After 0
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Table 1. Numerical values for the parameters of the model
parameter A1 A2 A3 1 g2 ps

sec™! g‘)\g‘)\ii~)\553
steps the comparison can be evaluated for p = 0 for all time bounds when using
the dynamic stopping criterion. Then the number of iterations first increases
steeply and the maximum number of iterations is reached for a probability bound
at most 0.2 for all four time bounds. In general, the number of iteration steps
using the dynamic stopping criterion decreases for larger p. Note that the step
size of p, as shown in Figure [l was taken to be 0.01. The number of iterations
in Figure [{ clearly varies over time. A peak occurs whenever the computed
probability for some state is really close to the probability bound p we have to
compare with. The maximum number of iterations with the dynamic stopping
criterion approximates the a priori computed number of steps for 5%7;) =1-1077.
For larger time bounds ¢, the difference between the number of iterations for
the dynamic and the a priori stopping criterion increases, showing the efficiency
gain using the dynamic stopping criterion.

In Table [2 the first group of rows show the minimum and maximum number
of iterations, depending on the probability bound p, per time bound with the
dynamic stopping criterion and the a priori computed number of iterations per
time bound. The second group of rows then show the finite number of states

100 T T T

dynamic t=0.5 ——
___dynamic t=1 -------

# of iterations needed

0 0.2 0.4 0.6 0.8 1
probability bound p

Fig.5. Number of iterations needed for model checking s =
P>p(overflow Ut no overflow) with the dynamic stopping criterion and
with a priori error
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Table 2. Numerical values for the parameters of the model

t dynamic a priori
min max EETLJ =1-10"°
0.5 7 19 20
number of iterations 1 15 29 30
2 30 47 48
5 73 89 92
0.5 7770 260130 273819

number of states in

7 1 23426 877975 1004731

2 91881 2081156 2362041
5 782246 1333300 1456935
0.5 121768 252132 265821
1 532276 869977 996733
2 1406912 2073158 2354043
5 782246 1325302 1448937
0.51.3-107" 4.0-107" 1-1077

number of states in
TPV V¥

uniformization error

(n) 124-107%31-1077 1-1077
Etw 2 1.5-1072 1.0-1077 1-1077
5 11-107%345-1077  1-1077

that is considered of the underlying infinite Markov chain 7, depending on the
number of iterations and again depending on the time bound ¢. The correspond-
ing number of states in the absorbing Markov chain J[-® V ¥] is shown in third
row. In the last group of rows, the numerical error 6?,’) for the corresponding
number of iterations is given.

Using the dynamic stopping criterion, the number of iterations that is nec-
essary to decide whether s |= P>, (overflow U%! no overflow) for all s € S
grows with increasing time bound ¢. This is due to the fact, that with a larger
time bound more steps can be taken. With an increasing number of iterations
also the considered finite part of the underlying infinite Markov chain grows.
In contrast, with more iterations, the introduced numerical error 5%7;) decreases.
Therefore, the error bound in column dynamic min is larger than the error
bound in column dynamic maz. For time bound ¢t = 5, sy,l,) =11-1077is

enough to decide that s = P>, (overflow U no overflow) for probability

bound p = 0.98. Whereas e§”j = 3.45- 1077 is enough to decide this for all
probability bounds p € {0.0,0.01,0.02,...,0.99,1.0}. However, this small error
is only necessary to decide the validity of the CSL formula for probability bound
p = 0.15. Note that the given number of iterations and the given error might
not be enough to decide for every other probability bound. The last column
of Table ] shows the number of iterations that has to be undertaken to keep
5&") < 1-1077. Figure [l shows that an error of 1- 1077 is always enough to de-
cide whether s = P, (overflow U%H no overflow) for all s € S. The number
of states of the infinite Markov chain that has to be considered is always slightly
larger than for the maximum in case the dynamic stopping criterion is used.
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6.3 Tool Usage

To model check the time bounded until operator the JQN has been transformed
manually into a stochastic Petri net [5]. To model the possible infinite population
of the JQN, an additional place si added to the SPN from which all arrivals
take place and to which all departures are routed. In case the inner formula
—¢ V ¥ is independent of g and given the number of iterations is n, the place
finite is initialized with g+ 2 -n tokens. Then the CSPL implementation by Bell
[3] is used to generate the underlying Markov chain and an implementation of
the uniformization method for finite state Markov chains by Cloth [6] is used
to compute the transient probabilities. A script then emulated the dynamic
behavior of the algorithm. The time to compute the transient probabilities ranges
from 0.4 seconds to 22 seconds for the different time bounds, when using the
dynamic stopping criterion, and between 1.3 seconds and 26 seconds, when using
the a priori stopping criterion.

7 Conclusion

In this paper we presented a model checking algorithm for efficiently checking
the time-bounded until operator labeled Jackson queueing networks. Note that
with this algorithm the until operator with time interval [t1,?2] and with time
interval [t,¢] can be model checked on JQNs along the same lines as presented
for QBDs in [I3]; even more details on this can be found in [I1]. Hence, we have
shown that it is possible to carry the idea of uniformization with representatives
to other highly structured classes of infinite-state CTMCs as well.

Storage complexity and the computational complexity for doing uniformiza-
tion with representatives on JQNs is much higher than for uniformization with
representatives on QBDs. This is due to the fact that the state space of a QBD
grows without bound in just one direction, whereas the state space of a JQNs
grows without bound in as many directions as the JQN has queues.

Note that we used an approximate algorithm to construct a decision procedure
for model checking the until operator. The approximate algorithm, uniformiza-
tion, computes the transient probabilities for a given error bound. Comparing
the computed probability with the given probability bound and the uniformiza-
tion error allows us to decide for a given starting state whether or not a CSL
formula that contains the until operator is valid.
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Abstract. This paper presents a stochastic variant of Hennessy-Milner
logic that is interpreted over (state-labeled) inhomogeneous continuous-
time Markov chains (ICTMCs), i.e., Markov chains in which transition
rates are functions over time t. For piecewise constant rate functions,
the model-checking problem is shown to be reducible to finding the ze-
ros of an exponential polynomial. Using Sturm sequences and Newton’s
method, we obtain an approximative model-checking algorithm which
is linear in the size of the ICTMC, logarithmic in the number of bits
precision, and exponential in the nesting depth of the formula.

1 Introduction

Continuous-time Markov chains (CTMCs) are applied in a large range of ap-
plications, ranging from transportation systems to systems biology, and are a
popular model in performance and dependability analysis. These Markov chains
are typically homogeneous, i.e., the rates that determine the speed of changing
state as well as the probabilistic nature of mode transitions are constant. How-
ever, in some situations constant rates do not adequately model real behavior.
This applies, e.g., to failure rates of hardware components (that usually depend
on the component’s age), battery depletion (where the power extraction rate
non-linearly depends on the remaining amount of energy), and random phenom-
ena that are subject to environmental influences such as temperature. In these
circumstances, Markov models with inhomogeneous rates, i.e., rates that are
time-varying functions, are more appropriate.

Whereas temporal logics and accompanying model-checking algorithms have
been developed for CTMCs [4], and have resulted in a number of successful
model checkers such as PRISM [16] and MRMC [15], the verification of time-
inhomogeneous CTMCs (ICTMCs) has — to the best of our knowledge — not yet
been investigated. This paper presents an initial step in that direction by pre-
senting a stochastic variant of the well-known Hennessy-Milner Logic [11] (HML)
for ICTMCs. The main ingredient is a simple probabilistic real-time extension
of the modal operator (®) in (state-based) HML: the formula (®)%  asserts that
a ®-state is reachable in the time interval I with likelihood at least p. The main

* This research has taken place as part of the Research Training Group 1298 ALGO-
SYN funded by the German Research Council.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 203 [217] 2008.
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2u(t)
(a) Example ICTMC (b) Service rate pu(t)

Fig. 1. Queue with three capacities and two servers

technical difficulty is that the semantics of the stochastic variant of HML has
to be defined on the underlying continuous state space of an ICTMC. This is
similar to the semantics of timed CTL [2] over timed automata [3] which is typ-
ically interpreted over infinite-state timed transition systems. The adequacy of
this extension is justified by the fact that, as for the discrete probabilistic variant
of HML [I8], logical equivalence corresponds to strong bisimulation. Opposed to
CTMC model checking (where all rate functions are constant), restrictions have
to be imposed on the rate functions in order to enable (approximate) model-
checking algorithms for ICTMCs. It is shown that verifying our variant of HML
for rate functions that are piecewise constant boils down to determining the
zeros of an exponential polynomial. Using Laguerre’s theorem [I7] it can be es-
tablished that this polynomial has at most five such zeros. By transforming the
exponential polynomial into an equivalent (square-free) ordinary polynomial,
Sturm sequences, as well as the well-known Newton’s method are applied to
obtain these zeros. This results in an approximative verification algorithm for
stochastic HML which is exponential in the nesting depth of the formula (i.e.,
the number of (@)L formulas in sequence), linear in the size of the ICTMC,
linear in the number of pieces of a rate function, and logarithmic in the number
of bits precision of Newton’s method.

2 Preliminaries

Definition 1 (ICTMC). An inhomogeneous continuous-time Markov chain
(ICTMC) is a structure C = (L, £y, R(t), AP, L) such that: L is a finite set of
n locations, by € L is the initial location, R(t) = [Re e (t)] € RLG"™ is a time-
dependent rate matriz, where Ry (t) is the rate between locations ,¢' € L at
time t € Rxg, AP is a finite set of atomic propositions and L is the labeling
function defined as L : L — 24,

Let diagonal matrix E(t) = diag [E,(t)] € RLF", where Eg(t) = >, o Ree(t)
for all ¢,¢" € L ie., Ei(t) is the total exit rate of location ¢ at time t. We

sometimes write £ % ¢ as shorthand for Ry ¢ (t) = A(t). Note that the only
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requirement for rates and exit rates is that they are integrable. If all rates (and
thus exit rates) are constant, we obtain a CTMC.

The state of an ICTMC is determined by the current state of control (i.e.,
location), and the current instant of time. A state £ of ICTMC C is a tuple (¢, x)
where ¢ € L indicates the current location and = € Ry the current time instant.

The state space E of an ICTMC is

1 _ given by a disjoint union of subsets
—state 0 (time—dependent) E; of Ry for each location ¢ such
0.8 -~ - state 3 (time—dependent) that: z
« state O (constant) at:
067\ - state 3 (constant)
s J E=]]E = J{(t2) |z eRx0}.
= 0.4 Lell LeL
02 Let £ denote the o-field of sub-
sets A of E which take the form
05 5 4 . A = [, A¢, where Ay is a Borel

t set of By (defined as above). As the

set R>( denotes the set of possible

Fig. 2. Transient distribution for o and #3 time points, the initial state £, € E

of C becomes & = (o, 0). For any

state & = (¢, z) the projection &, yields £ € L, and projection &g yields x € Rxo.

These projection functions are lifted to sets of states in a pointwise man-

ner. For a set of states A C E and location ¢ € L, let A} denote the set
{33 S R;o | e A,f]L =/(¢p = 1‘}

Ezample 1. Fig.[I{a) shows a queue with three capacities and two servers mod-
eled by an ICTMC. The customers arrive as a Poisson process with rate A and
the service rate is a function u(t) (see Fig.[I((b)). Initially the service rate starts
at fmar and decreases linearly until pi,,i, at time ¢t = a. From that moment on,
all customers are served with constant rate fiy, .

The transition probability (kernel) Pr: E x & — [0,1] of an ICTMC is a proba-
bility measure Pr(, ) on (E, &) for each fixed £ € E, and Pr(-, A) is a measurable
function for each fixed A € £. In order to derive the transition probability func-
tion we note that the probability to take some transition ¢ — ¢’ (¢,¢' € L) with
rate Ry ¢ (t) within At units of time at time ¢ is given by:

At
Prob {¢ — 0',t, At} = Ry o (t +7)e Jo Belttv)dv gy (1)
0

As a next step, we rewrite Eq. () into:
t+ At .
Prob {£ — £/, At} / Rep(r)e= 17 Bivg, @)
t

It is not difficult to see that Prob{¢ — ¢’ ¢, At} measures the probability to
move from state £ = (£,t) to the set of states A = {(¢,x) | = € [t,t + At]}. For
an arbitrary set of states A, Eq. () results in transition kernel:
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— [T v)dv
Pr(g, ) = 3 / e, R ) P 3)

e A

where for any interval I (in our case I = [0,00[), I @& = {z+&r |z € I}.
Note that the domain of the integral in Eq. () is composed of the sets A} and
[0, c0[@®Er. The latter set ensures that the probability to jump back in time is
zero. From Eq. [B]) we directly obtain that the probability to move from state &
to the set A of states in the interval I is given by:

Pr(g, A1) = > / Re, or(r)e J&a Pl qr (4)
VEAL AX,NIBER

Proposition 1. The transition kernel is a probability measure provided:

T

lim E¢ (v)dv =00, for & € E.

T—00 £]R

For every location ¢ € L the divergence of the integral from Proposition [ or
fo E¢(v)dv can be tested by searching for a simpler function h(v) such that
he(v) < Eg(v ) for every v € [0,00[ and for which we can easily show that
fO hz dU =

Be51des the transition kernel, for any ICTMC we can define the transient
probability distribution which indicates the probability 7; (t + At) to be in state
j at time t + At:

j (t+ At) = Prob{X(t) =i} - Prob{X(t + At) = j|X(t) =i}, (5)
i€l

where X (t) is a random variable indicating the location of the ICTMC at time
t. Notice that Prob {X (¢t + At) = j| X (t) = i} is a multi-step version of the tran-
sition kernel Pr as the number of transitions between states ¢ and j can be
arbitrary. For ICTMCs the transient behavior can also be described by a homo-
geneous system of ODEs (Chapman-Kolmogorov equations):

dm(t) -

5 =0, ;m(to) =1, (6)
where Q(t) = R(t) — E(¢) is the infinitesimal generator and the vector m(ty) =
[71(to), ..., mn(to)] is the initial condition.

Ezample 2. Fig. 2l depicts the transient probability distribution (see Eq. () of
states £y and {3 from Fig. [l for two cases: (1) a time-dependent rate function
p(t) with fimin =1, fimez = 2 and a = 3, (2) a constant rate function u(t) = 2.
For both cases A = 2. Note the significant difference between the transient
probabilities for these time-dependent and constant cases.



Model Checking HML on Piecewise-CIMCs 207

3 Continuous Hennessy-Milner Logic

Background. Hennessy-Milner Logic (HML) [11] is an action-based logic aimed
at specifying properties of labeled transition systems. Its syntax is given by:

=T | PAD | =P | (a)D,

where a is an action. The semantics is defined over process P. P = (a)® whenever
for some process P', P' = ® and P % P,

Several probabilistic variants of HML exist. Larsen and Skou [I§] have ex-
tended HML for discrete probabilistic systems by adding two new operators: A,
and (a),® with p € [0,1]N Q. P = A, holds when P % and P |= (a),® holds
when P -3, S (v is the probability to move from P to the set of processes S)
such that v > p and Vs € S.s = ®. Recently, Parma & Segala [T9] defined
HML for probabilistic automata [21I]. Clark et al. [7] defined a similar variant
as Larsen and Skou for action-labeled CTMCs [I4] where the probability p in
(a),® is replaced by a rate.

Syntar and semantics. Our logic for ICTMCs is inspired by Larsen and Skou’s
variant of HML. We consider a state-based variant of HML and include a notion
of time. The Continuous Hennessy-Milner Logic (CHML) for ICTMCs is defined
by the following grammar:

Definition 2 (Syntax). For ICTMC C with state space E, atomic proposi-
tion a € AP, p € [0,1] N Q, interval I C Rso with rational bounds and < €
{<,<,>,>}, the grammar of CHML is:

Su=T [ a | DA® | ~® | (D)L .

Here, the formula <<I>>2p asserts that a state satisfying ® can be reached within
the interval I with probability within the threshold of p.

Ezample 3. Consider the ICTMC from Fig. [[] with the labels L({y) = empty,
L(t1) = #1,L(2) = #2 and L(f3) = full. The formula (#2);"; A—=#1 holds in
any state { with L(&L) = {—#1}, which may jump in a single transition to the
state & such that L(£'y) = {#2} in the interval [1,4] with probability at least
0.3.

Applying the negation operator — to the operator (-) yields:

S(@L,) =o)L, and = (@)L,) = (o)L,

It is important to note that CHML can be viewed as a sub-logic of Continuous
Stochastic Logic (CSL)[B] with (@)gp being equivalent to the next operator
Pap (X'®) of CSL. The substantial difference between CHML and CSL is that
the satisfaction relation for any CHML-formula is defined over the set of states
of an ICTMC which is uncountable. This difference is due to the fact that the
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evolution of the ICTMC depends on (a global notion of) time, whereas in CTMCs
this is not the case. The global time in ICTMCs implies a continuous state-space
rather than a finite one as in CTMCs. Finally, the definition of CHML is more
similar to the approach of Desharnais [8] where CSL is defined for continuous-
time Markov processes. As opposed to the approach of Desharnais, in this paper
we are more interested in model checking. Let [®] = {{ € E | £ |= @} denote the
set of states satisfying ®, where |= is defined as follows:

Definition 3 (Semantics). The relation = C E x CHML is defined by:

EET for all € € E, P : o
¢ a 0 e L), (E ) Zﬁ not § = @,
EEOATY  iff EE® ande =0, §F(P)g, iff Pr&[2]1) <p.

In order for |= to be well-defined, we need to address measurability.
Lemma 1. For any formula ® € CHML the set [®] is measurable.
The ICTMC C satisfies formula @, denoted C = @, iff &, € [2].

Bisimulation. It is well-known that strong bisimulation coincides with HML
equivalence. In a similar vein, Larsen and Skou [I8] showed that their logic
characterizes probabilistic bisimulation. Recently, we have defined a notion of
bisimulation for ICTMCs [10] which has the same coinductive flavor as in the
case of CTMCs [6] and IMCs [I3]. Our bisimulation is a structural notion and
is defined on the level of the syntax of ICTMCs rather than their underlying
infinite state space. Let R(¢, C,t) be the sum of all outgoing rates from location

¢ to the set C' of locations at time ¢ given by > .{| A(t) | ¢ /itl) o0 e C Y,

where /¢ /lfz ¢" denotes the 7'th transition from location ¢ to location ¢ labeled
with A(t) and {| - - |} denotes a multi-set.

Definition 4 (Bisimulation). An equivalence R C L x L is a bisimulation
whenever for all (€,€') € R it holds that L(¢) = L({") and R(¢,C,t) = R(¢',C,t)
for allt € Ryg and C € L/R. £ and ¢ are bisimilar, denoted £ ~ ', if (£,0) is
contained in some bisimulation R.

In [5] there is a well-known result which states that bisimulation (for CTMCs)
preserves the validity of CSL formulas. A similar result can be obtained also for
HML first, by lifting the notion of bisimulation to the set of states E as follows:

Definition 5. An equivalence R C E x E is an E-bisimulation whenever for all
(&,&') € R holds & ~ & and &g = & & and & are E-bisimilar, denoted & ~g &,
if (£,&') is contained in some E-bisimulation R.

Note that the E-bisimulation is not the coarsest one. As for a constant rate
matrix one can define a bisimulation such that any two states £ and &' with
&L = ¢ and &g # & will be bisimilar while £ »g . On the other hand it is not
difficult to see that the conditions for E-bisimilarity in Definition [ are sufficient
to ensure (E/~g), =L/~.
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Theorem 1. For any formula ® € CHML, =@ iff ¢ =) iff { ~r &'

Due to this theorem, any verification results on C/~, the quotient of C under
~, carries over to C since C/~ is bisimilar to C. A bisimulation minimization
algorithm for ICTMCs with piecewise constant rate functions has recently been
proposed [10] and requires O (Nmlogn) time, where N is the number of constant
pieces of the rate matrix R(t), and m, n are the number of transitions and
locations of C, respectively.

4 Model Checking Continuous Hennessy-Milner Logic

Continuous Hennessy-Milner Logic describes properties which can be verified for
every state of E. When one attempts to develop model-checking algorithms for
CHML one has to consider that the state space E is in fact continuous (i.e.,
consists of uncountably many states). This is a main difference with logics for
CTMC s, such as CSL, where the state space is denumerable since the behavior
of a CTMC only depends on the current location and not on the amount of time
spent there. Therefore, our aim is to group all states { € E, where £ = @ into
tuples (¢,7) with £ € L and Z C R - formed of a finite union of intervals:

[@] ={(t, D) |[LteL,I={r|EcE (= @,& =)\ {((,0)|£cL}.

Using the tuple (location-interval) representation we can form the satisfaction
set of any propositional formula & € CHML as:

[TI={(,Rx0) [ €L} [a]={((,Rx0)|£€L,a€L(()}
[onw]={(e[e] N[¥I;)[teL ce[o] n[v],}
[-®] = {(t.R0) | £€ L\[® ]} U { (L Rs\[®]F) | £ € [@]1.}

As every element of the set [®] is a tuple (¢, Z) the intersection is done component-
wise, i.e., per location ¢ and component Z.

Ezample 4. Consider the ICTMC from Fig.[I(a) and the sets [ ® [ ={(¢o, [1,2])},
[P] ={(s,]0,5] U8, 00[)}. We have the following satisfaction sets:

[[_“I)]] = {(fo, [O’ 1[ U ]2’ OOD7 (Zla}R?O)v (£27R>0)7 (£3aR>O)}
[[_'\II]] = {<£OaR>O)’ (Ela]R?O)’ (6271&20)7 (&%]5’ 8[)}
[~® A=W ] ={(lo, [0,1[U]2,00[), (€1, R>0), (£2,R>0), (¢3,]5,8])} -

By using only the above four cases (initially we don’t consider the formula <<I>)I<,p)
it is not difficult to see that every set [®] will be formed of finitely many tuples
(¢,7) where Z C R>q. The most challenging part is to find all tuples (elements)
(£,7) of the set [[<<I>>I<1p]].
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Verifying <<I>>i,p—f0rmula5. Using Eq. @), the set [[(@)qu]] for any & € CHML
is given by: -

[(®)5,] = {€ € E| Pr(¢, [®].1) S p}  where (™)
o], 1) (P)e— Ve Bea(0dv g 8
Pr(¢, [®], M%ﬂ /%m% Lo (7) ®)

Here our task is to group all £ € [(®)4] into tuples (£,Z) such that { €
[(®)4,]n and T = [(®)L, ]} For every £ € L, a two-step procedure corre-
sponding to equations (7)) and @) follows:

1. Find the set X’ of solutions by solving the equation (recall that £ = (¢, x))

Pr((4, z), [®], 1) = p, (9)

where x € R3¢ is the unknown variable and
2. Find 7 by using & such that Pr((¢,z*), [®],]) < p and z* € Z.

The second step is straightforward i.e., after computing the set X the interval 7
is computed by checking the condition Pr((¢, z*), [®], ) < p for every sequential
pair of solutions x;,z;+1 € X such that z; < x;41 and 2* = “Jr;““. The first
step is a bit more problematic. The difficulty lies in computing the integral from
Eq. [®) over a time-variant domain [®]} NI & &g of a time-variant rate R, o (7)
and exit rate E¢ (v). Moreover, we aim to obtain a finite set of solutions X. In
order to meet this challenge, we impose some conditions on the rate functions
of ICTMCs.

We assume that the rates Ry (1) for any two locations ¢ and ¢’ are piece-
wise constant functions which are right-continuous with left limits. Formally, this
means that Ry ¢ (1) = Ré{?, for every 7 € [tg,trt1], where ty41 = tr + At (here
At is the time discretization parameter), ty41 = oo, k € {1,---,N} and N
is the total number of constant pieces. We thus obtain E,(7) = Eék) for every
T € [tg, tg+1[- Notice that the restriction of rates to be right-continuous with left
limits is not crucial as the values of the rates at discrete points are not relevant.
This partition of the time-axis R>o will ensure that for every tuple (¢,7) in
[(®)4,] the component Z will consist of a finite union of disjoint intervals. In
fact, later on it will be shown that for piecewise constant rate functions the set
X is finite. Now consider the CHML-formula ® from [(®)% ]. Assume that in
every tuple (¢/,Z) from [@], T = [®]% is a finite union of disjoint intervals i.e.,
[®]F = Lﬂf:l Iéf), where 6 is the total number of such intervals. Eq. (8) becomes:

Pr((¢,z), [®], 1) Z Z/ Ry (r)e” J Bedvgr, (10)

()
c[o]. i=1 JNIdw

It is important to note that the intervals Z, (,i ) can be open, closed, or half-closed.

Therefore, for the integral in Eq. ([0 one has to consider the limit from the
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0 ) ) 0 ) )
ian,F,” supI(,Z) ian,F,” supI(,Z)
| : | -
I | I | -
I I I I -
t+r u+tx t+x u+tx
(a) (b)
0 ) ) 0 ) )
ian,F,” supI(,Z) ian,F,” supI(,Z)
| : | -
| | | | o
I I I >
t+x u+tzx t+x u+zx

(c) (d)

Fig. 3. The position of Ié,” and [t, u] @ x together with their intersection in (gray) for
the case supIé,z) — ianéf) >u—t

right, as well as from the left. In our case this is not necessary as all rates are
right-continuous with left limits.

Until now we set the basis for solving Eq. (@) by considering a finite partition
of the time-axis. The final step is to compute the integral from Eq. ([IQ) over the
time-variant domain Iéf ‘NIox (by varying x the size of the integration domain
changes). For this we take I = [t,u] and as a result the integration domain

I,E,i) N [t, u] B x takes the form:
I,S,“ N[tul G x= {max {infl'é,i), t+ m} , min {supIé,i)m + xH . (11)

Notice the interval in Eq. (] is not necessary closed as its bounds depend on
the interval I,E,i). For instance, if iané,i) >t+
x and I,E,i) is left-open, then the integration
domain will be also left-open.

The interval in Eq. ([ strongly depends

' on the position of Z\ relative to [t,u] & x.

This means that there are several configura-
|[t’u]@ﬁ tions given by supIéf)7 ianéf), t, and u. For
4

instance, Fig. Bldepicts the position of I(,i) and

A tm[

t,u] & x when supI(,i) — iané,i) > u—t. As
you can see, the relative placement of both in-
tervals in Fig. [3is crucial for the computation
of the integral from Eq. (0.

At the beginning of the section we have assumed that the rates are piece-
wise constant or more intuitively we have discretized the time-axis into intervals
[tk, tr+1] during which the rates are constant. This discretization gives us the
possibility to find a closed-form expression for Eq. ([I0) that enables us to solve

Fig. 4. Time point events
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Eq. @). The derived expression will not contain the integral, but instead will
be a linear combination of exponential functions as we will show below. Now
by considering each interval [ty,tx+1[ separately we can derive an expression
for Pr((¢,z),[®],I) by computing the integral from Eq. (I0) with the condi-
tion that z € [tg,tx+1[- As was shown before, the computation of the integral
strongly depends on the integration domain. By varying = from t; up to txi1,
the interval [¢,u] & x shifts as shown in Fig. Bl Note that different values of z
mark the beginning of time when the intersection between Z ) and [t,u] @ will
be empty or not. There are four of such time points (see Fig. M) for the case

supI(,i) — iané,i) >u—t

t1 = x - is the moment of time when u + z > iané,i),

t2 = x - is the moment of time when ¢ + z > inf 7\ and [t,u] &z C P,
t? = x - is the moment of time when u + z > supIé,Z),
t4 = 2 - is the moment of time when t+z > supZ,’ and I} N[t,u] @z = 0

when t + z > supI(,i).

=W

Note that in order to simplify the notations we do not indicate the indices ¢

and 7 to ti as it is clear that every t% je€{l,...,4} is computed respective to
the interval Ié,i) i.e., for every ¢/ and 4, the time point ti will be different. Also
if some time point ti is not defined then ti = t.

Using t] we divide the interval [ty, ty4 1] into five sub-intervals [y, tk], [}, 3],
[t2,63], [t3,t2] and [t}, k1] For each of the mentioned sub-intervals we can
compute the integral from Eq. (I0). Here we only consider the case when k =

N and supIé,i) — iané,i) > u — t. For the remaining cases, the procedure is
straightforward. Distinguish (as indicated above), the following five cases:
—zeftn [ = I N[tLu @z =0
— x € [tk t3[= max {iané,i)ﬂt + m} = iané,i)7min {supI(,i)7u + ac} =u+ux,

N)
utz - R! ; c e (i) (™)

/ Ry (T)e” JI Be)dv g, _ T6E (e(mfzf' ﬂv) Be _ e_“EzN)> .
i

nf 7)) EéN)
— x € [t%, t3[= max {iané,i),t +x} = t—|—x,min{supf(,i),u+x} =u+x,

u+x (N)
Ry (r)e” Ja Be@dvgr — Ry o—tEN) _ —uBY
o () :

t+x E€

T € [t%, t3[= max {iané,i),t +x} =t+z, min {supI@,u%— x} = supI(,i),

LG (N)
supZ,, R (i) )
— [T 0,0 g —(supZ,,’—z)E
/ Ry (T)e JZ Be()dv gr ) (e B e (Bup o x) ¢ .
t+x EZ

—zelth oo = IV N[tLul @z =0
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For all five intervals the integral in Eq. (I0) has the same form given by the

. i ( ) .. . . . .
expression ay/,, + b?v’] P (1t is in fact a linear combination of exponential

functions). The constants a} N ¢ and bﬁvj , corresponding to the interval [thy, th [,

j € {1 3} are formed by the expressions containing Réfz,) and EéN). Given
ayl y + by e " for each interval [t th ', Eq. @) can be simplified to:

Pr((6,2),[0], 1) = Y Z(aw+b§’v{g,ewém)x2ﬁ<x>, (12)

Le[®@]y, i=1

where Xé}j (x) =1 for every x € [t?\,, tj]\f 1[ and 0 otherwise. Note that there is at
most one solution (i.e., |X| < 1) when solving Eq. @) using Eq. (I2) (i.e., the
case when k = N).

Now we proceed with the interval [tx, tx41[ for kK < N. Here the general form
of Eq. (I0) becomes more complex as transition rates are not constant on the
interval of time [0, ty[. We obtain the following result, which is a major stepping-
stone towards a model-checking algorithm for piecewise constant ICTMCs.

Theorem 2. For any x € [ti, txy1| and k < N, Eq. (I0) takes the general form:
Pr((¢,2), [®],1) —a(l) xby +a() xby —|—a(3) xby +a() xby —|—a(5) xbs —|—a(6) (13)

where a,(j) fori=1,---,6 is constant and by = Eék), b, = (b1 — E(kj’1)>, for
J> 1 withky =3 +1, kg =ki +1, ks = | "A* | +1, ks = ks + 1.

Eq. [[3) will be derived for every sub-interval [t],# 7], [tx, th], and [t} t5ia],
J € {1,2,3} also for the special case of the two intervals obtained from each
[tL, 2], [¢2,43], and [£3, £2[. Actually for every Z.)) the interval [tg, tpq[ will be
partitioned into at most eight sub-intervals on which different derivations of
Eq. (I3)) will be obtained.

Ezample 5. Let us consider an ICTMC C with the set of locations L = {¢, '},
where £ is the initial location of C. There is a transition £ — ¢’ with rate Ry ¢/ (7)
and an exit rate Ey(7) for location ¢ defined as:

1. Rep(r) :Ryg” Ey(r) = BV when 7 € [0,3] and
2. R (r) = R, Eo(r) = B{") when € [3, 00,

Ré,lz)" ngm Eél) and Ef) are constant. Here notice At =3 and N = 2.
Assume we have the formula <a>[<[,);7°°[, where I = [0,00[, L({') = a, a € AP and
p € [0,1]. We want to find an expression for Pr((¢, x), [a], [0, cco[). Notice that in
Eq. @) [a] = {(¢,]0,00])}, [al, = €, 6o = 1 and T, = [0, 00[. We consider
two intervals [t1,t2[= [0,3] and [t2, c0[= [3,00[. First we take x € [0, 3] with
2 =13 =0, max{iané,i),t—G—x} =t+ax =z, min{supf(,i),u+x} = 00. We
get that Pr((¢,x), [a], [0, c0[) =
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e} 3 e}
/ Reo(r)e 7 Be@dvgr — / R e [T B 0 gr 4 [ RE) e 17 B dvgy —
T T 3

(1) (2)
Ry o (1 _ e(zf?))Eg”) n RZ,Z’e(sz)EEZ)
EM® E® :

¢ ¢

Now we take x € [3, oo with max {ianéf)7t+ .7}} = 7, min {supI(j)ﬂ + .7}} =

o0, t2 = t3 = 3 and we obtain

oo . 0o . R
Pr((¢, z), [a], [0, o0[) :/ Ry (r)e™JZ Bew)dv gy :/ R®)e I EPdv g 2(22) _
T T ’ EZ
Using Theorem 2] we can solve Eq. [@) for every interval [t,tr11][ and = €
[tk, ti+1] by means of:

a,(cl)e‘"d’1 + a,(f)e‘"d’2 +aPehs 4 a,(f) et 4 a,(f)e””b"’ +a¥ —p=o. (14)

Like in Eq. (I2]) the values of a,(cj)7 j€{1,...,6} are formed by the expressions

containing Rg?, and Eék). The following theorem of Laguerre [I7] provides an
interesting property about the number of real solutions (zeros) of Eq. (Id]). For
any sequence ai, - - ,ay let W(ay,--- ,ay) denote the number of sign changes in
ai,- - ,ay defined by the number of pairs a,,—;, a, (m > 1) such that a,,—ya., <
0and @y =0forv=1,---,i—1

Theorem 3 (Laguerre [17]). Let f(z) = ZYZI a;e™ be an exponential poly-
nomial, where a;,b; € R and by < --- < by. The number Z(f) of real zeros
of f is bounded by Z(f) < W(ax, -+ ,av), and Z(f) is of the same parity as
W(a1, ce ,av).

From Laguerre’s theorem it follows that the number of zeros of Eq. () is
bounded by five. Laguerre’s theorem does however neither provide a recipe for
obtaining the solutions nor the intervals containing the solution. To obtain an
algorithmic way to compute the zeros, we transform the exponential polynomial
in Eq. (@) to the equivalent polynomial representation P(z) = Z?:1 c;z™,
where n; > ny > ng > ng > ns > ng, ny - degree of P. Notice that the
polynomial P(z) can always be obtained because b; € Q¢ in Eq. (I4) can
be represented as b; = m;10% where m;,d; € Z. Therefore, transforming all
e*mil0% g t6 4 common d; and changing e to z yields P(z).

Definition 6 (Sturm sequence). Let P(z) be a square-free (every root has
multiplicity one) polynomial and P'(z) denote its derivative. The Sturm sequence
of P(z) is the sequence {F;(z)} of polynomials defined by Fy(z) = P(z), Fi(z) =
P'(z) and F;(z) = —rem (F;_2(2), F;_1(2)) fori>1, where rem (F;_1(2), F;_2(2))
is the remainder obtained by dividing F;_o(z) by F;_1(z).

Notice if P(z) is not square-free one can easily transform it to a square-free
polynomial by computing the greatest common divisor of P(z) and P’(z).
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Theorem 4 ([12]). The number of real zeros of P(z) in cmy interval ]a, b is

given by W (Fo(a), Fi(a),- -, F(a)) = W (Fo(b), F1(b), -+, Fi(b))-
Using the Sturm sequence we get the following algorithm which finds all real
7€ro8 21, , zm (M < 5) of P(z) in the interval ]a, b[ with precision e = 27#.

Algorithm 1. Polynomial solver

Require: polynomial P(z), interval ]a,b[ and precision e = 27#
Ensure: z1,---,2zm

1: P'(z) := derivative (P(2))

2: P(2) = ged (P(2), P'(2))

3: P'(z) := derivative (P(z))

4 {Fo(2), Fi(2), -, Fi(2)} := Sturm (P( ),P'(z))

5: {Jar, bil, -, ]am, bm[} = Blnarysearch {Fo(z), Fi(z), -, Fr(2)},]a,b])
6: {z1, -+, zm} = Newton ({Ja1,b1[, -+ ,]am,bm[}, €

7: return {z1, -, zm}

The above algorithm uses several functions. The ged function computes the
greatest common divisor of the polynomials P(z) and P’(z). The function
Binarysearch divides the interval ]a, b[ into subintervals |a;, b;[ using the bi-
section method [9] such that z; € Ja;, b;]. Finally, the function Newton finds the
approximate root z; of P(z) from ]a,, b;[ with precision e = 27# 1 € N using
the Newton method [9]. The first two lines in Alg. [[l are used to obtain a square
free polynomial P(z).

Lemma 2. The time complezity of Algorithm [0 is:
O (n} log® 11 (logny + s) + n1log® ny [log(At)] + ny log 1)

where ny is the degree of P(2), s is the size in bits of the coefficients of P(z) in
the ring of integers, At is the time discretization parameter and p is the number
of bits-precision for the Newton method.

Proof. The running time of line 1 and 3 is O (n1). The ged (line 2) and the
Sturm sequence (line 4) can be computed in O (nylog”n1) time [I]. Note that
the minimal distance between any two zeros [20] of P(z) is bounded from below
by 2~ ", logna—snits Therefore, we get that the search-depth of Binarysearch
is of order O ([log(b — a)| 4+ n1logny + sn1). As every iteration of Binarysearch
requires O (m log? nl) time and by taking b — a < At, we get the running time
of line 5 is O (n? log® ny (logny + s) + nq log? ny log(At)[). The Newton method
takes O (n1 log p) time as there are in total O (log ) iterations and each iteration
requires O (n1) time. The final time-complexity is obtained by combining the
running-times of all functions in Algorithm [I and the fact that m < 5.

Assume that § (number of intervals of [®]5) in Eq. ([0) is bounded by M.
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Lemma 3. For every tuple (¢,T) of [[(‘Il)lﬂp]] and interval [ti,tp+1][ such that
T C [tk trt1], Z is given by a union of at most 21nM +3 disjoint intervals where
n is the number of locations.

Proof. We already know that for every Ié,l ) the interval [tk, ti+1[ will partitioned
into a maximum of eight sub-intervals. From Eq. (I0) we get that the total
number of sub-intervals is 8nM. Taking the intersection (due to the double
summation in Eq. ([I)) of all 8nM sub-intervals we obtain a smaller set of
8+ Z;Lffl (8 —=1) = 7nM + 1 sub-intervals on which we have to solve Eq. (I4).
By solving Eq. ([I4) or its equivalent Eq. ([@) we get that for every Z, such that
Pr((¢,x),[®],I) <p and z € Z, will be formed of maximum three intervals (due
to a bound of five for the number of zeros in Eq. (I4])). Therefore, for every tuple
(0, Z) of [(®)L,], T will be a disjoint union of at most 21nM + 3 intervals.

We complete this section by addressing the time-complexity of the CHML model

checking of ICTMCs. Now we take the formula ® = (... <a>i}p1 e >;h'p (without
— h

conjuction operator), where h is the nesting level of ® and a € AP. Tt is clear
that every component Z such that the tuple (£,7) is in the set [®], will be a
disjoint union of O (21hnh) intervals.

Theorem 5. The time complexity of model-checking CHML-formula ® with
nesting level h on an ICTMC with a piecewise constant rate matriz (N pieces):

O (21" N- (n?log® n1(logny + s) + nq log” ny [log(At)| + nq log e+ hlogn)) ,

where n is the total number of locations, ny is the bound for the polynomial degree,
s is the size in bits of the coefficients of polynomials in the ring of integers, At
is the time discretization parameter and p is the number of bits-precision for the
Newton method.

Proof. The theorem follows from Lemma B2l and Bl Also, we include the time
complexity O (21"n""hlogn) of sorting the bounds of all O (21"n") intervals.

5 Concluding Remarks

This paper presented a stochastic variant of Hennessy-Milner logic for inhomo-
geneous continuous-time Markov chains, and introduced an approximative veri-
fication algorithm for the setting in which rates are piecewise constant functions.
Moreover, we have shown that the complexity of the model checking algorithm
is exponential in the nesting depth of the formula and linear in the size of the
ICTMC. Currently CHML is limited to the <-)I<,p operator. It is possible to
add the time-bounded reachability as in CSL by means of transient probability
distribution Eq. (@), but without any nesting. Therefore, future work will con-
sist of investigating time-bounded reachability as well as long-run operators for
ICTMCs.
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Abstract. Verification of partially synchronous distributed systems is
difficult because of inherent concurrency and the potentially large state
space of the channels. This paper identifies a subclass of such systems for
which convergence properties can be verified based on the proof of con-
vergence for the corresponding discrete-time shared state system. The
proof technique extends to the class of systems in which an agent’s state
evolves continuously over time. The proof technique has been formal-
ized in the PVS interface for timed I/O automata and applied to verify
convergence of a mobile agent pattern formation algorithm.

1 Introduction

In a partially synchronous distributed system a collection of processes inter-
act by exchanging messages. Sent messages are either lost or delivered within a
constant but unknown time bound. This model of communication presents an
interesting and realistic middle-ground between the two extremes of completely
synchronous (lock-step execution) and asynchronous (unbounded message delay)
models. The model is particularly appropriate for a wide class of systems includ-
ing those employing wireless communication and mobile agents. Algorithms and
impossibility results for problems such as mutual exclusion and consensus [10]
in this model have been studied extensively (see, for example, Chapters 24-25
of [I6] and the bibliographic notes).

Partially synchronous systems are difficult to understand and reason about
because of their inherent concurrency and message delays. Formal models, in par-
ticular variants of Timed Automata [2/13], have been used to model and analyze
such systems, however, there have been few applications of formal verification
techniques in checking correctness. Typically these systems present difficulty for
model checking because of the huge state space which includes the (potentially
large number of ) messages in transit. Nevertheless, in a recent paper [I1] the time
to reach agreement of a consensus protocol has been model checked with UP-
PAAL [5] by exploiting a key compositional property of the protocol. Two other
partially synchronous distributed algorithms have been model checked in [T4].

* The work is funded in part by the Caltech Information Science and Technology
Center and AFOSR MURI FA9550-06-1-0303.
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In this paper, we study partially synchronous distributed systems (with
possibly continuous state spaces), with the aim of verifying convergence. Such
systems arise in sensor networks, mobile robotics, and unmanned vehicle coor-
dination applications, and convergence properties capture the requirement that
the distributed system iteratively computes a certain function. For example,
the requirement that a set of mobile robots get arbitrarily close to a particular
spatial pattern through communication is a convergence property.

Techniques based on analyzing the Eigen values of state-transition matri-
ces [I8J6] that have been used for verifying convergence of completely syn-
chronous systems, cannot be applied in a straightforward way to highly
nondeterministic partially synchronous systems. The main contributions of this
paper are: (i) a methodology for transforming a shared state distributed system—
in which processes can read each other’s state instantaneously—to a correspond-
ing partially synchronous system, such that the convergence properties of the
original system are preserved in the latter, (ii) a substantial verification case
study carried out within the Tempo/PVS framework [4/I] based on the above
theory.

We begin in Section [ by describing Shared State (SS) systems—a general
discrete-time model for distributed systems in which each process can change its
state by reading the states of some subset of other processes. A change of state
can be nondeterministic and each process is free to change its state at any point
in time, independent of the others. We adapt a theorem from Tsitsiklis [20],
to obtain a sufficient condition for proving convergence of such shared state
systems. Given a shared state system A, this sufficient condition requires us
to find a collection of shrinking invariant sets for A. Next, in Section Bl we
present a natural transformation of the given shared state system A to a partially
synchronous system B. The partially synchronous system is modeled as a Timed
Input/Output Automaton [I3]. In Section @], we show that if A converges, then
under some assumptions about the structure of the invariant sets of A and
message losses in B, B also converges. Our proof relies critically on properties of
the collection of shrinking invariants that are used in the theorem of [20].

In Section Bl we apply the above theory to verify convergence of a partially
synchronous pattern formation protocol for mobile agents. First, we specify the
shared state version of the protocol in PVS and verify its convergence using the
pre-existing PVS metatheory [I7] . We obtain the partially synchronous ver-
sion of the pattern formation system; this is specified in PVS using the PVS/-
TIOA toolset [I5] and we show that it satisfies the assumptions required for
convergence.

2 Preliminaries

In this section we present a standard discrete-time model for shared state dis-

tributed systems and state a well-known theorem for proving convergence.
Standard notations are used for natural numbers N = {0,1,...,} and the set

of reals R. For N € N, the set {0,1,2,...,N} is denoted by [N]. For a set A,
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A} = AU{L}. The set of finite sequences of length N (and infinite sequences)
of elements in A is denoted by AV (and resp., A¥). For a € AV i € [N — 1],
the it element of a is denoted by a;. The same notation is used for infinite
sequences. For any z € A,i € [N],a € ANT! [a|a; := x] denotes the (unique)
element ' € AN satisfying: for all j € [N], if j =i then o} = x else af; = a;.

A Labeled Transition System A is a quadruple (S, So, A, —) where (a) S is a
set of states, (b) So C S is a set of start states, (¢c) A is a set of actions, and
(d) =C 8 x A x S is a set of transitions. For (s,a,s') €— we write s % 5.
An execution a of A is an (finite or infinite) alternating sequence of states and
actions sgaisias ..., such that sg € Sy and for all 4, s; it Si+1. An LTS is said
to be action deterministic if for any s,s',s"” € S,a € A, if s % s and s = 5"
then s’ = . Thus, each action a € A is associated with a unique state transition
function f,: S — S, such that if s % &' then s’ = f,(s).

Convergence. In order to define convergence of an execution to a state s* € S we
have to introduce some notion of “closeness” of states to s*. One straightforward
way to do this, and the approach we take in presenting this paper, is to assume
that S is equipped with a metric d. An infinite execution « converges to s* with
respect to d, if for every € > 0, there is a suffix of a such that for every state s in
this suffix d(s, s*) < e. Convergence to a subset S* C S is defined by extending
the definition of d in the obvious way. We remark that for defining convergence
to s* or to a subset S* of S, it is not necessary for S to be a metric space, and it
suffices to have a topological structure around s* (or S*). The results presented
in this paper carry over to this more general setting.

For verifying convergence, we restrict our attention to executions in which
certain classes of actions occur infinitely often. This motivates the notion of
fair executions. For a set of actions A, a fairness condition F is a finite col-
lection {F;}!" ,, n € N, where each F; is a nonempty subset of A. An infinite
sequence of actions a € A% to be F-fair iff VF € F,n e N, 3m e N, m >
n, such that a,, € F. An infinite execution a = sg, ag, s1,a1, ... is F-fair ex-
actly when the corresponding sequence of actions ag, ay, ... is F-fair. Under a
given fairness condition F, an LTS A is said to converge to s* if every F-fair
execution converges to s*.

Usually a convergence proof is carried out by showing the existence of a
Lyapunov-like function that is nonnegative and decreases along all executions of
the system. The following theorem from [20], translated to our setting, provides
a general sufficient condition for proving convergence in terms of a collection of
invariant sets (sublevel sets of a Lyapunov function).

Theorem 1. Consider an LTS A and a fairness condition F for A. Suppose
there exists a well ordered set (T, <) with smallest element 0 and a collection of
sets {Py, C S| k € T} satisfying:

C1. (Monotonicity) ¥V k,l € T,k >1= P, C P,.

C2. (Granularity) ¥V e > 0, 3 k € T, such that Vs € Py,d(s,s*) <e.

03. (Initial) So g Po.

C4. (Invariance) ¥ s,s' € S;a € A,k € T if s % s’ and s € Py, then s’ € Py.
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5. (Progress)VkGT if P, # {s*} then 3 F € F, such thatV a € F,V s € Py, s’ €
S, sSs = ¢ € Py, for somel > k.

Then all F-fair executions of A converge to s* with respect to d.

It turns out that under some weak assumptions about the stability of A, these
conditions are also necessary for convergence of A. (llrequires that the sequence
of predicates is monotonically stronger. (2 states that for every € > 0 there exists
a a set P that is contained in the e-ball around s*. (] requires that the Py’s
are invariant under the transitions of A. Finally, requires that for any state
s in Py (other than s*) there exists a fair set F' in F, such that any action in F'
takes the system to a state P;, where | > k.

Shared State Systems. A distributed system consists of a finite collection of LTSs
executing and communicating in parallel. In a shared state (distributed) system
a process can read but not modify the states of other asynchronous processes.
Formally, a shared state distributed system with N + 1 processes is an action
deterministic LTS (.5, Sp, A, —) with the following additional structure:

(a) S = XN+ where X is a set of process states. For each s € S,i € [N], s; is
called the state of the " process.

(b) So = {x0}, where xo € XN T is the vector of initial SS process states,

(c) The set of actions A is partitioned into disjoint sets { A;};e[n] such that for
all 5,8 € S,a € A;,if s s thenV j € [N]\ {4}, s; = 84

An action a € A; corresponds to process i reading the current states of a subset
of other agents and updating its own state. For each action a € A; we denote the
state transition function f, restricted to the #*" component (mapping XV *! to
X) by fia. That is, if s % s’ then s’ = [s|s; = fia(s)]. Function f;, is a function
of the states of some subset of processes and is independent of the states of other
processes; this is captured by the dependency function D : A — 2N as follows:
for any pair of states s,u € S, i € [N], and any action a € A, if for all j € D(a),
sj = u; then the fi,(s) = fia(u). That is, the post-state of action a depends on
the jt" state component of the pre-state only if j € D(a). We say that j is a
neighbor of i exactly when there exists a € A; such that j is in D(a).

3 Partially Synchronous Systems

In this section, we present the model for partially synchronous distributed sys-
tems and describe a natural translation of shared state systems to this model. In
a partially synchronous distributed system a fixed set of processes communicate
by sending messages over a broadcast channel. A message broadcast by pro-
cess i at some time ¢ is delivered to some (possibly empty) subset of processes;
all (if any) deliveries are within ¢ + b, where b is a parameter of the broadcast
channel.
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Timed I/0O Automata. We formally model partially synchronous distributed sys-
tems as Timed Input/Output Automata (TIOA) [13]. A Timed I/O Automaton
is a non-deterministic state transition system in which the states may change
either (a) instantaneously through a transition, or (b) continuously over an inter-
val of time following a trajectory. We give the essential definitions for the TIOA
framework and refer the reader to [I3] for the details. A variable structure is
used to specify the states of a TIOA. Let V' be a set of variables. Each variable
v € V is associated with a type which defines the set of values v can take. The
set of valuations of V' is denoted by val(V'). A trajectory for a set of variables V'
models continuous evolution of values of the variables. Formally, a trajectory 7
maps a left-closed interval of R>o with left endpoint 0 to val(V'). The domain 7
is denoted by 7.dom. A trajectory is closed if T.dom = [0,t] for some ¢t € R>o,

in which case we define 7.ltime = ¢ and 7.Istate = 7(t).

A TIOA B = (V, 5,50, A,D,T) consists of (a) A set V of variables. (b) A
set S C wval(V) of states. (c) A set Sy C S of start states. (d) A set A of
actions partitioned into input, output and internal actions I, O, and H, (e) A
set D C S x A xS of discrete transitions. An action a € A is said to be enabled
at s iff (s,a,s’) € D. (f) A set 7 of trajectories for V that is closed] under
prefix, suffix and concatenation. In addition, for every s € S , A must satisfy
the following two nonblocking conditions: (i) Ya € I, a is enabled at s, and
(ii) 37 € T, such that 7(0) = s and either 7.dom = [0,00) or 7 is closed and
Ja € O U H enabled at 7.Iltime.

An ezecution fragment of B is a finite or infinite alternating sequence of tra-
jectories and actions Tgai7as . . ., such that for all 7 in the sequence, 7;.Istate AN
7i41(0). We define the first state of a, to be a.fstate = 75(0), and for a closed a,
its last state to be a.lstate = Tn.Istate, where 7, is the last trajectory in a, and
a.ltime 2 >_; Ti-ltime. An execution fragment o is admissible if o.ltime = co. An
execution fragment is an ezecution if 79(0) € Sp.

Given a shared state system A = (S, o, A, —) for processes indexed by [N]
we define a natural translation of A to the partially synchronous setting. The
partially synchronous system corresponding to a given shared state system A
is a TIOA B obtained by composing a set of Process; TIOAs—one for each
i € [N]—and an TIOA LBCast which models the communication channels.

Generic process. First, we specify a TIOA Process; for each participating pro-
cess i € [N]. The code in Figure [II specifies this automaton using the TIOA
Language [12]. The specification is parameterized by (a) an uninterpreted type
X, (b) a element zp; of X representing the initial state of process ¢, (¢) a collec-
tion of functions g, : XiV'H — X, for i € [N],a € A; representing the actions
of i, and (d) nonnegative real-valued parameters [ and w dealing with timing.
In order to obtain the process corresponding to A, these parameters are instan-
tiated as follows: (i) the type X equals the process state set of A, (ii) o; is set

! See Sections 3-4 of [I3] for formal definitions of the trajectory closure properties and
the statements of the enabling conditions.
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to the i*"* component of the start state of A, (iii) for each a € A;, and for any
x: X,y : Array[[N] — X ]

5 | Fallylys = 2)) i Vj € D(fia). ylj] # L
gia(z,y) = .
T otherwise.

Process; has the following state variables: (a) z; is a discrete variable of
type X and is initialized to xo; (b) y; records state information about other
processes received through messages. It is an array of type X, indexed by [N]
and initialized to L; y;[j] is the last message (if any) that i received from j
(c) mow;, a continuous variable of type R>o and initialized to 0, models real
time, and (d) earliest;, a discrete variable of type R> and initialized to [, is the
earliest time for the next broadcast by process i. The initial state is defined by
the initial valuations of the variables.

The transitions for send; and receive;; actions are specified in precondition-
effect style in lines [[0H23 (a) receive;;(m) models the delivery of message m to
Process; from Process; over the broadcast channel. When this action occurs, the
4t component of the history variable y; is updated to m, and the state variable
x; is updated according to a nondeterministically chosen function g;,. (b) A
send;(m) action models the broadcasting of message m. This action can occur
whenever z; = m and now exceeds earliest;. When this action does occurs,
earliest; is advanced to now; + [.

Finally, the state of Process; changes over an interval of time according to
the trajectories specified in lines [IHI3l Along any trajectory, x; and earliest;
remain constant and now; increases monotonically at the same rate as real-time.
The stop when condition states that no trajectory continues beyond the time
point at which now; equals earliest+w. This forces the trajectory to stop, which
along with condition (ii) in the definition of TIOA forces a send to occur.

signature 1 14
output send;(m : X) transitions
input receive;;(m : X), where j € [N] 3 input receive;;(m) 16
off y;[j] 1= m;
variables 5 let a := choose A; 18
zq: X = xoi; zi = gia(T,y)
yi : Array[[N] — X | ] 7 20
initially Vj € [N],y[j] := L output send;(m)
earliest; : R>g := l;now; : R>g :=0 9 pre m = x; A now; > earliest; 22
- - eff earliest; := now; +1
trajectories 11
evolve d(now;) =1
stop when now; > earliest; + w 13

Fig. 1. Process; TIOA with parameters X, zo, Ai, {Gia faca;, L,w : R>g

Channel. The LBCast automaton of Figure 2] specifies the local broadcast-based
communication layer of the system. For any b € R>(, LBCast(b) ensures that any
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message sent by Process; at time ¢ is received by some subset of other processes
within [¢, ¢+ b].

A timed message is a pair consisting of a message of type X and a deadline of
type Rx>¢. For a timed message p, the message and the deadline are denoted by
p.msg and p.dl. LBCast has two state variables: (a) buffer is a two dimensional
array of sets of timed messages; it is initialized to be empty. buffer|i, j] is the set
of messages (time stamped with a deadline) sent by 7 to j, that are in transit.
(b) now is a continuous variable of type R>o and it models real time.

The state of LBCast changes through the occurrence of send, receive, and drop
actions as follows: (a) receive;;(m) models the delivery of message m sent by
Process; to Process;. This action can occur when there exists dl € R>¢ (actually
> now) such that the timed message (m,dl) is in buffer[j,i]. As a result of this
action some message m (with deadline dlI’ > now) is removed from buffer[j, ].
(b) send;(m) models the broadcasting of message m by Process;. The effect of
this action is that the timed message (m,now + b) is added to buffer|[s, j| for
every j € Z. (c) drop;;(m) models the loss of message m in transit from i to j.
This action is enabled as long as the message m is in transit, and the effect is
that the message is removed from buffer(s, j].

Along any trajectory of LBCast (see lines 26H29), buffer remains constant and
now increases monotonically at the same rate as real-time. The stop when
condition enforces the delivery deadline of non-dropped messages by forcing the
receive actions to occur.

signature 1 buffer(j, i] := buffer(j,i] \ (m,dl’);
input send; (m : X), where i € [N] 16
output receive;; (m : X), where i,j € [N] 3 input send; (m)
internal drop,;(m : X, dl : R>0) eff for j € [N] do 18
5 buffer[i, j] := buffer[i, j] U (m, now + b)
variables od 20
buffer : Array[i, j : [N],Set[X X R>o]] :={} 7
now : Rsg := 0 - internal dropij(m, dl) 22
9 pre (m,dl) € buffer[i, j] A dl > now
transitions eff buffer(i, j] := buffer[i, 5] \ (m,dl) 24
output receive;; (m) 11
pre 3dl: Rxq, (m,dl) € buffer[j, i] trajectories 26
eff dI’ := choose 13 evolve d(now) = 1
{dl € R>q | (m,dl) € buffer[j, ]} stop when 3 m : X,dl € R>¢,%,5 : I, 28

(m, dl) € buffer[i,j] A dl = now
Fig. 2. LBCast;,; TIOA with parameter X,b: R>g

Complete system. The partially synchronous system corresponding to A is the
composed TIOA B = ||;c;njProcess;||LBCast. Let the set of states of B be S.
The values of the real- tlme related variables such as now;’s earliest;, diverge
along the admissible executions of B. In studying convergence of B we are really
interested in the behavior of the x; and the y; variables and the messages in
buffer without their time stamps. Hence, we define a projection function untime:
for any state s € S, untime(s) is an object that is identical to s except that
the components corresponding to now, now;, earliest; are removed, every timed
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message p is replaced by p.msg, and all | values are removed from the history
variables y;’s. We denote this projected state space of B by Sz and its elements
by s,u. Each s € S corresponds to a particular valuation for each non-time-
related state variable of B. These variable valuations are denoted by the usual
() notation. For example, the valuations of the variables z; and buffer at a state
s are denoted by s.x; and s.buffer. We define a metric on Si based on the metric
d on S 4 as follows:

A

U(s) = 110 {{s-zi} Ujern {s-95li] | s.5[i) # L} Useqny s-buffer(i, 51}
ds(s1,s2) 2 max d(ri,r2)
r1€U(s1),m2€U(s2)

An admissible execution « is said to converge to a untimed state s* € Sg if
untime(a(t)) — s* with respect to the metric dg, as t — odd. Automaton B
converges to s* if all its admissible executions converge.

4 Verification of the Partially Synchronous Systems

Throughout this section we assume that A is a shared state system and B is
the corresponding partially synchronous system obtained using the translation
scheme of the previous section. We denote the set of states of A by S4 and the
individual states by s, u, etc. We assume that A converges to a state s* € S4 with
respect to the metric d and a fairness condition F. We assume that convergence of
A is proved using Theorem[Il Therefore, we know that there exists a well ordered
set (T, <) with a smallest element 0 and a collection of sets {P, C S| k € T}
satisfying the conditions CIIHG
We define the following relation R C Sg x S4:

R(s,s) = (Vi € [N],s; = s.x; V 3j € [N],s; € s.buffer[i, ] Us.y;[i])

For each 4, the i-th component of s can be one of the following: (i) the state
of the i-th process in s, (ii) a message in transit from i to some j in s.buffer,
(iii) the state of the history variable s.y;[i] for some other process j. If R(s, s)
then we say that s is an asynchronous view of s. Given s € Sp, we define
R(s) = {s € Sa | R(s,s)}. We define s* = {s € Sp | Vs € R(s) s=s"}.

In the remainder of this section we shall prove that B converges to s* with
respect to the metric dg. We make the following two assumptions about the
structure of the Py’s and message losses. For any specific problem these assump-
tions become proof obligations which must be discharged.

Assumption 1. Consider any two states s,u € S, a process index i € [N], and
an action a € A;. For any k, 1 € T, 1 >k, if Px(s) and Px(u) hold, then:

B1. Py([s|si := fia(s)]) = Pr([ului := fia(s)]), and
B2. P([s|si := fia(s)]) = Pi([ului := fia(s)]).

2 a(t) £ o Istate, where o is the longest prefix of a with o ltime = .
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Assumption 2. For any i,j € [N] with i a neighbor of j, along any admissible
execution o of B, for any time t, there exists ( > [+ w + b such that j receives
at least one message sent after time t from i within time t 4 (.

All processes execute send messages within w time. Hence, every every agent i
receives at least one message from every neighbor in the interval [t,t + (]. Next,
we define a sequence Q, k = 0,1,2,... of predicates on states of Sz based on
the predicates P, on S4. Informally, @ holds for a state s exactly when all
asynchronous view of s satisfy Pj.

Qr(s) = (Vs € S4,R(s,s) = Pi(s)).

We now show that the conditions (IIH are satisfied by the collection of sets Q.
The proof for the next lemma uses CIIH3] property of { Py} and appears in the
full version of the paper which is available online.

Lemma 1. The collection {Qy} satisfies A3
Lemma 2. Vk € T,s,s' € Sp,a € Ap, if s 58" and Qi(s) then Qi(s').

Proof. Assuming Qg(s) holds for some k € T, we show that Q(s’) also holds.
The proof is straightforward for a = drop, a = send, and for a closed trajectory
of B. Consider the case where a = receive;;(m), i,j € [N] and m € X. In order
to show that Qx(s"), we consider any u € S4 and assume that R(s’,u) holds.
Then, it suffices to deduce Py (u).

Let the state of process i in the pre-state s € Sz be (x,y). Then its post-state
is (2',y), where ' = fio([yly; := z]). We define the corresponding pre-state
s € S as [yly; := z].From the definition of R, it is follows that R(s,s) holds.
From the definition of ) and (4l we have these two implications:

Qr(s) AR(s,s) = Px(s) Pr(s) = Pi([s|si := fia(s)])
Assume that u is an asynchronous view of s’. Then u is an asynchronous view
of s with w; either unchanged, or replaced by f;,(s). Hence:
R(s',u) = R(s,u) V (v : R(s,v) A (u = [v]v; == fia(5)]))
Qr(s) ANR(s',u) = (Qi(s) AR(s,w) V (3v: Qi(s) AR(s,v) A (u = [v|vi = fia(s)]))
= Pi(u) V (Fv: Pu(v) A (u = [v|vi := fia(s)])) [From @ definition]
= Py(u) [from Bl and Py(s)].

Lemma 3. For allk € T, if P, # {s*} and s € Qy, then there exists | > k and
a closed execution fragment o of B such that

(untime(a.fstate) = s) A (untime(o.Istate) € Q) A (a.ltime < 2-()

Proof. Let us fix k € T. By (H there exists [ € T,1 > k and a transition function
fia of A such that for all s € S4 Pi(s) = " =[s | s; := fia(s)] € P,. We define
a new relation R’ C S x S4 as follows:

R/(s,s) = Fu,v € Sa: R(s,u) AR(s,v) A s = [v]v; :== fia(u)]
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Thus R’(s, s) holds exactly when s is an asynchronous view v of s except that
the i-th agent’s state is f;o(u) where wu is itself an asynchronous view of s. We
define Q).(s) = (Yu € Sy : R'(s,u) = Py(u)). If s € Q. N Q}, then for all 4, s.z;
satisfies P, and any asynchronous view of s satisfies P.

Claim. Q; N @)}, is invariant under the transitions and trajectories of B.

Proof of Claim. The proof is straightforward for an actions drop, send and tra-
jectories of B. Consider an action a = receive; ;(m). We consider two cases i = j
and i # j. Consider the case when i = j. All s.x satisfies P,. From (4 P, is
invariant under transitions of \A. Hence all s’.x satisfy Py11. Therefore s’ € Q.
Consider the case j # i. Applying Lemma [2 s’ € Q holds. Hence, for all
s" € R(s") we have that s’ € Py(s’) and by B2l s’ € Q..

We define « as the concatenation of two fragments «; and as. We show that

1. Jaclosed execution fragment ay with untime(a; fstate) € Qy and a4 .ltime >
¢ such that untime(aq.Istate) € Qr N QY.

2. V closed execution fragments as with untime(aq.fstate) € Q. N Q) and
o ltime > ¢, untime(as.Istate) € Q.

Part 1. By Assumption [ i receives at least one message from all its neighbors
by time t + (. Denote by s’ = untime(a;.lstate) and assume that s’ is obtained
by executing ¢;,. By Lemma [l s’ € Q. Denote by s’ € S4 any state of A such
that R'(s’, s’). It suffices to show that s’ € P;,. By definition of R/, there exists
u,v such that R(s’,u) A R(s,v) As' = [v | v; := fia(u)]. Since Qx(s’) holds, it
follows that w € P, and v € Py. By (B Pi(u) = P([u | u; := fia(u)]). Hence,
by B2 s’ € P, with s’ = [v | v; := fia(u)]).

Part 2. Fix a closed execution fragment ao with start state untime(as.fstate) €
Q. NQx. Assume that as ends at time as.ltime > (. We denote untime(as.Istate)
by s’. We will show that s’ € Qg1 holds. By Claim 1, s’ € Q). Let s’ be any
state in R(s"). It suffices to show that s’ € P, holds. By Assumption 2] (noting
that ¢ > b), for all j,k s'.z, s'.y;[k], and s'.buffer[j, k] contain information
sent at or after time 0 and this information satisfies P,. This is because starting
from time 0 the x variables satisfy P, and by time ( the old messages and local
copies are updated with values that satisfy P;. Hence, any asynchronous view of
s’ satisfies P;. Hence, P(s") holds.

Theorem 2. If A converges to s* with respect to d, then under Assumptions
HM2 and[3, B converges to s*.

Proof. 1t is straightforward to see that B is indeed a labeled transition system
with set of states S, start states defined by the start states of A, set of actions
Ap U 7Tg, and transitions (s,a,s’) €— if and only if (i) (s,a,s’) € Dg or (ii)
37 € T, with 7(0) = s and 7.Istate = s’. Therefore, Theorem [Is sufficient
conditions for convergence are applicable to B with fairness conditions replaced
by time bounded progress guarantees. From Assumptions BIIZ2 and convergence
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of A we obtain a collection {Qy,} of invariant sets of B which satisfy conditions [T+
@Al Assumption Pl and Lemma [ imply that B makes progress.

5 Verifying Convergence of a Pattern Formation Protocol

We verify a class of pattern formation protocols for mobile agents. Starting from
arbitrary locations in a space, the goal of such a protocol is to make the agents
converge to some predefined spatial pattern. Distributed pattern formation pro-
tocols have been studied extensively, but typically under the assumption that
the agents can communicate synchronously (see, for example [I6ISITS]). In this
paper, we present the verification of a simple one-dimensional algorithm. Several
generalizations of this protocol have been presented in [7].

The shared state protocol is modeled as a LTS A = (S5, Sy, A, —), where
(a) S = RNt (b) Sp € RNT! () A = Ujeqn)As, where 4; C {(i,avg,) | | <

i<rh (d) fi avg, , RN*1 — R such that for s € S, f; a\,gm(s) = s+ i:llsr.
Note that for every [ < i and r > i, the object (i,avg; ) may not be an action
for agent i; A; is some subset of such actions. Action (7,avg; ,.) € A; changes the
state of the it agent according to the function f; ., . This function depends
on the states of agents | and r, that is D((i,avg;,)) = {l,7}. We adopt the
notations from Section 2] to A. For instance, for a state s € S, we denote the
ith component as s;. It is easy to check that A is a shared state system. At a
particular state s of A, we say that agent ¢ is located at s;. Throughout this
section, mid denotes the value J; .

We define a state s* € S as follows: Vi € [N], sf 2 500 NA?" + SONJ@. This
specifies a particular pattern where agents are located, in order, at equidistant
points on a straight with extremes soo and son. We set F = {A4;};cn). It turns
out that F-fair executions of A converges to the state s* with respect to the
Euclidean metric on S. In the remainder of this section, we shall first verify this
property and show how this result carries over to the convergence of the partially

synchronous version of A.

5.1 Convergence of Shared State Protocol

First, we introduce the deviation profile of a state of A which in turn will be
used to define a sequence of predicates which satisfy C(IIHGl For any = € R and

i € [N], we define e;(z) = |z — s7|. Given s € Sy, i € [N], m € N, we define the
following two symmetric predicates:

Limi(s) 2VI<j e(s)<C-g™ (1— 211)

. m 1
Rumi(s) 2Vr>N—j e(s))<C-3 (1 — ZN—T>
where 3 = (1 — %), and C is chosen such that the Lo,y and Ry ~ predicates are
satisfied at the start state sq. For any state s, if L, ;(s) holds then the deviations
of the agent locations at s from those at s* is upper-bounded by the deviation
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Fig. 3. Deviation from s*. Left and Right deviation profiles.

profile function (shown in Figure B]) increasing from 0 to j. Symmetrically, the

predicate R, ;(s) holds if the deviations are decreasing from N — j to N.
For a state s € Su, we define maz(s) = max;e(n] €i(s;) and M, (s) =

(maz(s) < C - B™). We define d(s, s*) = maz(s). For any j € [mid], we define
the following symmetric predicates: £, ;(s) £ M (8) A Ly i (8) A Lin—1,mida(s)
and R, ;(s) = M (8) AN R j(8) A Ryp—1,mia(s)-

These predicates partition [N] into three groups as: for all i € [j], the deviation
for agent 7 is upper bounded by the profile function defined by C - ™; for
i € {j+ 1...mid} the upper bound is C' - 3™~!; and for the remaining, the
deviations do not have any upper bound other than one given by the first part
of the predicate (< C-3™). For i € [N], we define the left profile function Ip,, ;(4)
as C'- (™ (1 - 21L) if i < j, equals to C - g™~ ! (1 - 21L) if j <i<midand C-g8™
otherwise. This function is concave.

Lemma 4. Let T be the set N x [mid] equipped with lexicographic ordering
(<iex). The collections {L,, ;} and {R., ;} indexed by T satisfy (I

Proof. (Il Consider any state s € Ly, j, and any pair [m1, ji] <jep [m2, jo]. If
m = mq = ma, s € Ly j, = s € Ly, j, since the profile holds up to jo, it is
valid up to ji (for all j1 < j2). When m1 < mg, § € Ly, j, = 8 € Loy, 4, for all
J1, j2 < mid; this is because for all i py,, j, (1) < Ipm, j, (i) since M2 < gm2—1 <
B, For (B for all € we set k to be any value satisfying C - 3% < e. Hence, Vs
satisfying Lx o we have that maz(s) < C- % < e. (Blfollows from the definition
of C. (I Assume without loss of generality s € £, ; and a = (i,avg, ,.). For all
j # i, s} satisfies L, j, since s; = s;. Assume i < j. The value s; satisfies L, ;
as well, and e;(s}) is upper bounded by

K3

r—1 i—1 r—1 1 i—1 1
) < _ . g™ A< . 3™ _
T—lel(sl)—’—r—le’(sr)*r—l(1 2l>c B +r—lC pr=C-B (1 2i)

An analogous argument is used to prove the case when i > j.

Condition ([l is only partially satisfied by these predicates; for any m and j <
mid, for all £, ; (resp. R, ;) there exists an action such that the execution of
this action take the system to L, j+1 (resp. Ry, j+1). The following relationships
among L and R are used for showing (il The proofs appears in the full version.
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Lemma 5. Vm € N, Ly, mia N Rim,mid = Lm+1,0 D Rm+1,0

Lemma 6. Vj < mid (a) Ja; such that Vs %> s’ and Ym €N, s € L, ; = s’ €
Lo j+1. (b) Jas such that Vs B andVmeN, s e R =5 € Rmjt1-

Lemma [l implies that the left and right profile predicates satisfy (I but in
order to prove (Jj] we require both these predicates hold simultaneously. This
motivates our next definition. For state s € S4, m € N, j € [mid—1],b € {0,1},
we define: Pp, j5(5) = Lo jr5(5) AR ;(s). All indices from 0 to j + b and from
N — j to N belong to the profile defined by C'- 8™, while the indices between
(j+b)+1and (N — j) — 1 belong to profile defined by C - g™~ 1.

Lemma 7. Let T be the set N x [mid — 1] x {0,1} equipped with lexicographic
ordering (<iey). The collection {Pp, ju} indexed by T satisfies (IHI

Proof. Tt is straightforward to check using Lemma H] that the sequence of predi-
cates satisfy (T4l CBl Applying Part (a) of Lemma [0]

s € ’Pm’j,o = s E ['m,j NS E 'Rm’j =4 € Em’j+1 ANs' e Rm)j = Pm,j,lo

for any m,j with j < mid — 1, let a; be any action in A;;;. Without loss of
generality, we assume a; = (j + 1, avg; ,.). Using part (b) of Lemma[fl we obtain

s € Pm,j,l = s € Lm,j+1 NS E Rm,j = s’ S Lm,jJrl As' S Rm,jJrl = s’ S Pm,j+1,0~

Next, for any m, j with j < mid — 1, let az be any action in Ay_(j41). Again,
without loss of generality, let az = (N — (j + 1),avg;,.). Finally from Lemma [5]
5 € Pm,mid—1,1 = 5 € Pm+1,0,0. Since both A; 1 and AN—(j+1) are in the
fairness condition F, we obtain the required result.

Lemma [{] and Theorem [l imply that all F-fair executions of A converge to s*.

5.2 Convergence of the Partially Synchronous Protocol

From the shared state protocol for patten formation described in Section [B.]
we first obtain the corresponding Process; automaton based on the translation
scheme of Section Bl In particular, Process; is a TIOA specified by the code in
Figure [l with X = R, 2o = so; and g; qvg,, : R® — R. The g; avg,, functions
are obtained from the f; avgy, functions using the transformation of Equation[Il
The communication channel for the system is modeled by LBCast of Figure
with X = R and some value for b. The complete partially synchronous system
specification is the TIOA obtained by composing Process;’s with LBCast. Finally,
the convergence state s* and dp for B are obtained from s*,d of A using the
definitions in Bl It is easily checked that the collection of predicates {Pp, js}
satisfy Assumptions [[l and [2I Therefore, from Theorem 2l we conclude that B
converges to s*. In fact, we observe that the system B converges under the
following weaker assumption about message losses:
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Assumption 3. For any agent i, for any time t there exists ¢ > 0, such that
i receives at least one message sent after time t from some agent | < i (r > i,
respectively) within time t +u with (i,avg, ,.) € A;.

This is weaker than Assumption 2l since each process i receives at least one mes-
sage from some pair (neighbor) and not necessarily all pairs in A;. The progress
property is still guaranteed because by the system makes progress executing any
action of A;.

5.3 Verification in PVS Theorem Prover

We have developed a PVS [19] theory for verifying partially synchronous pat-
tern formation protocols within the exiting Timed I/O Automata/PVS frame-
work [3IT5]. The theory formalizes partially synchronous systems as described
in this paper, and we have verified the convergence of the example presented
here. The PVS theory files and the related documentation are available from
http://www.infospheres.caltech.edu/papers. The the proofs presented in
this section have been mechanically checked using the PVS theorem prover.
The invariance of the P predicates are proved using the standard inductive
proof technique followed by a case analysis on the actions (and trajectories) of
the automaton in question. We also prove the convergence of the partially syn-
chronous system directly under AssumptionBl An appropriately changed version
of Lemma [l holds in the partially synchronous settings as well. In order to do
so, we prove a set of basic lemmas about LBCast that are used repeatedly. One
example, of such a basic lemma is that if all the input messages satisfy a certain
predicate, then within bounded time the values stored in the buffer satisfy the
same predicate

6 Discussion

Designing and verifying partially synchronous distributed algorithms is com-
plicated because of their inherent concurrency and message delays. We have
presented a methodology for transforming a shared state distributed system—
in which processes can read each other’s state without delay—to a partially
synchronous system, such that the convergence of the former carry over to the
latter, under certain assumptions. Checking Assumption[lis easy when it can be
expressed as a conjunction of predicates on individual process states. It would
be interesting to explore relaxations of this assumption. Assumption [ is fairly
weak, however, it is possible to weaken it further for specific protocols—as it
is observed in the presented case study. We implemented the theory in PVS
and have applied this methodology to verify the convergence of a mobile-agent
pattern pattern formation protocol operating on partially synchronous commu-
nication. Several generalizations of the translation scheme and the convergence
theorem are possible; some more immediate than others. The processes par-
ticipating in the partially synchronous system could have clocks with bounded
drift. We could also define arbitrary continuous trajectories for the main state
variables z; as long as Assumption [l is satisfied.
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Abstract. The idea to use simulations (or refinements) as a compo-
sitional abstraction device is well-known, both in untimed and timed
settings, and has already been studied theoretically and practically in
many papers during the last three decades. Nevertheless, existing ap-
proaches do not handle two fundamental modeling concepts which, for
instance, are frequently used in the popular UPPAAL model checker: (1)
a parallel composition operator that supports communication via shared
variables as well as synchronization of actions, and (2) committed loca-
tions. We describe a framework for compositional abstraction based on
simulation relations that does support both concepts, and that is suit-
able for UpPAAL. Our approach is very general and the only essential
restriction is that the guards of input transitions do not depend on ex-
ternal variables. We have applied our compositional framework to verify
the Zeroconf protocol for an arbitrary number of hosts.

1 Introduction

In this article, we describe a framework for compositional abstraction based
on simulation relations that is suitable for the popular model checker UPPAAL
ﬂ] The idea to use simulations (or refinements) as a compositional abstrac-
tion device is well-known, both in untimed and timed settings, and has already
been studied theoretically and practically in many articles during the last three
decades, see for instance E, B, @, B, , é, 7 @, Eﬁ, |ﬁ|] Nevertheless, when we
attempted to apply these existing approaches to fight state space explosions in
a model of an industrial protocol HEL we ran into the problem that they do not
handle two fundamental modeling concepts that are frequently used in UPPAAL.

The first concept is an (asynchronous) parallel composition operator that
supports communication via both shared variables and synchronization of ac-
tions. Models for reactive systems typically either support communication via
shared variables (TLA m, Reactive Modules [|ﬂ]7 etc), or communication via
synchronization of actions (CCS [L3], I/O automata [3], etc). We are only aware
of five studies of compositionality in which the two types of communication are
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project Validation of Stochastic Systems (VOSS2).
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combined B, , , , @] It is well known that both types of communica-
tion can be defined in terms of each other. A shared variable can be modeled
as a separate process/automaton that communicates with its environment via
read/write synchronization actions. However, in this approach the evaluation of,
for instance, an integer expression may involve a sequence of interactions with
shared variable automata. This blows up the state space and makes it more
difficult to understand the model. Conversely, synchronization of actions can
be modeled in a shared variable setting using some auxiliary flag variables and
handshake transitions of the synchronizing automata. But again this blows up
the state space and makes it harder to understand the model. The UpPPAAL
model checker supports both shared variables and synchronization of actions,
and this feature is extremely helpful for building tractable models of complex
systems.

When combining shared variables and synchronization of actions, one has to
deal with the scenario, illustrated in Fig.[Il in which the transitions involved in
a synchronization assign different values to a shared variable.

c! c?

vi=1 V= V42

Fig. 1. Combining shared variables and synchronization of actions

One simple (but restrictive) approach, pursued by Lynch et al ﬂﬁ], is to
impose syntactic conditions which ensure that the scenario does not occur: for
each shared variable only one automaton gets write permission, and the other
automata may read the variable but not assign a new value to it. A slightly
more general approach is taken by Jensen et al B], where the variables of each
automaton are classified as readable and/or writable. Two automata may share
writable variables, but in this case a synchronizing transition may only occur if
both automata assign the same values to these variables. In practice, this means
that multi-writer variables can only be updated via internal (non-synchronizing)
transitions. As we describe in HEL the approach of ﬂg] is flawed since parallel
composition is not associative; as a result a connection with the standard Up-
PAAL semantics cannot be established. In the framework of Sociable Interfaces
of De Alfaro et al HE], the output transition selects the next value of the global
variables, and the input transition is used only to determine the next value of the
local variables. The transition relation associated with the output action must
respect the constraints specified by the transition relation associated with the in-
put action. In the example of Fig.[Il this is only the case when v = —1 before the
synchronization. As we point out in [21], also the parallel composition of [18] is
not associative (disproving Theorem 4) in the sense that there exist modules My,
My and M3 such that My ® (Ma ® Ms) is defined but (M7 ® Ms) ® Ms is not. A
general, process algebraic approach is presented by Groote & Ponse ﬂﬁ] In this
elegant approach one can basically define the desired effect of a synchronization
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for any pair of actions ¢! and ¢?. However, due to the linking of action names to
effects on the global state space, the behavioral equivalence proposed in ﬂﬂ] is
extremely fine and not suited as a compositional abstraction device: two config-
urations can only be related if they assign identical values to all variables. An
approach suitable for hybrid systems is presented in HE] Here synchronization
can take place between multiple automata. Automata that synchronize need to
agree on their shared external variables both before and after the transitions.
Therefore passing information during synchronization is not possible in the same
way as in our setting.

In this article, we present a very general approach that is consistent with the
actual treatment of synchronization in UPPAAL, and that supports compositional
abstraction. Unlike ,, , , ]7 UPPAAL deals with the situation of Fig.[I]
by first performing the assignment on the output transition c!, followed by the
assignment on the input transition ¢?. This means that after occurrence of the
synchronization transition v will have the value 3. Following UPPAAL, we describe
synchronization of automata by a rule of the form

c noct oy
r—r slr'] — s

(1)

rlls = r'[s]]s

Here s[r’] denotes state s but with the shared variables updated according to .
In UPPAAL, a synchronization may only occur if the guards of both transitions
hold, and only if this is the case the assignments are carried out. This means that
if we add a guard v # 1 to the rightmost transition in Fig.[[l synchronization
will be possible starting from any state satisfying this predicate. In a semantics
with rule (), however, synchronization will no longer be possible since after the
assignment on the output transitions has been performed, the guard of the input
transition no longer holds. In order to rule out this scenario (which we have never
observed in practical applications), our approach imposes the restriction that
guards of input transitions do not refer to external (shared) variables. Guards
of input transitions may depend on the internal variables, so in general our
automata are certainly not input enabled.

The second modeling concept, which is not handled by any existing framework
but needed for industrial applications, is the notion of a committed location. In
UPPAAL, locations of a timed automaton can be designated as committed. If one
automaton in a network of automata is in a committed location, time may not
progress and the next transition (if any) has to start from a committed location.
Committedness is useful to specify that certain transitions need to be executed
atomically without intervening transitions from other components. Also, exclud-
ing certain behavior with committed locations may lead to serious reductions in
the state space of a model @] In this article, we present a compositional se-
mantics for committedness. This is achieved by distinguishing, at the semantic
level, between committed and uncommitted transitions. Our rules for describing
committed locations involve negative antecedents and are similar to the rules
that have been proposed in the process algebra literature to describe priori-
ties [@, @, @] a component may only perform an internal transition, denoted
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by a 7, if other components may not perform a committed transition. Although
there are some subtle differences at the technical level, basically our results show
that one may view committedness as a form of priority.

We define the semantics of timed automata in terms of timed transition sys-
tems (TTSs). These are labeled transition systems (LTSs) equipped with a bit
of additional structure to capture relevant information about state variables,
committedness of transitions, and real-time behavior. On TTSs we define the
operations of parallel composition and a CCS style restriction operator. An im-
portant sanity check for our definitions is that, for any network of timed au-
tomata, the (noncompositional) UPPAAL semantics (as defined in the UPPAAL
4.0 help menu) is isomorphic to the (compositional) semantics obtained by as-
sociating TTSs to the timed automata in the network, composing these TTSs
in parallel, applying a restriction operator, and then considering the underlying
LTS. That is, if N'= (A4, ..., A,) is a network of timed automata then

LTS(NV) = LTS((TTS(A1)|| -+ ITTS(AR))\C),

where \C facilitates hiding of internal synchronization. A key lemma needed to
prove this result is associativity of parallel composition.

We define an abstraction relation on TTSs in terms of timed step simulations.
These induce a behavioral preorder < that is somewhere in between strong and
weak simulation. If 77 < 75, then 75 can either mimic the transitions of 77 or (in
case of an internal transition) do nothing, but it may not add internal transitions
that are not present in 7;. We establish that 77 < 75 implies 71|73 < 72| Z3.
We briefly summarize the use of our compositional framework in the verification
of the Zeroconf protocol for an arbitrary number of hosts @] Without our
techniques, UPPAAL can only verify instances with three hosts.

Sectionlintroduces timed transition systems. In Sect.[3l we define timed step
simulations and establish that the induced preorder is compositional. SectionH]
presents networks of timed automata and defines their semantics both noncom-
positionally (as in UPPAAL) and compositionally in terms of TTSs. Also, the con-
sistency of the two semantics is established and we briefly discuss the application
of our framework. Finally, Sect.[] discusses some extensions and future research.
For lack of space, some technical details and all proofs can be found in Hﬁ}

2 Timed Transition Systems

In this section, we introduce the semantic model of timed transitions systems
(TTSs). Basically, a TTS is a labeled transition system equipped with a bit
of additional structure to support shared variables and committed transitions:
states are defined as valuations of variables, and transitions may be committed,
which gives them priority in a parallel composition. TTSs can be placed in
parallel and may communicate by means of shared variables and synchronization
of actions. Like in CCS HE], two transitions may synchronize when their actions
are complementary, leading to an internal transition in the composition.



Compositional Abstraction in Real-Time Model Checking 237

Just to fix notation, we first recall the definition of a labeled transition sys-
tem. Since we consider systems that communicate via shared variables, we find
it convenient to model states as functions that map state variables to values in
their domain. We also introduce a basic vocabulary for overriding and updating
of functions that we need to describe shared variable communication. After these
preliminaries, we present the definition of a timed transition system, the opera-
tions of parallel composition and restriction, and establish some key properties
of these operations, in particular associativity of parallel composition. All the
proofs of this section have been deferred to Hﬁ] Throughout this article, we write
R>¢ for the set of nonnegative real numbers, N for the set of natural numbers,
and B = {1,0} for the set of Booleans. We let d range over R, 4, j, k,n over
N, and b,0, ... over B.

We consider labeled transition systems with several types of state transitions,
corresponding to different sets of actions. We assume a set C of channels and
let ¢ range over C. The set of external actions is defined as € = {c!,c? | ¢ € C}.
Actions of the form ¢! are called output actions and actions of the form c¢? are
called input actions. We let e range over £. We assume the existence of a special
internal action T, and write &, for £ U {7}, the set of discrete actions. We let
« range over &;. Finally, we assume a set of durations or time-passage actions,
which in this article are just the nonnegative real numbers in R>q. We write Act
for £ UR>q, the set of actions, and let a,d’, ... range over Act.

The following definition is standard, except maybe for our specific choice of a
universe of transition labels.

Definition 1 (LTS). A labeled transition system (LTS) is a tuple L =
(S,8°, —), where S is a set of states, s° € S is the initial state, and —C
S x Act x S is the transition relation. We let q,r, s,t ... range over states, and
write s 5 t if (s,a,t) €—. We refer to s as the source of the transition, and
to t as the target. We say that an a-transition is enabled in s, notation s —,
whenever s = t, for some t. A state s is reachable iff there exist states sy, . .. Sy
such that sy = s°, s, = s and, for all i < n there exists an a s.t. s; N Sit1-

We write dom(f) to denote the domain of a function f. If also X is a set,
then we write f [ X for the restriction of f to X, that is, the function g with
dom(g) = dom(f)N X such that g(z) = f(z) for each z € dom(g). For functions
f and g, we let f > g denote the left-merge, the combined function where f
overrides g for all elements in the intersection of their domains[] Formally, we
define f > g to be the function with dom(f > g) = dom(f) U dom(g) satisfying,
for all z € dom(f > g), (f > g)(z) = if 2 € dom(f) then f(2) else g(z). We
define the dual right-merge operator by f <tg = g > f. Two functions f and g
are compatible, notation fQg, if they agree on the intersection of their domains,
that is, f(z) = g(z) for all z € dom(f)Ndom(g). For compatible functions f and

! Essentially, this is the overriding operator “®” from Z. On finite domains, the oper-
ator is also defined in VDM, where it is written 7. We prefer not to use a symmetric
symbol for an asymmetric (non commutative) operator.
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g, we define their merge by f|lg £ f > g. Whenever we write f||g, we implicitly
assume fQg. We write f[g] for the update of function f according to g, that is,
flg) 2 (F < g) [ dom(f).

We assume a universal set V of typed variables, with a subset X C V of clock
variables or clocks. Clocks have domain R>q. We let y range over V and x over
X. A valuation for a set V' C V is a function that maps each variable in V' to an
element in its domain. We let u, v, w, . . . range over valuations, and write Val(V)
for the set of valuations for V. For valuation v € Val(V') and duration d € R>o,
we define v & d to be the valuation for V' that increments clocks by d, and leaves
the other variables untouched, that is, for all y € V,

(v@d)(y) £ if y € X then v(y) + d else v(y) fi

A subset P C Val(V) of valuations is called a property over V. Let W 2O V and
v € Val(W). We say that P holds in v, notation v = P, if v[V € P. A property
P over V is left-closed w.r.t. time-passage if, for all v € Val(V') and d € R,
v@dE P = vk P. We say that property P over V does not depend on a set
of variables W C V' if, for all v € Val(V) and u € Val(W), v = P < v[u] = P.
We write {y1+—21, ..., ynr>2y} for the valuation that assigns value z; to variable
yi, fori=1,...,n.

The state variables of a T'T'S are partitioned into external and internal vari-
ables. Internal variables may only be updated by the TTS itself and not by its
environment. This in contrast to external variables, which may be updated by
both the TTS and its environment. A new element in our definition of a TTS is
that transitions are classified as either committed or uncommitted. Committed
transitions have priority over time-passage transitions and over internal transi-
tions that are not committed. Interestingly, whereas in UPPAAL committedness
is an attribute of locations, it must be treated as an attribute of transitions in
order to obtain a compositional semantics. This issue is further discussed in ﬂﬁ]

We are now ready to formally define our notion of a timed transition system.

Definition 2 (TTS). A timed transition system (TTS) is a tuple
T= <E7H7 Sv SO’ —>1a —>O>7

where B, H CV are disjoint sets of external and internal variables, respectively,
V=EUH,SC Val(V), and (S, s°,—' U —°) is an LTS.

We write r <2 s if (r,a,s) €—". The boolean value b determines whether or
not a transition is committed. We often omit b when it equals 0. A state s of
a TTS is called committed, notation Comm(s), iff it has an enabled outgoing

committed transition, that is, s 21, for some a. We write LTS(T) to denote the
underlying LTS of T. We require the following axioms to hold, for all s,t € S,
a,a’ € Act, b€ B, d € R>¢ and u € Val(E),

PN PLELNEN ad e&V(d=1ADb) (AxiomT)
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slu] € S (Axiom IT)

c?,b

c?,b
s ——> = su] ——

(Axiom IIT)
sht = t=sad (AxiomIV)

[Axiom ]l states that in a committed state neither time-passage steps nor un-
committed 7’s may occur. The axiom implies that committed transitions always
have a label in &;. Note that a committed state may have outgoing uncommitted
transitions with a label in £. The reason is that, for instance, an uncommitted
cl-transition may synchronize with a committed c?-transition from some other
component, and thereby turn into a committed 7-transition.

In general, the states of a T'TS constitute a proper subset of the set of all
valuations of the state variables. This feature is used to model the concept of
location invariants in timed automata: if a timed automaton has, for instance, a
location invariant x < 1 then this automaton may never reach a state in which
x > 1; semantically speaking states in which < 1 does not hold simply do
not exist. In a setting with shared variable communication, complications may
arise if one component wants to update a shared variable in a way that violates
the location invariant of another component. In UPPAAL, a state transition is
only possible if the location invariant holds in the target state. Our position is
that models in which state transitions may violate location invariants are bad
models. Therefore, and also because it simplifies the technicalities, we postulate
in [Axiom ] that if the external variables of a state are changed, the result is
again a state.

[Axiom T states that enabledness of input transitions is not affected by chang-
ing the external variables. This is a key property that we need in order to obtain
compositionality, we will discuss this axiom in more detail below. Axiom V] fi-
nally, asserts that if time advances with an amount d, all clocks also advance
with an amount d, and the other variables remain unchanged.

We now introduce the operations of parallel composition and restriction on
TTSs. In our setting parallel composition is a partial operation that is only de-
fined when TTSs are compatible: the initial states must be compatible functions
and the internal variables of one T'TS may not intersect with the variables of the
other. We can avoid the restriction on the internal variables via a straightforward
renaming procedure, but this would complicate the definitions.

From now on, if we have multiple indexed systems (TTSs, or later timed
automata), then we use the indices also to denote the components of individual
systems. For example, we let E; denote the set of external variables of 7;.

Definition 3 (Parallel composition). Two TTSs Ty and T3 are compatible if
HiNVa = HyNVy =0 and s§0sY. In this case, their parallel composition 7; || 72
is the tuple T = (E, H, S, s, —' —% where E = By U Ey, H = H; U Ho,
S={r|ls|reSiAseSanrQUs}, s =3sYs, and —' and —° are the least
relations that satisfy the rules in Fig.[4. Here i,j range over {1,2}, r,v’ range
over S;, s,s" range over S;, b,b' range over B, e ranges over € and ¢ over C.
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c!\b , noc?,b’ f . .
r——;r slr'] ——; s i
L EXT Comm(r) V Comm(s) = bV SYNC
e,b / 7,bVb/
rlls — 1> s s 2255 q
7b ’ d / d / . .
r—=;r Comm(s) = b rSr 58 i#j
i, TAU ) TIME
rlls —r'>s r|ls — r'||s’

Fig. 2. Rules for parallel composition of TTSs

The external and internal variables of the composition are simply obtained
by taking the union of the external and internal variables of the components,
respectively. The states (and start state) of a composed TTS are obtained by
merging the states (resp. start state) of the components (viewed as functions).
The interesting part of the definition consists of the transition rules. Rule EXT
states that an external transition of a component induces a corresponding tran-
sition of the composition. The component that takes the transition may override
some of the shared variables. Observe that, since 7' > s = r'||s[r’], and since s[r’|
is a state of 73_; by [Axiom I1l it follows that 7’ > s is a state of 7. Similarly, rule
TAU states that an internal transition of a component induces a corresponding
transition of the composition, except that an uncommitted transition may only
occur if the other component is in an uncommitted state. Rule SYNC describes
the synchronization of components. If 7; has an output transition from r to 7/,
and if 7; has a corresponding input transition from s, updated by 7/, to s, the
composition has a 7 transition to r’ < s’. The synchronization is committed iff
one of the participating transitions is committed. However, an uncommitted syn-
chronization may only occur if both components are in an uncommitted state.
By [AxiomT]l for 7; it follows that in rule SYNC s[r'] is a state of 7}, and by
<8 =1'[¢]||s' and [AxiomTll for 7; it follows that in rule SYNC +/ < & is
a state of 7. Rule TIME, finally, states that a time step d of the composition
may occur when both components perform a time step d. Observe that rQs and
[Axiom TVl for both 77 and 75 imply 7’ ©s’. One may check that composition is a
well-defined operation on TTSs.

Commutativity and associativity are highly desirable properties for parallel
composition operators. However, associativity becomes very tricky in a setting
with both shared variables and synchronization of actions. In @, ], we have
shown that the composition operators defined in two published papers B, ] is
not associative. We claim that the parallel composition operator defined in this
article is both commutative and associative. Commutativity is immediate from
the symmetry in the definitions. The proof of associativity is more involved and
presented in ﬂﬂ] A key step needed in order to make this proof tractable is to
first derive a series of basic laws for i, ||, .[.] and ©.

Theorem 1. Composition of compatible TTSs is commutative and associative.

The next definition introduces a standard restriction operator, very similar to
the one in CCS [@] The restriction operator internalizes a set of channels so
that no further TTSs may synchronize on it.
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Definition 4 (Restriction). Given a TTS T and a set C C C of channels, we
define T\C' to be the TTS that is identical to T, except that all transitions with
a label in {c!,c? | c € C'} have been removed from the transition relations.

We write X(7) for the set of channels that occur in transitions of 7. Using
this notation, we can formulate restriction laws, as in CCS [15][p80], such as
(T|T'\C=T|(T"\C) It X(T)nC =0

3 Compositional Abstraction

In our approach, timed step simulations capture what it means that one TTS is
an abstraction of another. In this section, we formally define timed step simula-
tions and establish compositionality of the induced preorder.

A timed step simulation relates the states of two TTSs that have the same
external interface, that is, the same sets of external variables. Initial states must
always be related. Also, related states must agree on their external variables, and
the relation must be preserved by consistently changing the external variables. If
the detailled system does a step, then either this can be simulated by an identical
step in the abstract system that preserves the relation, or the detailled step is
an internal computation step that preserves the simulation relation. Finally,
abstract level committed states may only be related to detailled level committed
states.

Definition 5 (Timed step simulation). Two TTSs T; and T3 are compara-
ble if they have the same external variables, that is E1 = E5. Given comparable
TTSs Ty and T3, we say that a relation R C Sy X Sy is a timed step simulation
from Ty to Tz, provided that s§ R s9 and if sRr then

S|—E1 = 7"|_E2,

Vu € Val(Ey) : slu] R r[u],

if Comm(r) then Comm(s),

if s 2P, s then either there ewists an 1 such that %% ' and s'Rr’, or
a=7 and s'Rr.

RS

We write Ty < 1o when there exists a timed step simulation from Ty to 7.

It is straightforward to prove that < is a preorder on the class of TTS, that is, <
is reflexive and transitive. Our first main theoremstates that < is a precongruence
for parallel composition. This means that timed step simulations can be used as
a compositional abstraction device.

Theorem 2. Let T1,75,75 be TTSs with 71 and T comparable, Ty < T3, and
both Ty and To compatible with T3. Then T || T3 < T2||7Z3.

The timed step simulation preorder < is in general not a precongruence for
restriction. The problem is that the restriction operator removes transitions: this
may affect enabledness of committed transitions and invalidate the property that
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high-level committed states may only be related to low-level committed states. In
the theorem below, we explicitly add the condition needed for compositionality:
if a state is committed in 77 it should still be committed in 7;\C.

Theorem 3. Let 7; and Ty be comparable TTSs such that Ty < 15. Let C' C C.

If, for all states s of Ty, Comm(s) = 3Jac& —{c,c?|ceC}:s 2L, then
T\C < T\C.

In practice, the side condition of Theorem[3] is unproblematic, for instance be-
cause in committed locations of components in a network only output transitions
are enabled, and the corresponding input transitions are always enabled in other
components. In such a network, a committed state always enables a committed
T-transition, which implies the side condition.

4 Networks of Timed Automata

In this section, we introduce networks of timed automata (NTA), a mathemat-
ical model for describing real-time systems inspired by the UPPAAL modeling
language. We present two different definitions of the semantics of NTAs and
establish their equivalence. The first definition is not compositional and closely
follows the UPPAAL semantics (as defined in the UPPAAL 4.0 help menu). The
second definition constructs an LTS compositionally by first associating a TTS
to each TA in the network, composing these, applying a restriction operator,
and then considering the underlying LTS.

An NTA consists of a number of timed automata that may communicate via
synchronization of transition labels and via a global set of multi-reader/multi-
writer variables. Our model supports committed locations and a restricted form
of urgency by allowing internal transitions to be urgentE Our definition of timed
automata abstracts from syntactic details and the various restrictions from Up-
PAAL that are needed to make model checking decidable. These aspects that are
not relevant for our compositionality result. However, in order to obtain com-
positionality, we need to impose some axioms on timed automata that are not
required by UPPAAL. Also, several UPPAAL features have not been incorporated
within our NTA model, in particular broadcast channels, urgent synchronization
channels, and priorities. We expect that these features can be incorporated in
our approach (at the price of complicating the definitions) but it remains future
work to work out the details.

Definition 6 (TA). A timed automaton (TA) is defined to be a tuple A =
(L,K,I°, E,H,v°, I, —, —%), where L is a set of locations, K C L is a set of

2 Urgent internal transitions can be encoded in UPPAAL by declaring a special urgent
broadcast channel urg, labeling urgent internal transitions by urg!, and ensuring
that no transitions carry the label urg?. Urgent internal transitions are very conve-
nient for modeling systems since they allow one to specify that a component reacts
instantaneously to some change of the external variables.
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committed locations, 1° € L is the initial location, E,H C V are disjoint sets
of external and hidden variables, respectively, V. = EU H, v° € Val(V) is the
initial valuation, I : L — 2VV) assigns a left-closed invariant property to each
location such that v° = I(19),

—C Lx2VV) e x (Val(V) — Val(V)) x L

18 the transition relation, and —"“C— is the urgent transition relation. We
let 1,... range over locations, write | 222517 if (I, g, v, p,I') €—, refer to | as
the source of the transition, to 1 as the target, to g as the guard, and to p as the

update (or reset) function. We require:

I(l) does not depend on E (Axiom V)

LGN (N g does not depend on E (Axiom VI)

Vie KVYoel(l) 312250 v gApw) = I (Axiom VII)
| 222 = o =7 A g does not depend on X (Axiom VIII)

Recall that a property P is left-closed if, for all v € Val(V) and d € R,
v@dE P = vE P In UrpPAAL, left-closedness of location invariants is en-
sured syntactically by disallowing lower bounds on clocks in invariants. [Axiom VI
asserts that location invariants do not depend on external variables. This restric-
tion is not imposed by UPPAAL, but run-time errors may occur in UPPAAL when
one automaton modifies external variables in a way that violates the location
invariant of another automaton. Although it may be possible to come up with a
compositional semantics for a setting without [Axiom V] it is clear that the axiom
eliminates a number of technical complications. We are not aware of UPPAAL
applications in which the axiom is violated. [Axiom VIl asserts that the guards
of input transitions do not depend on external variables. This is a key axiom
that we need for our approach to work: it ensures that the update function of an
output transition does not affect the enablesness of matching input transitions.
[Axiom VIl states that in a committed location always at least one transition is
possible. We need this axiom to ensure that a state in the TTS semantics of a
timed automaton is committed iff the corresponding location is committed. The
axiom is a prerequisite for what is called time reactivity in ﬂﬁ] and timelock
freedom in m, that is, whenever time progress stops there exists at least one
enabled transition. UPPAAL does not impose this axiom, but we would like to
argue that any model that does not satisfy it is a bad model. [Axiom VIIT finally,
states that only internal transitions can be urgent and that the guards of urgent
transitions may not depend on clocks. The constraint that urgent transitions
may not depend on clocks is syntactically enforced in UPPAAL by requiring that
clock variables may not occur in the guards of urgent transitions.

A network of timed automata can now be defined as a finite collection of
compatible timed automata:

Definition 7 (NTA). Two timed automata Ay and Ay are compatible if Hy N
Vo= HyNVy =0 and v?0v). A network of timed automata (NTA) consists of
a finite collection N = (Ay,..., An) of pairwise compatible timed automata.
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The operational semantics of NTAs can be defined in terms of labeled transition
systems.

Definition 8 (LTS semantics of NTA). Let N = (A;,..., A,) be an NTA.
Let V = J;(V; U {loc;}), with for each i, loc; a fresh variable with type L;. The
semantics of N, notation LTS(N'), is the LTS (S, s°, —), where

S={ve Va(V)|Vi:vE Liv(loc))},

s =09 - 02 {locy—1Y, . . . loc,—I0 1,

and — is defined by the rules in Fig.[d. We use the convention that if an
update function p : Val(W) — Val(W) is applied to a valuation v € Val(W')
with W C W', it only affects the variables in W, that is p(v) £ v[p(v[W)].

Definition[8l describes the semantics of an NTA in terms of an LTS. The states of
this LTS are valuations of a set V' of variables. This set V' contains the variables
of all TAs and also, for each TA A;, a special variable loc; to store the current
location of A;. The set of states S only contains valuations in which the location
invariants for all TAs hold. The initial state s° is the state where all automata
are in their initial location and all variables have their initial value.

The transition relation — contains two kinds of transitions: delay transitions

and action transitions. We have a delay transition s 94, s iff s contains no
committed locations, no urgent transition is enabled in s, and s’ is obtained from
s by incrementing all clocks with d and leaving the other variables unchanged,
that is s’ = s@®d. Note that, since s’ is a state, s’ satisfies the location invariants.
In fact, since we require that location invariants are left-closed, we have that,

l 9,7;pP i l/

s = p(s)[{loci—1'}]

slloc) =1k + s(locy) & Ki) V1 € K
sy
B TAU
s — s
S, 9 () [local locy—1) ]
s(loc;) =1l s(loc;) =1; (Vk:s(lock) & Kip) Vi€ KiVl; € K;
i ; iF ]
skEg sEg; ) SYNC
s — s
, . 9TP N N
ss=s®d VYk:s(lock) & Kp P15 1) s(loc;)=1AskEg TIME

d /
s —s

Fig. 3. UPPAAL style LTS semantics of an NTA
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for all d’ € [0,d], s @ d’ satisfies the location invariants. Also, since the guards
of urgent transitions may not depend on clocks, we have that, for all d’ € [0, d],
s @ d' does not enable any urgent transition.

For action transitions there are two cases: internal transitions and binary syn-
chronizations. We have an internal transition s — s if there is an automaton
A; that enables an internal transition I 7% [ s(loc;) = [ and s = g. We
require that either [ is committed or no location in s is committed. Further-
more, s’ is obtained from s by assigning to loc; the value I’, and applying the
update function p. We have a synchronization transition s — s’ if there are

i,cl,pi
distinct components A; and A; that enable an output transition /; EALESIAN I

95,¢7,p;

and input transition [; l;, respectively. We require that either I; or [; is
committed, or no location in s is committed. State s’ is obtained from s by first
applying update p; and then update p;. In addition the location variables are
updated.

The key step towards a compositional semantics of NTAs is the definition
below, which associates a T'T'S to an individual TA. Essentially this is a simplified
version of Definition[§ in which a transition is made committed iff it originates
from a committed location.

Definition 9 (TTS semantics of TA). Let A= (L, K,I°, E, H,v°, I, —) be
a TA. The TTS associated to A, notation TTS(A), is the tuple

<E7H U {|OC}7 S? 807 _)17 _)O>7

where loc is a fresh variable with type L, W = EUH U{loc}, S = {v € Val(W) |
v = I(v(loc))}, s° = v0||{loc—I°}, and the transitions are defined by the rules
in Fig.[7

We can check that the structure that we have just defined is indeed a TTS.
We now come to our second main theorem, which states that a compositional
semantics of NTAs defined in terms of TTSs coincides (modulo isomorphism)
with the noncompositional UPPAAL style semantics of Definition[8l

Theorem 4. Let N = (Ay,...,A,) be an NTA. Then
LTS(NV) = LTS((TTS(A1)| - [ TTS(A,))\C).

12250 s(loc) =1 sk=g s =p(s)[{loc—l}] b (1€ K)

ACT
a,b ,
5> s
’_ S R TA o
ss=s®d s(loc) g K f(()l—> I"Y:s(loc)=IAskEg TIME
s — s’

Fig. 4. TTS semantics of a TA
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In the remainder of this section, we briefly discuss how the previous results
may help to alleviate the state space explosion problem. Simulation preorders
preserve a rich class of properties (for instance, for Kripke structures all VCTL*
properties, see @]), but for simplicity we limit ourselves here to verification of
invariants.

Definition 10 (Invariants). Let £ = (S,s, —) be an LTS with S C Val(V'),
for some set of variables V. Let P be a property over a subset of the variables of
V. We say that P is an invariant of L, notation L |=VOP, iff, for all reachable
states s of L, s |E= P.

By extension, we say that P is an invariant of an NTA N, notation N' =
YOP, iff it is an invariant of LTS(N), and that P is an invariant of a TTS 7T,
notation T = VOP, iff it is an invariant of LTS(T).

Timed step simulations preserve invariant properties in one direction: if an in-
variant property holds for the abstract system, we may conclude it also holds
for the concrete system.

Theorem 5. Let 7; and 15 be comparable TTSs such that Ty < T5. Let P be a
property over the external variables of Ty and Tz. If T = VOP, then T; = VOP.

Since our compositional semantics is consistent with the UPPAAL semantics, we
can apply our abstraction results to networks of UPPAAL automata as follows.
With abuse of notation write A || -- - |[A; < Bi|| - - [|B; if LTS(A1)]| - - - |ILTS(A;)
< LTS(B1)]| - - - |ILTS(B;). Assume that A| - - - ||A; < Bi| ---||Bj, and the timed
automata on the right-hand-side are simpler than those on the left-hand-side.
Then, by the definitions and straightforward application of Theorems[Z] Bl (as-
suming the side condition holds), 4 and [Bl

<Bl,...,Bj,Ai+1,...,.An>'ZVDP = <.A1,,.An>'ZV|:|P

Thus, instead of model checking (A;,...,A,) it suffices to model check the
simpler system obtained by substituting By, ..., B; for A, ..., A;. Variations of
this result can be obtained by using the restriction laws of CCS.

We have successfully used this approach in order to analyze Zeroconf, a pro-
tocol for dynamic configuration of IPv4 link-local addresses defined by the IETF
ﬂﬂ7 @] Below we briefly summarize the different types of abstractions that we
applied, and which all can be formally justified using timed step simulations:
(1) Weakening guards and location invariants of component timed automata.
Use of this type of “overapproximations” can be automatically checked using a
general purpose theorem prover. (2) After weakening guards and location invari-
ants, state variables that are not mentioned in the global invariant and that are
no longer tested in guards, can be omitted. Again such transformations can be
automatically checked using a general purpose theorem prover. (3) In order to
verify instances of the protocol with an arbitrary number of hosts, we applied the
“Spotlight” principle of ﬂ&_1|] and abstracted all hosts except two into a “chaos”
automaton, a very coarse abstraction with a single state that enables every ac-
tion at any time. It should be routine to check this transformation formally using
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a proof assistant. (4) At some point, we abstracted one automaton by a compo-
sition of two automata. Unlike the other abstractions, proving correctness of this
abstraction by hand turned out to be nontrivial. With help of Thomas Chatain,
we succeeded to prove existence of a timed step simulation fully automatically
using UPPAAL-TIGA [@], a branch of UPPAAL that is able to solve timed games
on NTAs. It turns out that a timed step simulation corresponds to a winning
strategy for a certain timed game. By using the abstractions, UPPAAL was able
to verify the Zeroconf for an arbitrary number of hosts. Without our techniques,
UPPAAL can only handle instances with three hosts.

5 Future Work

Our framework deals with an important part of the UPPAAL modeling language,
and is for instance suitable for dealing with the Zeroconf protocol. Nevertheless,
several features have not been dealt with, notably:

- Urgent channels. Our approach supports urgent internal transitions but not
general urgent channels as in UPPAAL. Shared variables in combination with
urgent internal transitions are very expressive, though, and we have never felt
the need to use urgent synchronization channels in any of the numerous UPPAAL
applications that we have been involved in. We expect that urgent channels can
be easily incorporated using the concept of timed ready simulations from ﬂ]

- Broadcast communication. General broadcast communication, as supported
by UPPAAL, does not have a neat semantics: the order in which automata are
declared influences the semantics of a network. It should be possible though
to identify a well-behaved subset (for instance, by requiring that the variables
modified by different input actions be disjoint). Once this has been done, we
expect that the results of this paper can easily be generalized.

- Priorities. UPPAAL supports channel priorities. As we have shown, committed
locations induce a priority mechanism, and we expect that channel priorities can
be described in an analogous manner.

Conceptually there are no major difficulties involved in generalizing our results
to a setting which includes these features, but the proofs will become tedious and
long. Since UPPAAL is extended all the time, we envisage that proof assistants
such as Isabelle and PVS will become indispensable for establishing correctness
of verification methods.

Although from a theoretical viewpoint implementing our framework may be
less interesting, from a practical viewpoint it is all the more. We envisage a
version of UPPAAL that maintains networks of timed automata at different levels
of abstraction, and which can automatically prove correctness of abstractions
using UPPAAL-TIGA and theorem proving technology.

Since we phrased our compositionality results very abstractly in terms of
timed transition systems, which may (or may not) have time-passage transitions
and may (or may not) have committed transitions, our results can be reused
directly in the design of other practical modeling languages with both shared
variables and synchronization of actions.
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Abstract. Conformance testing for labeled transition systems starts
with defining when an implementation conforms to its specification. One
of the formal theories for model-based testing uses the implementation
relation ioco for this purpose. A peculiar aspect of ioco is to consider
the absence of outputs as an observable action, named quiescence. Re-
cently a number of real-time extensions of ioco have been proposed in
the literature. Quiescence and the observation of arbitrary delays are
issues when defining such extensions. We present two new timed imple-
mentation relations and show their relation with existing ones. Based on
these new definitions and using several examples, we show the subtle dif-
ferences, and the consequences that small modifications in the definitions
can have on the resulting relations. Moreover, we present conditions un-
der which some of these implementation relations coincide. The notion
of M-quiescence, i.e., if outputs occur in a system they occur before a
delay M, turns out to be important in these conditions.

1 Introduction

One of the emerging and promising techniques for automating the testing process
is model-based testing. A model specifying the desired behavior of the implemen-
tation under test (IUT) is used for test generation and test result analysis. One
theory for model-based testing uses labeled transition systems as models, and
an implementation relation called ioco which formally defines when an IUT is
correct with respect to its specification model Iﬂ, ] The implementation re-
lation ioco expresses that an IUT conforms to its specification if the IUT never
produces an output that cannot be produced by the specification. In addition,
the notion of quiescence is used to express silence, i.e., the absence of outputs.
An TUT may only be quiescent if the specification can be quiescent. Testing
according to ioco involves testing the ordering of events and timing properties
are not considered. The correct behavior of many systems — e.g. embedded sys-
tems and communication protocols — depends on real-time properties, for which
a real-time implementation relation is required.

* Funded by EU projects FP6 MCRTN TAROT and FP7 STREP QUASIMODO.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 250{264,|2008.
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Fig. 1. Global Overview

Real-time extensions of ioco have already been defined ﬂﬂ, , @, , EL ]
These extensions differ in particular in their treatment of quiescence and their
assumptions regarding the observation of arbitrary delays. In this paper, we
study various timed ioco relations and relate them to each other. These relations
subtly differ in their definitions and we show under which conditions they are
equivalent. In the comparison, we introduce two new relations. The relation
tioco considers that all delays are observable. The relation tiocos considers
that only delays up to some bound are observable.

The relations considered in this paper are shown in Fig. [[l Two equivalent
relations are connected by a line. Annotations on this line are conditions under
which the equivalence holds. On the right hand side of the picture, we find the
relations where any delay is an observable action. We define tioco in Section [Bl
Section [ shows that relativized conformance rtioco defined by Larsen, Mikucio-
nis, Nielsen, and Skou ] is equivalent to tioco. This also holds for the relation
defined by Krichen and Tripakis [El] which we refer to as tiocogye.

On the other side of the dotted line, relations assume that delays are only
observable to some bound M. Then, the notion of M-quiescence introduced by
Brandan-Briones and Brinksma [E, @] is important. A system is M-quiescent if
outputs occur within a maximum delay M after the previous action. SectionBlin-
troduces quiescence, M-quiescence, unbounded delays, and their relations. Those
concepts serve as a basis when considering partially observable delays. Section
defines tioco, which restricts to unbounded delays instead of arbitrary delays.
It is shown that this is sufficient if implementations are image finite. Section [7]
shows that tioco., and thus tioco, coincide with tioco,s defined by Brandan-
Briones and Brinksma [E, @] if implementations and specifications are assumed
to be M-quiescent. An alternative definition of quiescence, which is closer to the
untimed definition of quiescence, leads to the relation tiocor,. If in addition to
M-quiescence of outputs for implementations and specifications, internal 7-steps
are assumed to be M-quiescent, i.e., T-steps always occur within delay M, then
this relation coincides with the other ones.

The last section, Section B presents our conclusions and some further work.
Section [ recapitulates the model of Timed Input/Output Transition Systems,
on which our work, analogous to the other above mentioned papers, is based.
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2 Timed Input/Output Transition Systems

Timed Input Output Transition Systems (TIOTS) are labeled transition systems
extended with time. Labels are either an observable action (input or output),
a time passage action, or the internal (unobservable) action 7. Time passage
actions range over time domain D (here the nonnegative reals R> )

Definition 1. A TIOTS A is a 6-tuple (Q, qo, L1, Ly, D, T) where Q is a non-
empty set of states, qo is the initial state, Ly is the set of input actions (noted
?a), Ly is the set of output actions (noted x), we have L N Ly =0, D is the
set of time passage actions, and T C Q x (L, UD) x Q is the transition relation
(where L= L7 ULy and L, = LU{T}) constrained by the following properties:

Time Additivity (TiAdd):

d d dy+d
Vai,q3 € QVdi,do €D 3qo 1 o g2 g3 =t T gy
Null Delay (NuDe): Vq1,q2 € Q : (0 9 B=q =q
Time Determinism (TiDet)

d d
Vq1,q2,93 € @ :q1 — g2 and ¢1 — g3 then ¢ = g3

Letting time pass moves a TIOTS to a new state. State ¢(d) denotes the state
reached from ¢ after d time units. Sometimes, state ¢ is written as ¢(0). The set
of all finite (resp. infinite) sequences over £ UR>( is noted (£; UR>g)* (resp.
(L UR>0)¥). The empty sequence is noted €. The sequence d- i is often written
(d, ). If there exists at least one reachable state from state ¢ by performing a

sequence [, we write ¢ - . Otherwise, we write ¢ ﬁlé . A path 7 is a finite or
infinite sequence of transitions. The set of all finite (resp. infinite) paths of a
TIOTS A is noted paths(A) (resp. paths”(A)). Let o € (L UR>0)*, 1 € Ly,
and di,ds> € R>g. We define the generalized transition relation as the minimal
relation satisfying the following rules:

(Te) ¢=>¢q (T1)¢=d ifqg=q — ¢
(Tp) == ¢ if =L g1 25 ¢/ (Td) =252 ¢ if =2 gy =25 ¢
A timed trace o is a sequence of actions and delays. There can be two suc-
cessive delays, e.g., 0 =?a - dy - da-lx. It would be more natural to normalize to
timed traces with no consecutive delays, for instance o =?a - (dy + dz)-z.

Definition 2. Normalized Timed Traces. Let A = (Q,qo, L1, Lu,R>0,T)
be a TIOTS. We have nttraces(A) = {0 € (R>o - L)* - (e + Rx¢)|qo == }.

It is possible to associate to each timed trace a normalized one. As shown in [B],
the set of normalized timed traces characterizes the set of all timed traces.

! In general, the time domain could be different than the non-negative reals. Formally,
a time domain is “a totally ordered, well-founded additive monoid with neutral ele-
ment 0 that is also the minimum of the ordering, and with d + d’ < d iff d' = 0”[J].
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We define the operator after; to compute the set of states reachable after
performing a timed trace o € (L UR>q)*.

q after, 0 2 {¢' | ¢==q'}; Q after; 0 = U (¢ after; o)
qeQ

To represent realistic systems and to reason in a precise manner, the following
restrictions on the TIOTS are made.
A TIOTS is strongly convergent if and only if there is no infinite 7-paths.

(StroConv) Vi € paths®(A) : g, pem:q S Ap#7 (1)

A TIOTS has no forced input, if, when waiting for inputs to make progress,
it has always the possibility to let time pass. Formally, a system has no forced
input if from every state and for any possible delay D there exists a trace with
no input and the sum of the delays equals D.

(noFI)Vq € Q,¥D € Rxg,30 € (LyU{T}UR>0)* : ¢ > A > pu=D (2)

neET,PER>(

Any TTIOTS is assumed to be strongly convergent and to have no forced input.
Note that the “no forced input” implies “time divergence”. The definition of the
latter generalizes Equation 2] by removing the restriction to traces with output
and internal states. It considers traces with inputs as well.

3 The tioco Relation

Any implementation is assumed to be an input enabled TIOTS, i.e., to accept
all inputs at all times.

Definition 3. Input Enabled TIOTS. A TIOTS A= (Q,qo, L1, Lu,R>0,T)
is input enabled if and only if Vq € Q,Ya € L1 : ¢== .

The set out; of a state g is a set of traces of length two: an output action p
and the delay d that is possible before this output action, or a delay d together
with '—’ to denote a delay that is not followed by an output action. Here, we
consider any delay to be an observable action. If there can be more than one
delay before an action, the set out; contains all the possibilities.

outy(q) 2 {(d,p) | p€ Ly AdeRsg Ag=ts } U{(d, ) | d € Rap Ag=5}

3)

This notation is overloaded to apply to a set of states.

out,(Q) £ | J out(q) (4)
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Fig. 2. Implementation examples

Example 1. Consider the examplesﬁ in Fig. For example (a), outi(qy) =
{(d,'z) | d € R>o}U{(d,—) | d € R>¢}. For example (b), out,(qo) = {(d,—) | d €
R>o}. For example (c), out;(qo) = {(d,!y) | dmod 2 =0} U{(d,—) | d € R>o}.
Note that {(d,—) | d € R>¢} is a consequence of time additivity. Similarly, for

example (d), out,(qo) = {(d,!y) | dmod 3 =0} U{(d,—) | d € R>o}.

For an implementation ¢ satisfying the test hypothesis and a specification s, i is
tioco correct w.r.t. s, if the output set of i after every normalized timed trace
of s is a subset of the output set of s after the same normalized timed trace.

i tioco s = Vo € nttraces(s), out:(: after; o) C out(s after; o)  (5)

Ezample 2. Let consider example (a) in Fig. [ a specification and example (b)
in the same figure an implementation. As they both accept all possible delays in
their initial state, they are conforming according to our implementation relation.

Consider example (c) in Fig. Pl a specification and example (d) in Fig. Pl an im-
plementation. Implementation (d) is not a valid implementation of specification
(¢), because it can output !y after 3 time units, and the specification only allows
outputs after even numbers.

4 Relating tioco with Similar Relations

The conformance relation rtioco has been developed by Larsen Mikucionis,
Nielsen, and Skou ﬂa, |ﬂ] at the University of Aalborg, Denmark. The main
feature of this relation is to consider the environment of the ITUT explicitly.
The conformance is then shown under such an environment. Test generation for
the relation rtioco is implemented in the tool UPPAAL-TRON [10] which uses
Timed Automata in UPPAAL’s syntax.

Definition 4. Given e, i, and t be input-enabled TIOTS, the rtioco relation is:
i rtioco,. s = Vo € nttraces(e) : out,,((i,e) after; o) C out,,((s,e) after; o)
where out,(q) 2 {1 € Ly URso | ¢ ==}

2 Examples are sometimes drawn using the Timed Automata m] notation. Invariants
and guards — noted [p] — restrict the amount of time that can be spent in a state or
that a transition is available. The clock is reset on all transitions.
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To compare our approach with rtioco we assume the most general environment.
In contrast to the rtioco relation, we do not assume input-enabled specifications.
Thus, we have to reduce the traces of the least restrictive environment — i.e., all
traces over the input and output actions — to traces that are accepted by the
specification. We compare our relation to the following:

i rtioco s = Vo € nttraces(s) : out,,(i after; o) C out,,(s after; o) (6)
The next proposition proves that tioco and rtioco are equivalent.
Proposition 1. i tioco s =i rtioco s

Proof. Both relations consider the same set of timed traces (specification). Thus,
we only need to prove the mutual inclusion of the sets of outputs.

1. (d,—) € outy(q) = d € out,,(q) by definitions of out,; and out,,.
2. (d,1) € outs(q) = d € outye(q) Nl € outy,(q after; d). From the left hand

side we obtain that ¢ % e —se. It equivalently follows that d € out,q,(q)
and [ € out,,(q after; d).

Our tioco relation is similar to the relation — named tiocogy,. in this paper —
developed by Krichen and Tripakis ﬂ] The tiocogy,. relation does not consider
the environment explicitly. The models considered in tiocog.. are less restrictive
than for rtioco. Krichen and Tripakis’ relation includes non-deterministic and
partially-observable timed automata. Their definition of the set of outputs is
slightly different. They define the set of all delays which can elapse in state ¢ as
the set of all the possible sums over traces without input or output action:

elapse(q) = {t >0 | Jo € {r}*: Z p=tAqg-} (7)

neo,pER>o

Then, they define the set of outputs of state ¢ as the union of elapse(q) with the
output actions outgoing from ¢ without internal steps.

outy.(q) ={p e Ly | ¢} Uelapse(q) (8)
The tiocog,. relation is then defined over the timed traces of the specification:
i tiocog.e s £ Vo € ttraces(s) : outy,.(i after; o) C out (s after; o) (9)

Recently, Krichen and Tripakis proved [@] that the tiocog,. can capture rtioco
by modeling the assumption on the environment separately and taking the com-
position with the specification [@].They prove the following proposition:

Proposition 2. Let s,i and e be three input-enabled TIOTS. We have
i rtioco. s = (i||e) tiocog. (s]|e)

where || denotes a parallel composition (see [9] for more details).
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Fig. 3. Quiescence: examples

From this proposition and Proposition [6, it easily follows that under the least
restrictive environment tioco,,. and tioco are equivalent.

Brandéan Briones and Brinksma proposed the tiocoj, relation as an extension
of the ioco relation E, @] This relation includes the notion of quiescence and
assumes that delays are only observable up to some limit. Before going further
in the comparisons, we introduce this notion and related concepts. In Section [7]
we discuss the relation between partially and fully observable delays.

5 M-Quiescence, Quiescence and Unbounded Delays

Quiescence. We introduce quiescence as defined in the tioco,; relation [E, E, @]
(presented in Section [7]). A quiescent state is a state where the system is unable
to produce an output now or in the future, without receiving an input first.

(d,p)
Definition 5. Quiescence. §(q) = Vu € Ly,Vd € R>g : q=—5

Ezample 3. The initial state of example (b) in Fig[2]is quiescent, as no output
is ever produced. All initial states of the remaining examples of the same figure
are not quiescent, as an output can be produced at (almost) any time.

As pointed out by Bohnenkamp and Belinfante [E] this definition of quiescence
differs from the original notion introduced in the ioco theory lﬁ] We recall the
original definition of quiescence, noted d.

Definition 6. Untimed Quiescence 8y(q) £ Vu € Ly U {1} : ¢4

The difference is that in the original definition, states with an outgoing internal
transition are not quiescent, whereas in the above timed definition, such states
are quiescent. Before illustrating these differences on examples, we introduce a
“repaired” definition — noted 6% — closer to the original one.



On Conformance Testing for Timed Systems 257

Definition 7. Quiescence ‘repaired”.

(SR(q) éVNEEUU{TLVdERzolqM

Example 4. Consider the examples in Fig. Bl as untimed transition systems. Let
consider example (a). According to the original untimed definition of quiescence
(60), we have 8p(go) and —6g(q1). Regarding example (b), we have dp(go) and
60(q1). Let us now consider that an arbitrary amount of time can be spent in
every state. In example (a), state g1 is now quiescent according to Def. Bl We
have 6(q1), as well as 6(go) and 6(g2). In example (b), no new quiescent state is
introduced. According to the “repaired” timed definition (Def. [d), quiescent states
correspond to those of the untimed case,i.e., we have =6z (¢1) in example (a).

This detail in the definition of quiescence has an important impact. We discuss
this in more details in Section [71

M-quiescence. The idea behind M-quiescence is to consider that delays up to
M are observable and that no output is ever produced after M [@] Formally,
a system is M-quiescent if and only if once M time units have passed without
observable action, then no output will ever be produced.

Definition 8. M-quiescence. Let 7 = (Q, qo, L1, Lu,R>0,7T) be a TIOTS. T

(d,p)
is M-quiescent if and only if: Vg € Q,Yu € Ly,Vd > M : ¢q——%

Ezample 5. Examples (a), (c), and (d) in Fig. Pl can produce an output at any
time, and are therefore not M-quiescent for any M € R>q. Example (b) is M-
quiescent for any M € R>q, as no output is ever produced.

Unbounded Delays. Let us consider example (a) in Fig.[2to be a specification.
This system specifies that an output may be produced at any time. Intuitively, a
valid implementation could choose between producing the output or never pro-
ducing any output (example (b) in Fig. ). A conformance relation based on any
of the aforementioned definition of quiescence would not consider example (b) as
a valid implementation of example (a). We introduce the notion of “unbounded
delays” as a new action, which is given a new symbol: (. Formally, a state accepts
any finite delay, if it accepts all possible delays:

Definition 9. Unbounded Delay (UD). ((q) £ Vd € R>q : =%

Ezample 6. For all examples in Fig [ initial states satisfy the above definition.
If we assume that an arbitrary time can be spent in any state of the examples
in Fig. [ all these states also satisfy the above definition.

Quiescence and Unbounded Delays. If a state is quiescent, then it can
accept any finite unbounded delay. We prove this proposition using Def. [l for
quiescence. The proposition also holds for Def. [l and the proof is very similar.
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Proposition 3. §(q) = ((q)

Proof. Assume 6(q). From property noFI (Equation B]), we can find from ¢ —
and for any possible time D— a trace without an input action such that the sum
of its delay equals D. Because state ¢ is quiescent, this trace has also no output
action. So, traces in Equation 2] have no output action, and we have:

VD €Rxp, 30 € RoU{r})" :q >N Y. p=D (10)

pET,UERS

We choose an arbitrary delay d and eliminate the universal quantifier in the
definition of ¢. Then, we conclude by instantiating the universal quantifier of
our hypothesis (Equation [I0)) with this arbitrary d.

Example (a) in Fig. 2] shows that “unbounded delay” does not imply quiescence.
Its initial state is ¢ because it accepts all possible delays. It is not 8, because !z
can be output at any time.

Quiescence and M-quiescence. In the context of M-quiescent systems, qui-
escence is equivalent to accept M time units, i.e., considering timed traces with
occurrences of quiescence is equivalent to consider normal traces (without ¢’s).

To be more precise, we need to consider traces where quiescence (§) appears
exactly after M time units. We denote by A(A), the é-closure of TIOTS A where
a self-loop transition is added to every state satisfying Def.

nttraces4;(A) £ nttraces(A(A)) N (Rso - £+ M -8)* - (e + Rsq) (11)

The next proposition shows that for any normalized timed suspension trace o,
one can build a trace ¢ equivalent to o but where every occurrence of é has been
removed. Every occurrence of (M, $) in o is replaced by (M, —) in 7.

Definition 10. Vo € nttracesy;(A) such that o = o1 - (M,6) - (d, 1) - 02, where
o1 does not contain any occurrence of & and u € Ly, 0 = o1 - (M +d,p) - o2
And for all other o € nttracess;(A), & = 0.

Proposition 4. Vo € nttracessy(A) : ¢== ¢ iﬁqéq’.

Proof. By induction over .
. o1-(M,s d, )
= We consider all ¢} and ¢, such that g = (M.5) q; (d:s1) ¢5, which can be

further expanded to ¢ aM, q 2, q;. Thus, we have ¢ LM, q; % qb.
o1 (M+d,n
Finally, we get ¢ %qé and the induction hypothesis concludes.
o1 d,p .
< We consider all ¢j and ¢4 such that ¢ oM, q; % ¢4 From M-quiescence
Def. ), it follows that §(q;). One can add a self-loop transition to every ¢,
1 1

§
and ¢ % ¢};. The induction hypothesis concludes the case.

Example (a) in Fig. [ shows an non M-quiescent system where Proposition @l
does not hold. State g3 is quiescent but state ¢; is not. Therefore, after execution
the trace (0, 7a)- (M, 6) only state g3 is reached. After execution trace (0, ?a)- M,
states g3 and g1 are reached.
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4o [True] [True]
Ix
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Fig. 4. Quiescence and M-quiescence: examples

Quiescence, M-quiescence and Unbounded delays. For M-quiescent sys-
tems, unbounded delay is equivalent to quiescence after M. Adding the guard
[c < M] to the output transition of Example (a) in Fig. Plturns this system into
an M-quiescent system. In the initial state, ¢ is a possible output for tioco; and
(M, 6) is also present in the output set of tiocoys (noted outys and defined by
Equation [[3 in Section [).

Proposition 5. Let g be M-quiescent. We have ((q) = (M, ) € out(q)
Proof. We proceed in two steps:

= ((q) implies that g accepts any delay, in particular it accepts M time units:

(dsu)
q -2 . Because of M-quiescence (Def. B), we have Yd > M : g ——# and
according to Def. Bl 6(q(M)). Consequently, 6§ € outys(q).

< We consider the contrapositive. From —((g) we obtain 3d : ¢ ﬁd@ By time

additivity, we have Vd' > d : q;& From “no forced input” (Equation [2]),

d
there is an output before d, i.e., Iu € Ly,d” < d : (:“)> Because of

M-quiescence, d’ < M and é ¢ out(q).

6 The tioco; Relation and Its Relation to tioco

The implementation relations introduced so far consider that all delays are ob-
servable. In practice, one would like to bound this set by some maximum observ-
able delay. This is achieved by relation tiocos where only delays up to a bound
M are observable. The bound M is not an explicit parameter of the tioco¢ re-
lation. Its result does not depend on M, which is — as discussed in Section [7] —
the main difference with the tioco,; relation.
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The set of outputs is composed of outputs associated with their possible delay,
together with symbol ( if all delays are accepted.

outc(q) = {(d, ) | NGEUAdERzoAq%}U{C | C(q)}

Ezample 7. Consider Fig. 2l For example (a), we have out¢(qo) = {(d,!z) | d €
R>0} U{(}. For example (b), we have out¢(go) = {(}. For example (c), we have
out¢(go) = {(d,!y) | dmod 2 = 0} U {¢}. Similarly, for example (d), we have
out¢(go) = {(d;'y) [ d mod 3 = 0} U {(}.

An implementation i is tioco¢ correct w.r.t. s, if the output set of ¢ — including
¢ — after every normalized timed trace of s is a subset of the output set of s after
the same normalized timed trace.

i tioco; s = Vo € nttraces(s), out¢ (i after, o) C out¢(s after, o)  (12)

Ezample 8. 1f we consider the examples in Fig. 2l and Example [2I The tioco,
produces the same results. Indeed, if we compare the different sets of outputs (see
Example [[l and [7), we observe that the only difference is that {(d, —) | d € R>¢}
is replaced by ¢. This reduction of the output set is exactly the purpose of tiococ.

As suggested by the previous example, the next proposition shows that our
reduction to partially observable delays is sound w.r.t. the tioco relation.

Fig. 5. Image Finiteness and tioco¢

This is not generally true. Let us consider specification (s) and implementation
(i) in Fig. Bl After ?a the specification may produce !z at any integer time. Note
that the specification always produces !x. Consequently, there is no state ¢ after
?a such that ((g) holds. Nevertheless, any delay (i.e., (d,—)) is contained in the
output set. After 7a, the implementation can choose between producing !x at
any integer time, or to never produce !z. Therefore, the state reached after 7a
satisfies ((q). According to tioco, i is conforming to s, as delays and actions are
included in the output set of both systems. Because ( is in the output set of the
implementation after 7a and not in the output set of the specification, i is not
conforming to s according to tioco,.

To relate tioco and tioco¢, we assume TIOTS to be image finite.
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Definition 11. A TIOTS A is image finite iff VQ C Q4,Vo € nttraces(A),
IN € IN : |Q after; o] < N.

Proposition 6. Let i be input-enabled. Assume i and s are image finite.
i tioco s = i tioco¢ s

Proof. We prove each part separately and consider their contrapositive form.
Because both relations consider the same set of traces, we only need to reason
about the respective output sets. The interesting case is when the output sets
of ¢ and s always contain the same output actions. They differ in the presence
of ¢ or delays, which are not followed by an output action.

1. —(i tioco s) = —(i tioco¢ s). Let us assume o such that out, (i after; o)
out,(s after; o). So, there is a delay in the output set of ¢ that is not in the
output set of s. This delay is either followed by an input action or followed
by no action. Because of “no forced input” and image finiteness, there must
exist a state that accepts all delays. So, ¢ € out¢(¢ after; o). Regarding the
specification, because of time additivity and image finiteness, there exists no
state that accepts all delays. So, { ¢ out¢(s after; o).

2. =(i tioco¢ s) = —(i tioco s). Let us assume o such that out¢ (i after; o) €
out.(s after; o). Assume ( is in the set of outputs of the implementation.
This implies that all possible delays are in out, (i after; o). Because ( is not
in the outputs of the specification, it follows by definition of ( and image
finiteness that there exists a delay d such that all delays greater than d are
not accepted by the specification. This delay is then a reason for =(i tioco s).

7 Relation between tioco¢, tiocons, and tioco;’\a/f

The main characteristics of the tiocojs relation B, @] are the notions of
M-quiescence, quiescence and the fact that it is parameterized by duration M.
This relation applies to the specifications models defined in Section 2] and relies
on the same after; operator and the test hypothesis of the tioco. relation.
The set of outputs is parameterized by M. It collects all possible output
actions, but only quiescence (Def. [Hl) that appears exactly after M time units.

outy(q) 2 {(d,1) | 1€ Lo AdeRsg Ag=2s Y U{(M,6) | g==2y  (13)

Example 9. Consider the examples in Fig For example (a), outp(qo) =
{(d,!z) | d € R>o}. Similarly, for examples (c) and (d), we obtain out; without
the time domain R>. For example (b), outas(go) = {(}M, 6)}. Consider example
(b) in Fig. @ We have outys(qo) = {(d,'y) | d > M, for any value of M. Con-
sider example (c) in Fig. @l Let us assume M = 10. Then, we have outys(qo) =
{(d,!z) | d <10} U{(10,6)}. Now, if we assume M = 5, the occurrence of (10, 6)
is removed from the output set. We have outy(qo) = {(d,!z) | d < 10}.
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An implementation ¢ is tiocoy, correct w.r.t. s, if the output set of 7 after every
normalized timed suspension trace of s (i.e., including quiescence) is a subset of
the output set of s after the same normalized timed suspension trace.

1 tlocoy; s =
Vo € nttracessy (s), outy(A(i) after; o) C outy (A(s) after; o)

Ezample 10. Examples (a), (¢) and (d) in Fig. Plare not M-quiescent as outputs
lz or ly can be produced after (almost) any time units. Therefore, they do not
belong to the set of valid implementations — but are valid specifications — con-
sidered by tiocoy, for any value of M. In contrast, example (b) is M-quiescent,
for any value of M. Because example (b) is quiescent and not example (a), the
former is not a valid implementation of the later.

We now assume that specifications and implementations are M-quiescent. Under
this assumption, we prove that tiocos and tioco,s are equivalent. This shows
that under the assumption of M-quiescence, the introduction of quiescence is
superfluous. It also justifies the fact that there is no need to introduce (’s in the
traces used in the definition of tiocog.

Theorem 1. Let i be input-enabled, and let i and s be M -quiescent. Then,
i tioco¢ s = i tiocoys s.

Proof. We prove the contrapositive. From Proposition @l we can construct o for

any o € nttraces$y(s) such that go == ¢’ iff go == ¢’ . Then, the proof reduces

to the equivalence of output set membership. The interesting case is when the
reason for non-conformance is the presence of (M,8) or ¢. This equivalence
follows directly from Proposition

The relation tiocoz\a/[ corresponds to the tiocoy, relation but considers the “re-

paired” definition of quiescence, see Definition [{] This slight modification in the
set of outputs modifies the result of the relation (see Example [Tl below).

outR(q) 2 {(d.1) | 1 € Ly Ad € Rog A g5} U{(M, 6r) | q=izls )

Ezample 11. Consider examples (b) and (c) in Fig. Bl and assume that the out-
puts of example (b) are M-quiescent. After the trace (0,%a) - (M,6r) - (2, 7b),
specification (c) is in state g4 (we have -6 (¢1) and dzr(g2)) and !y is the only
possible output. After the same trace, implementation (b) is in state g2 and can
produce !z which is not allowed. Hence, —(b tiocoﬁ ¢). In contrast, we have
6(q1), and after the trace (0,%a) - (M, 8) - (2, 7?b), specification (c) is in states g3
and g4. We have b tiocoys ¢, and b tioco¢ c as well.

Example [[Tlshows that if two systems are tiocos-conforming (equivalently, con-
forming according to all previous relations introduced in this paper) then they
are not necessary tiocoz\z/[—conforming, even if the specification and the imple-
mentation are M-quiescent. Proposition [7] below shows the other direction. Any
two systems that are tiocoz\z/[—conforming are also tioco¢-conforming.
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Proposition 7. Let i be input-enabled, and let i and s be M -quiescent. Then,
i tiocoy, s = i tioco; s.

Proof. We prove the contrapositive and considers the tioco,; relation because
it considers the same set of traces: —(i tiocoys s) = (i tiocoy, s). We assume
o such that outy (i after; o) € outy(s after; o). The only difference between
out); and outl; is quiescence. So, we assume that ¢ is in the outys of the
implementation and not in the outy; of the specification. The only difference
between 6 and 6 is the internal step. Let consider o - €. Then, we have 6 €
out’; (i after; o - €). Because 6 is not in the outys of the specification, there
must be (d, u), with g € Ly, such that (d, 1) € outys (s after; o). Obviously,
we also have (d, 1) € out’; (s after; o - €).

The other direction is generally not true, as there may be internal steps after
M time units. If we assume that internal steps are M-quiescent too, and occur
always before delay M — we can prove the other direction.

Proposition 8. Assume s,i to be M-quiescent TIOTS where internal steps

never occur after M time units. We have ¢ tiocos s = 4 tiocoz\z/[ s.

Proof. We consider the equivalent tiocoj; relation and the contrapositive. As
T-steps (assumption) and outputs (M-quiescence, Def. [{]) never occur after M
time units, we have Vg, (M, %) € out’(¢). By definition, 6z (Def. D) implies 6
(Def. Bl). Hence, Vq, (M, 6) € outys(q).

8 Conclusion and Future Work

We discussed several implementation relations for timed input/output transi-
tion systems occurring in the literature. We added our own timed implementa-
tion relations, and we showed under which conditions these relations coincide.
The summary of these relationships between relations is given in Figure[Il The
discussion of these relationships turned to concentrate around the subtle differ-
ences between observations of delays, unbounded delays, quiescence in different
variants, and M-quiescence. The presented implementation relations and their
relationships can form the basis for a theory of timed model-based testing. They
may serve to compare the corresponding test generation algorithms and tools.

This paper only discussed and compared implementation relations. The next
step is the design of test generation algorithms which are sound and exhaustive
with respect to these implementation relations, and the development of tools
implementing these algorithms. A couple of such tools already exist: UPPAAL-
TRON [10], Timed-TorX [2], and TTG [d].

Other interesting issues which have not been answered in this paper, are to
what extent the conditions and assumptions posed on implementations and spec-
ifications (input-enabledness, M-quiescence on implementations and/or specifi-
cations, 7-M-quiescence) are realistic and feasible. Also the compatibility with
untimed ioco, which is an important issue in [E, @], needs further elaboration.
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Abstract. We consider here time Petri nets (the TPN model) and two
of its state space abstractions: the state class graph (SCG) and the
zone based graph (ZBG). We show that only some time points of the
clock/firing domains of abstract states are relevant to construct a TPN
reachability graph. Moreover, for the state class graph method, the graph
computed using relevant time points is smaller than the SCG.

1 Introduction

Time Petri nets are a simple yet powerful formalism useful to model and verify
concurrent systems with time constraints (real time systems). In time Petri nets,
a firing interval is associated with each transition specifying the minimum and
maximum times it must be maintained enabled, before its firing. Its firing takes
no time but may lead to another marking.

To use enumerative analysis techniques with time Petri nets, an extra effort is
required to abstract their generally infinite state spaces. Abstraction techniques
alm to construct by removing some irrelevant details, a finite contraction of
the state space of the model, which preserves properties of interest. For best
performances, the contraction should also be the smallest possible and computed
with minor resources too (time and space). The preserved properties are usually
verified using standard analysis techniques on the abstractions [§].

Several state space abstraction methods have been proposed, in the litera-
ture, for time Petri nets. The well known are: the state class graph (SCG) [3],
the geometric region graph (GRG) [8I0], the strong state class graph (SSCG)
[3], the zone based graph (ZBG) [0], the Integer state class graph [9], and the
atomic state class graphs (ASCGs) [3I5]. These abstractions may differ mainly
in the characterization of states (interval states in the SCG, clock states in all
others), the agglomeration criteria of states, the representation of the agglomer-
ated states (abstract states), the kind of properties they preserve and their size.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 265 2008.
© Springer-Verlag Berlin Heidelberg 2008
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These abstractions are finite for all bounded time Petri nets. However, abstrac-
tions based on clocks are less interesting than the interval based abstractions
when only linear properties are of interest. They are, in general, larger and their
computation takes more time. Indeed, abstractions based on clocks do not enjoy
naturally the finiteness property for bounded TPNs with unbounded intervals
as it is the case for abstractions based on intervals. The finiteness is enforced
using an approximation operation, which may involve some overhead compu-
tation.Interval based abstractions are however not appropriate for constructing
abstractions preserving branching properties (ASCGs) [3]. Indeed, this construc-
tion, based on splitting abstract states, is not possible on interval abstract states
(the union of intervals is irreversible) whereas it is possible on clock abstract
states. Together, the mentioned remarks suggest that the interval characteri-
zation of states is more appropriate to construct abstractions preserving linear
properties but is not appropriate to construct abstractions preserving branching
properties.

We consider here the SCG and the ZBG methods and show that only some
time points of the clock/firing domains are relevant to construct a reachabil-
ity graph for TPNs. We also show that, for the state class method, the graph
computed, using these relevant time points, is in general smaller than the SCG.

The rest of the paper is organized as follows. In section 3, we present the
TPN model and its semantics. In section 4, we first present the state class
graph method and show that only some time points (timed schedules) of each
state class firing domain are essential to compute a TPN reachability graph.
Afterwards, we establish a useful firing rule which computes, using essential
timed schedules of a state class, those of its successors. In addition, we show,
by means of an example, that two different state classes may have identical
essential timed schedules. The timed schedule based graphs (TSBG) can be
seen as a contraction the SCG where state classes sharing the same essential
timed schedules are grouped in the same node. In section 5, we show how to
extend our approach to the zone based graph method. In addition, we show here
how to group, in one step, two distinct operations used to compute the ZBG
state zones (discrete successor and relaxation). The relaxation of an abstract
state consists in extending it with all states reachable from its states by time
progression.

2 Time Petri Nets

A time Petri net is a Petri net augmented with time intervals associated with
transitions. Formally, a TPN is a tuple (P, T, Pre, Post, My, Is) where P and T
are finite sets of places and transitions such that (PNT = 0), Pre and Post are
the backward and the forward incidence functions (Pre, Post : P x T — N, N
is the set of nonnegative integers), My is the initial marking (My : P — N),
and Is is the static firing bound function (Is: T — Q7 x (QT U {})), QT is
the set of nonnegative rational numbers. Is(¢;) specifies the lower | Is(t;) and
the upper T Is(¢;) bounds of the static firing interval of transition ;.
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Let M be a marking and ¢; a transition. Transition ¢; is enabled for M iff all
required tokens for firing ¢; are present in M, i.e.: Vp € P, M (p) > Pre(p,t;).

Transition ¢; can be multi-enabled in M (i.e.,Vp € P, M(p) > 2 x Pre(p,t;)).
The multi-enabledness of ¢; can be considered as different enabled transitions
which are either totaly independent or managed so as to fire the oldest one
first and disable (in case of conflict) the most recent one first. Without loss of
generality, for reasons of clarity in this paper, if a transition remains enabled af-
ter its firing, it is considered newly enabled. We denote by En(M) the set of all
transitions enabled for M, i.e.: En(M) = {t; € T | Vp € P, Pre(p,t;) < M(p)}.

If M results from firing some transition ¢; from some marking, New(M,ty)
denotes the set of all transitions newly enabled in M, i.e.:
New(M,ty;) ={t; € En(M) | t; =t;V3Ip € P, M(p) — Post(p,ty) < Pre(p,t;)}.

Let t;,t; € En(M). t; and ¢; are in conflict in M iff 3p € P, M(p) <
Pre(p, t;)+Pre(p,t;). The firing of one of them will disable the other. We denote
conf(t;, M) the set of transitions in conflict with ¢; in M (with ¢; € conf(t;, M)).

There are two known characterizations for the TPN state. The first one, based
on clocks, associates with each transition ¢; of the model a clock to measure the
time elapsed since ¢; became enabled most recently. The TPN clock state is
a couple (M,v), where M is a marking and v is a clock valuation function,
v: En(M) — RT. For a clock state (M,v) and t; € En(M), v(t;) is the value
of the clock associated with transition ¢;. The initial clock state is so = (Mo, o)
where vy(t;) = 0, for all ¢; € En(My). The TPN clock state evolves either by
time progression or by firing transitions. When a transition ¢; becomes enabled,
its clock is initialized to zero. The value of this clock increases synchronously
with time until ¢; is fired or disabled by the firing of another transition. ¢; can
fire, if the value of its clock is inside its static firing interval Is(¢;). It must be
fired immediately, without any additional delay, when the clock reaches 7 Is(t;).
The firing of a transition takes no time, but may lead to another marking (re-
quired tokens disappear while produced ones appear).

Let s = (M,v) and s’ = (M’,v') be two clock states of a TPN, § € RT and

ty €T . We write s LA , also denoted s + 6, iff state s’ is reachable from state
s after a time progression of # time units, i.e.:

N vt)+0 < TIs(t;), M'=M, andVt; € En(M'),V (t;) = v(t;) +0.
ti€cEn(M)

We write s % & iff state s is immediately reachable from state s by firing
transition ty, i.e.: ty € En(M), v(ty) > | Is(ty),
Vp € P,M'(p) = M(p) — Pre(p,tf) + Post(p,ty), and Vt; € En(M'), V'(t;) =
0, if t; € New(M/, t¢), v/ (¢;) = v(t;), otherwise

The second characterization, based on intervals, defines the TPN state as
a marking and a function which associates with each enabled transition the
time interval in which the transition can fire [3]. The TPN state is defined as
a pair s = (M, I), where M is a marking and I is a firing interval function
(I:En(M)— Q" x (Q"U{oc})). The lower and upper bounds of the inter-
val I(t;) are denoted | I(t;) and T I(¢;). The initial state of the TPN model is
so = (Mo, Ip) where Io(t;) = Is(t;), for all t; € En(My). The TPN state evolves



268 H. Boucheneb and K. Barkaoui

either by time progressions or by firing transitions. When a transition ¢; becomes
enabled, its firing interval is set to its static firing interval I's(¢;). The bounds
of this interval decrease synchronously with time, until ¢; is fired or disabled by
another firing. ¢; can fire if the lower bound of its firing interval reaches 0 but
must fire, without any additional delay, if the upper bound of its firing inter-
val reaches 0. The firing of a transition takes no time but may lead to another
marking.

Let s = (M,I) and s’ = (M’',I") be two interval states of the TPN model,

6 € RT and ¢ty € T . We write s 2, ', also denoted s+ 0, iff state s’ is reachable

from state s after a time progression of 6 time units, i.e: A 0 < T 1I(t),
ti€ En(M)

M = M, and th S EH(M/),I/(t]‘) = [Maax(l I(t]‘) — 9,0),T I(t]‘) — 9]

We write s U o iff state s is immediately reachable from state s by firing
transition ¢y, i.e.: ty € En(M), | I(ty) = 0,

Vp € P,M'(p) = M(p) — Pre(p,ty) + Post(p,ty), and Vt; € En(M'), I'(t;) =
Is(t;), if t; € New(M', t¢), I'(t;) = I(t;), otherwise.

The TPN state space is the structure (S,—,so), where: sy is the initial
clock/interval state of the TPN and S = {s|sy — s} (- being the reflexive
and transitive closure of the relation — defined above) is the set of reachable
states of the model. A run in the TPN state space (S, —, sg), starting from a

state s, is a maximal sequence s; o1 x So — .. , such that s; = s. A marking
M is reachable iff 9s € S s.t. its marking is M. Runs of the TPN are all runs
starting from the initial state sq.

Enumerative analysis methods of the TPN model are based on abstractions
preserving properties of interest (reachability, linear or branching properties).
We interest here to abstractions which preserving linear properties of the TPN.
In such abstractions, we distinguish three levels of abstraction. In the first level,
states reachable by time progression may be either represented (ZBG) or ab-
stracted (SCG, GRG, SSCG). In the second level, states reachable by the same
firing sequence independently of their firing times are agglomerated in the same
node. In the third level, the agglomerated states are then considered modulo
some relation of equivalence (firing domain of the SCG [3], approximations of
the ZBG [6] and the SSCG [3].

In general, an abstract state consists of some finite or infinite set of states
sharing the same marking. It is defined by a marking and a conjunction of con-
straints characterizing either a dense firing/clock domain [BJ6II0] or a discrete
clock domain [9]. Dense domains are convex and usually represented by means
of difference bound matrices DBMs, by giving for each pair of variables (clocks
or delays) the upper bound of their difference. Though the same domain may
be expressed by different conjunctions of constraints, equivalent formulae have
a unique form, called canonical form. Canonical forms make operations needed
to compute and compare abstract states much more simple. In [9], authors have

1 A canonical form of a DBM is the representation with tightest bounds on all differ-
ences between time variables (clocks or delays).
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shown that integer clock stated] of each abstract state are sufficient to compute
a TPN reachability graph. An abstract state is represented by its integer states.
The number of integer states of an abstract state is finite but depends on bounds
of clocks which, in turn, depends on the finite bounds of the TPN intervals.
The main advantage of this discrete approach is the possibility to extend this
approach to non-convex domains (DBMs are known to be not closed under
union). Its drawback is that the number of integer states is very sensitive to
the length of firing intervals. Such a situation may have a bad impact on the
computation time of successor abstract states. We focus, in the following, on the
SCG and the ZBG and show that only some time points of clock/firing domains
are essential to compute reachability graphs for the TPN.

3 Essential Time Points of Firing Domains

3.1 The State Class Method

In the state class method, the abstract state, called state class, is defined as a
pair « = (M, FD), where M is the common marking of states agglomerated in
the state class and F'D is a formula which characterizes the union of all firing
domains of these states. Each transition which is enabled in M is a variable
with the same name in F'D representing its firing delay. The initial state class
is op = (.2\4()7 FD()) where FDO = /\ l Is(ti) § ti ST IS(tZ))

ti€ En(Mo)

The domain of F'D is convex and has a unique canonical form represented by
the pair (M, D), where D is a DBM of order |En(M) U {o}| defined by: V(x,y) €
(En(M)U{o})?, dzy = Suprp(z — y), where o represents the value 0.

Two state classes are said to be equal iff they share the same marking and
their firing domains are equal (i.e.: their formulae are equivalent). Proposition[I]
below shows how to compute directly the canonical form of each reachable state
class in O(n?), n being the number of transitions enabled in the state class (see
[4] for the proof).

Proposition 1. Let a = (M, D) be a state class in canonical form and ty € T.

1)ty is firable from a (i.e.: succ(a,ty) #0) iff ty € En(M) A ]\b{i?M)dtitf =0.
t,€En

2) If succ(a, ty) # 0 then its firing leads to the state class succ(a,ty) = (M', D’)
computed as follows:

2.1) Yp € P,M'(p) = M(p) — Pre(p,ts) + Post(p,tf);

22} Vti,t]‘ S En(M’),

, {T Is(tz) if t; € NeW(M/,tf) ; {_ ! Is(ti) if t; € NeW(M/7tf)

tio — . ot; — Mi d ) th .
di;t, otherwise tueEfLT(lM) tut; Otherwise
0 if t; is t;
dye, = dio + o, if t;,t; € New(M', tf) A t; is not t;

Min(d;e;,dy, o + dgtj) otherwise

2 An integer clock state is a state whose clock values are integer numbers.
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Formally, the SCG of a TPN is a structure (C, —, ap), where ag = (My, FDy) is
the initial state class, Vt; € T, « Yot iffal = succ(a, t;) # 0 and C = {a | ap 5
a}. The SCG is finite for all bounded TPNs and preserves linear properties [3].

For example, Fig. [l shows a TPN and its SCG. This SCG consists of 17
classes, given in Table[I] and 21 edges.

C0:
C1:

C2:
C3:

C4:

C5:

C6:
Cc7:

C8:

C9:

C'10:
C11:
C12:
C13:
C14:
C15:
C'16:

[5.5]

C16 ci5

Fig.1. A TPN and its state class graph

Table 1.

P1+2P5
2P2 4+ P4+ 2P5

P11+ P5+ P6
P2+ P3+ P4+ 2P5

2P2 4+ P4+ P5+ P6
2P2 4+ P4+ P5+ P6

2P3 + P4+ 2P5
P2+ P34 P4+ P5+ P6

P2+ P34 P4+ P5+ P6

2P2 4+ P4 + 2P6
2P3 + P4+ P5+ P6
2P3 + P4+ P5+ P6
2P2 +2P6 + P7
2P3 + P5+ P6 + PT7
2P3 + P4+ 2P6
2P3 + P5+ P6 + PT7
2P3 +2P6 + P7

State classes of the SCG in Fig. [

2<t1 <4 3<t4<4 —2<tl—t4<1

1<t2<2 5<th <5 0<t4<2
—4<t2—-th < -3 —-1<t2—-t4<2 3<th—t4<5

0<t1 <1 3<t4<4 —4<tl —t4 < =2

1<t2<2 0<t4<1 3<th <4
—3<t2—th<—-1 0<t2—-t4<2 3<th—t4<4

0<t2<2 3<t4<4 3<th <5
—4<t2—t4< -1 -4<t2—-t5 < -3 —-1<th—t4<2

1<t2<2 2<t4<4 5<t5 <5
—3<t2—t4<0 —4<t2—-t5< -3 1<th—t4<3

0<t4<0 3<th <3

0<t2<2 3<t4<4 3<th <4
—4<t2—t4< -1 -3<t2—-th< -1 —-1<th—t4<1

1<t2<2 3<t4<4 3<th <4
—3<t2—t4< -1 -3<t2—-th< -1 —-1<th—t4<1

3<th <3

3<t4<4 3<t5 <3 —1<th—t4 <0

3<t4<4 <th <3 —3<th—t4<0

true

0<t4<1

0<t5<0

0<t4<3

0<t3<2



Relevant Timed Schedules / Clock Valuations for Constructing TPN 271

3.2 Timed Schedules of Firing Domains

Let a = (M, D) be a state class. We define, in the following, the notion of timed
schedule of D (i.e. @) and some operations on timed schedules.

Definition 1. Let A and B be two vectors of (QF U {oo})!T!.

~ Min(A, B) (resp. Max(A, B)) is the vector X (resp. Y) of (Q1 U {co})I"!
defined by: Vt; € T, xy, = Min(ay,,by,) (resp. yi, = Max(ag,,by,))-
— Let E1, E5 C T be two disjoint sets of transitions (E1 N Ey =0).
Alpy .= 1s,B2:=115) 15 the vector B of (QT U {oo)IT! defined by:
Qg if t; e T— (El U EQ)
Vt, €T, bti = l IS(tl) if t; € Eq
1 Is(t;) otherwise
— A is a timed schedule of D (of «) iff Vt; € En(M), —du, < ar, < dyi,o and
Vi, t; € En(M),as, — ar; < dg¢;-
— If A is a timed schedule of D, its relaxed form, denoted A is the wvector
ay;, — Min ay, if t; € En(M)

defined by: Vt; € T, dy, = ' txeEn(M)
ag; otherwise

i

Lemma 1. Let a be a state class, A and B two timed schedules of oB. Then:
Min(A, B) and Max(A, B) are timed schedules of c.

Proof. We give the proof for Min(A, B). The proof for Max(A, B) is similar.

By assumption, A and B are timed schedules of «, i.e., Vt; € En(M),

(1) _doti < A, < dtio, and (2) —doti < bti < dtiov

Vtz‘,tj S En(M), (3) at; — O,tj S dtq‘,t_jv and (4) bti — btj S dtit]"

Relations (1) and (2) implies that: Vt; € En(M), —dor, < Min(a;,be;) < di,o

Let us show that: Vt;,t; € En(M), Min(at,,b;) — Min(ae;,be;) < diye;

Case ar; <by, and ar; < by: Min(ae,,be,) — Min(as,, b)) = ar; — ar; < dige

Case bti < at; and bt < Qt; Min(ati,bti) - Min(atj,btj) = bti — btj < dtit

Case bti S at; and O,t S bt Mzn(at7 s bti)—Min(at]. , btj) = bti —atj S at; —atj S dtit]‘

Case at; S bti and btj S atj: Min(ati,bti)—Min(atj,btj) = Qa¢; —bt]. S bti —bt]. S dtq‘,t_j'
O

Lemma 2. Let o = (M, D) be a state class, t; € En(M) and p(t;) a vector of

di,i, —dot, i t; € En(M)

+ T S\t N, o ) Pty ot; i

(QF U{ooh)"! defined by: Vt; € T, p(t;)e, | Is(t:) otherwise

Then p(t;) is a timed schedule of .

Proof. Note first that the following relation holds for any state class a = (M, D)
in canonical form: Vz,y,z € En(M) U {o},dy. < dgy + dy..

We have to show that: Vt; € En(M), 1) — p(tj)e, < dot;, 2) p(tj)e, < dio
and 3) Vit € En(M), p(tj)e, — p(tj)e, < dity-

Relations 1) and 2) are respectively derlved from relations p(t;)s, = di,¢, —dot,,
di;t; < dio + dot; and do; < doy, + dy,;. Relation 3) is derlved from relatlons
p(ti)e, — p(ts)e, = di;e; — die, and diye, < diye, + diye; - O

3 Note that transitions not enabled are represented in time vectors but not considered.
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Fig. 2. Dense, discrete clock/firing domains and their favorite time points

Intuitively, p(t;) is the timed schedule of o with the smallest firing delay for t;
(i.e. —dot;) and the biggest firing delays for other enabled transitions (i.e. dy,¢; —
dot;). p(t;) is called the favorite timed schedule of ¢; in a. The favorite timed
schedules of a are those of its enabled transitions (i.e. {p(¢;),t; € En(M)}).
Fig. 2l shows respectively the firing domain (Fig. 2la) of a state class, its integer
states (Fig. Blb) and its favorite timed schedules (Fig. Blc).

3.3 Favorite Schedule Based Graphs

In this section, we show that favorite timed schedules of a state class are suffi-
cient to compute its firing sequences. Moreover, these favorite timed schedules
are also sufficient to compute those of all successor state classes. The following
proposition establishes a firing rule based on the favorite timed schedules.

Proposition 2. Let a« = (M, D) be a state class, p its favorite timed schedule
function and ty a transition of T'.
—

1) succ(a,ty) # 0 iff ty € En(M) and p(ts):, = 0.
2) If succ(a, ty) # O then the favorite timed schedule function p' of succ(a, ty) =
(M',D") is computed as follows: Let E = New(M',ty) Uconf(ty, M).
_
. ] . /
Vt; € En(M'), pl(t;) = {(Mm(p(ty)a pts)))wm=rrs) if tj & New(M, t)

—

P(f)({t; =115, (E—{t;})i=11s) ~Otherwise

Proof. The proof is based on Proposition [II

1) By definition, Yty € En(M), p(ts)e, = p(tp)e, — Min p(tf)y; = — Min  diz,.

t; €En(M) ' t;€En(M)
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—_—
It follows that relation p(tf)tf = 0 is equivalent to: Min dt ity = 0.
t;€En(M

2) Let o/ = (M',D") = succ(a,ts). By definition: (i) th,tj € En(M"),p'(t;), =
Qitj — dﬁ,tj. Proposition [ states that: Vt;,t; € En(M'),

0 if 1 s t;
Min(dtit dy. ity =+ tué\gi?M)dtu ) if ti,tj ¢ NeW(M/7tf) A t; is not tj
tie; = S 1 Is(ti)— | Is(ty) if t;,t; € New(M', t¢) A t; is not t;
diep— | Is(ty) if t; ¢ New(M', t¢) A t; € New(M', t¢)
1 Is(t:) + Mm dt t otherwise
ty€En(M
Min dtut]- if t; ¢ NeW(M/,tf)
and Vt; € En(M'),dy,, = tueE"<M> ' .
— | Is(t;) otherwise
It follows that: dj, t = Z,tj =
3 . ! .9 .
. %,ZJ(LM)dt t if t; ¢ New(M',tf) At is t;
1 Is(t;) if t; € New(M' t¢) At is t;
Min(dtit]. — %”(L dt tj dtitf) if ti,tj ¢ NeW(Mljtf) A t; is not tj
tu€EEN
T Is(t;) if t; € New(M' t¢) A t; is not t;
di;t, otherwise
Since, Vt;,ti € En(M),p(tj), = diy;e; — Min d (tj)y, = — Min d
7 PRt T ) ety PRI tucEn(M)
andt ]\gm de,t, = 0, it follows that p(tf)t = dt;1;. Then: Vi;,t; € En(M'),
wEENn(M /
Min(p(3 e, o)) i ti,t & New(M, tr)
P (t)e, = T Is(t:) if t; € New(M' t¢) A t; is not t;
‘ l Is(tz) if t; € NeW(M/,tf) A tiis t;
—
p(tr)e, otherwise
and Vt; € T — En(M'), p'(t;)e, =1 Is(t:) |

The above proposition states that the firability test of some transition ¢y, from
a state class a, consists in testing whether the delay of ¢; in its favorite timed
schedule (i.e. p(ty)) is smaller than delays of other enabled transitions. Note
that, there is no need to test other favorite timed schedules. In case t; is firable,
the favorite timed schedules of the successor state class can be computed us-
ing those of a. The favorite timed schedule of each enabled transition has to
be updated so as to take into account the fact that ¢y is fired before others.
The favorite timed schedule of a not newly enabled transition ¢; is derived from
the minimum of the relaxed favorite timed schedules of ¢; and ¢; in a. Note
that according with Lemma [Il these relaxed favorite timed schedules and their
minimum belong to the relaxed form of «. The favorite timed schedule of each
newly enabled transition ¢; is derived from the relaxed form of the favorite timed
schedule of ¢; in a.

Let ~7 and ~4 be two relations over the SCG defined by:
Yo = (]\4'1,.D1)7 g = (M27D2) eC,
ap ~p ag iff My =My A p1 =py and oy ~p ap iff My = My A p1 = ps.
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Lemma 3. ~; and ~5 are bisimulation relations over the SCG.

Proof. (sketch of proof) Using Proposition 2] we show that Vo, a0 € C,ty € T,
if ((q ~1 a2 V a1 9 az) A succ(aq,ty) # (0) then succ(as,ty) # () and their
successors by t; have the same favorite timed schedules. a

Formally, the timed schedule based graph (TSBG) (resp. the relaxed timed
schedule based graph (RTSBG)) is the quotient graph of the SCG w.r.t. ~
(resp. =), defined above.

As an example, we report, in Table [2 the favorite timed schedules, in re-
laxed form, of state classes of the SCG shown in Fig. [l Let us explain how
to compute the favorite timed schedules of the successor of Cy by t4. Firing 4
from Cj leads to class Cy where transitions ¢; and ¢4 are enabled (¢4 is newly
enabled but ¢; is not). Favorite timed schedules of Cy are computed as fol-
lows: .
p2(t1)e, = Min(po(t)e,; po(ta)e,) = 0 and pa(ty)e, =1 Is(ta) = 4.

—_— e
pa(ts)t, = po(ts),, =1 and pa(ts)r, = po(ts),, = 3.

Notice that classes C13 and C45 have the same favorite timed schedules. The
gain in both size and time may be much more significative. As an example, for one
of the producer-consumer models given in [4], sizes (nodes /edges/times) of the
SCG, TSBG and RTSBG are respectively 14086/83375/1.38, 13841/82288/1.15
and 9267/54977/0.76. For this model, there are at least 4 enabled transitions in
each marking. Note also that timed schedule graphs allow a gain in space needed
to represent each state class.

Lemma 4. (i) TSBG is smaller than SCG; (ii) RTSBG is smaller than TSBG.

Proof. (i): The proof is immediate as the TSBG is the quotient graph of the
SCG w.r.t. ~; and two different SCG state classes may have the same favorite
timed schedules (see the previous example). (ii): The RTSBG can also be seen
as the quotient graph of the TSBG w.r.t. some relation of equivalence over the
TSBG. Moreover, for the TPN shown in Fig.[Il both the TSBG and RTSBG are
smaller than the SCG. O

Table 2. Relaxed favorite timed schedules of state classes of the SCG in Fig. [Tl

pi to tg ts pato tyt
p_(; t ts tl 02 24 Oo p_;; t ts t3 02 24 25
COo: t; 0 1 Cc1: 2 C2:t1 00 C3: 2
2 0 t4 1 0 0 Sa o t4 0 0 0
4 ts 4 5 3 4 ts 3 4 3
pa to ta ts ps to ta ts 5% ta ts p7 ta ta ts
20 0 0 120 0 0 ) 20 0 0
Chiyia1a ©% 430 2 Cﬁ'ifgg C7 yva 1 2
ts 4 3 3 ts 4 3 1 5 ts 3 2 1
ps to ta ts — —
500 0 73t P10 ta t5 P11 ta ts
cs: 2 c9: 7978 C10: t4 01 Cll:ty 0 3
tg 31 2 ts O ¢ 00 ¢ 00
ts 3 2 1 5 5
P13 ta pid ts P16 t3
C12:  true C13,C15: ti 0 C'14: ts 0 C'16: ts 0
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4 Essential Time Points of Clock Domains

4.1 The State Zone Method

In the Zone Based Graph (ZBG)[G], all clock states reachable by runs support-
ing the same firing sequence are agglomerated in the same node and considered
modulo some over-approximation operation [Il6]. This operation is used to ensure
the finiteness of the ZBG for Bounded TPNs with unbounded firing intervals. An
abstract state, called state zone, is defined as a pair § = (M, F'Z) combining a
marking M and a formula F'Z which characterizes the clock domains of all states
agglomerated in the state zone. In F'Z, the clock of each enabled transition for M
is represented by a variable with the same name. The domain of F'Z is convex and
has a unique canonical form represented by the pair (M, Z), where Z is a DBM of
order | En(M)U{o}| defined by: V(x,y) € (En(M)U{0})?, zsy = Suprz(z—y),
where o represents the value 0. State zones of the ZBG are in relaxed form.

We first focus on the construction of the ZBG without considering the over-
approximation operation. Afterwards, we show how to handle the case of TPNs
with unbounded firing intervals.

The initial state zone is the pair By = (Mo, F'Zy), where My is the initial mark-
ing and FZy = A 0<t;i=t; < Min 7Is(ty).

ti,t;€En(Mo) tu€En(Mo)

Proposition[3 below establishes a firing rule which computes directly, in canon-
ical and relaxed form, a successor of a state zone in O(n?), n being the num-
ber of its enabled transitions. Note that this firing rule is somewhat the adap-
tation to the case of relaxed clock abstract states, of the one given in [B] for the
SSCG. Indeed, unlike the SSCG, in the ZBG, state zones are in relaxed form. Our
contribution here consists in combining, in one step, two operations: the discrete
successor of a state zone and its relaxation.

Proposition 3. Let f = (M, ﬁ) be a relazed state zone in canonical form, 7
its DBM and ty a transition.

1) ty is firable from B (i.e. sucz(B,ty) #0) iff:ty € En(M) and | Is(ty) < 24,0
2) If sucz(B,ty) # 0, its firing leads to 3’ = (M’, ?) computed as follows:

2.1) Yp € P,M'(p) = M(p) — Pre(p,ty) + Post(p,ty)

2.2) Vi, t; € En(M'),

, 0 if t; € New(M’, tr)
Zot; = .= — .
Min(Z ot,, Zt;¢,— | Is(ty)) otherwise
, 0 if t; € New(M', t¢)
tho = — .
Z't;0 otherwise
0 if t;ist; V ti,t; € New(M', t¢)
Ztj0 if {ti,t;} N New(M/, t¢) = {t;}
Ztot, — —
EA DV if {t:, t;} N New(M', t¢) = {t;}
Min(Z t;t;, Ztjo+ Ztpt— | Is(tf)) otherwise
7 P / v v
2oty = 2ot 2yt = 25, and 2o = (T Is(tu) + 2" t;t,)

EEn(]\/I’
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—
Proof. (sketch of proof) The proof is based on constraint graphs [5]. F'Z is consis-
tent and can be represented by a constraint graph G. G has no negative cycle and
the weight of the shortest path, in G, from a node x to a node y is equal to 7%.

1) Transition ¢y is firable from 3 iff ¢; is enabled inM and the following formula

is consistent: FZ A (ty >] Is(ty)). In other words, the constraint graph of FZ
completed with edge (o, tr, — | Is(ts)) has no negative cycle. Since before adding
this edge, the graph did not contain any negative cycle, the completed graph will
have no negative cycle iff, the shortest cycle going through the added edge is not
negative: — | Is(ty) + 2,0 > 0.

.
2) State zone (M, Z') = sucz(f3,t5) can be computed from the constraint graph of

Z as follows: a) Add edge (o,ty, — | Is(ts)); b) Rename node ¢ and all nodes as-
sociated with transitions conflicting with ¢y for M (to avoid having different nodes
with the same name); ¢) For each transition ¢,, newly enabled in M’ add a new
node ¢,, and both arcs (¢,,0,0) and (o, t,,0). This corresponds to the constraint:
t, = 0.

For each couple (z,y) of (En(M")U{o})?, 2}, is the weight of the shortest path
from node x to node y, in the completed constraint graph:

- If ¢; is not newly enabled, the shortest path from node o to node ¢; is the short-

est path among those going through the added edge (o,ts, — T Is(ty)) and those

going through old edges (i.e.: z);, = Min(2ot,, 2t;1,— | Is(ty))). Otherwise, its

value is 0.

- If t; is not newly enabled, the shortest path from node ¢; to node o is the shortest

path among those going through old edges (i.e.:z;,, = zt,,.). Otherwise, its value

is 0.

- If t; and t; are not newly enabled, the shortest path from node t; to node ¢; is

the shortest path among those going through the added edge and those which do

not pass through this edge, i.e., z; ,, = Min(2et,, 2t;0 + ze56,— | Is(ty)).

-If t; is t; or t; and t; are newly enabled, zgitj = 0.

- If ¢; is newly enabled and ¢; is not, i.e., z;,, = 25, and z; ,, = z; .
—

Finally, to obtain Z’, it suffices to consider the constraint graph of Z’ and to re-

place edges (t;,0,2,,),t; € En(M') with (t;,0,1 Is(t;)),t; € En(M'). Then:

— — —
! ! ! ! ! ! -
Vi, t; € En(M'), 2", = Zitgs 2oty = Zog, and 2’0 = Min 1 Is(t,) +
tu€En(M’)
!
2t ity O

4.2 Essential States of Zones

Let B8 = (M, Z) be a state zone and t; € En(M). Similarly to the SCG, for the
ZBG, the clock valuation in (3 ﬂ which favors ¢; is the one with the highest clock
value for t; (2¢,,) and the lowest clock values for other enabled transitions. The

YA e (QFU{co})"lis a clock valuation of 3 = (M, Z) iff Vt; € En(M), —a:, < Zot,,
ar; < zi,0 and Vi, ty € En(M), ar, — ay, < Zijty -
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favorite clock valuation of ¢; denoted n(t;) is defined by:
Zt;0 — Zt;¢,  if t; € En(M)

0 otherwise

We also define the minimal clock valuation (o) by:

—2ot. 1if t; € En(M
Wt € Bn(M),n(o),, = 4 2o Tt € En(M)
0 otherwise

Let n(t;) be a clock valuation of a stat state zone 8 = (M, Z). The relaxed form of
n(t;) is the clock valuation denoted 17( i) defined by: Vt; € En(M),

tJe, =it +( Min 1 Is(t) = n(ty)e,).

Lemma 5. 7(t;) andn(o) are clock valuations of (3.

Proof. n(t;): We have to show that Vt; € En(M),

1) =n(t)e; < Zot;; 2) 1(ts)e; < 2t,0 and 3) Vii, tx € En(M), n(t;)e; — n(ts)e, < 21,

Relations 1), 2) and 3) are derived from relations: n(t;)¢;, = Ztjo— ity Ztjo S Ztio 2ty

Ztjt; < Ztjo + Zoty, M(ti) e, — (i), = —2e;0, + 2oty and zejey, < 2o, + 2ty

77(0): Vti7tk € En(M)v U(O)ti = —Rot; < Ztio and U(O)ti - U(O)tk < —Zot; T Zot), <z, itk
O

The favorite clock valuations of 3 are those of its enabled transitions and the one

of o (i.e., {n(o)} U{n(t;),t; € En(M)}) (see Figlld). As an example, the favorite

clock valuation 7y of the ZBG initial state zone is:

Vi, tj € En(Mo),no(tj)e, = Min 7T Is(tx) and Vt; € En(Mo),no(0), = 0.
tkEE’rL(Mo)

4.3 Essential Clock Valuation Based Graphs

The following proposition establishes a firing rule based on the favorite clock val-
uations of a state zone.

Proposition 4. Let § = (M, 7) be a state zone, n its favorite clock valuation

function and ty a transition of T'.

1) sucz(B,t7) # 0 iff 7 € En(M) A n(ty)s, >| Islty).

2) If sucz(B,ty) # 0 then the favorite clock valuation functionn’ of 5/ = sucz(f,
—

ty) = (M',Z') is computed as follows: Let Ny = n(ty)s,— | Is(ty) and E =

New(M',ty)Uconf(ty, M).

2.1) 1/ (0) = Max(n(0), n(ty) — Ag)(pi=o)-

/ e /
22) Vi; € E'n(M’), n/(tj) _ n (O) if t; € New(M ,tf)
Max(n(t;),n(ty) — Ay)ig:i=o) otherwise

Proof. (sketch of proof) The proof is based on rewriting Proposition Bl by means of n
using the following relations: 7tfa =n(ty)t,, Vi, t; € En(M), ?tja =n(tj)e;, Zot, =
—n(0)s; and Z¢;1, = n(t;)e; — n(ts)e,. Let Ay = n(ty)e,— | Is(ts). Note that before
relaxing a zone, clocks of newly enabled transitions are all set to zerdﬁ

5 The relaxation does not affect lower bounds of clocks and bounds of clock differences
but it however may affect the upper bounds of clocks of enabled transitions.
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Vi, t; € En(M’),

= , 0 if t; € New(M/, t¢)
1) z ot; — Zot, — . )

: Min(—n(o)e,, Ny —n(ty)e;) otherwise
Vi, ¢ En(M),1/(0)e, = 0. Then: 1/ (0) = (Maa(n(0), n(ts) — 7)) mizoy
. ,
%) 2l = 0 if t; € New(M’, t¢)
’ n(tj)e; otherwise

0 if t;ist; V ti,t; € New(M', t¢)
3) 7ot = Min(=n(0)e;, Ay = n(ts)e,) if {ti,;} N New(M', t¢) = {t;}
T nts)e, i if {t:, 6} N New(M', t¢) = {t;}

n(t;)e; + Min(=n(t;)e,, Ay —n(tg)i,) otherwise
Let A(t;) = (Maz(n(t;),n(ts) — &f))(New(mr i ;):=0)- Using A(t;), we obtairJ:

i —1'(0)s if tiist; V t; € New (M, tf)
P
bt n(tj)e; — A(tj); otherwise
7 =
Proposition Blstates that: 2’1, =  Min (1 Is(tu) + 2'1;1,)
tu€En(M’)

— —
It follows that: 1'(t;)e, = 2"t;0 — 2" t;e; =
{ Min (1 Is(tu) = n'(0)e) + 7 (0)e;  if t; € New(M', tr)

ty€En(M’

Min )(T Is(tu) — A(tj)e,) + A(tj)r, otherwise

tyEEn(M’

J

! f N M/

— . ‘ it ¢

Then: 0/ (t;), = 2" t;0 — 2 1)1, = n'(0), ift;e€ . ew(M’, tf)
' A(tj):, otherwise

To ensure the convergence of the ZBG, one can use any approximation opera-
tion [II7], which preserves markings and timed traces, since the DBM of every
state zone can be retrieved from its favorite clock valuations (see the proof of
Proposition []). We can also consider state zones modulo the following relation
of equivalence denoted ~3 defined on the favorite clock valuation functions: Let
61 = (My,Zy), B = (Ma, Z3) be two state zones and 7, 72 their respective fa-
vorite clock valuation functions.

(1 ~3 OB iff My = My A VE; € En(M1)7V$ € En(Ml) @] {O},

Min(n(x)e,, | Is(t;)) = Min(na(z)e,, | Is(t;)) if T 1Is(ti) = oo
n(x)e, = n2(x), otherwise

Lemma 6. ~3 preserves markings and timed traces of the TPN.

Proof. It suffices to show that Vz € En(My)U{o}, n1(z) and n2(z) have the same
interval state. The firing interval I1” of 0y () is defined by:Vt; €En(My)I{ (t;) =
[Max(0,| Is(t;) — ni(x)s,), T Is(t;) — mi(x)s,]. It follows that 81 ~3 (2 implies
that Va EEn(Ml)U{o},le = 1" O

Formally, the clock valuation based graph (CVBG) is the quotient graph of the
ZBG w.r.t. the relation of equivalence ~3 above. The resulting graph is finite since

5 Note that Vt; € En(M'),Vt; € New(M',ts), A(t;):, = 0.
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with ~3, clock values beyond some bounded limits are ignored when state zones
are compared. For lack of space, we let as a future work the comparison and in-
vestigation of combination of ~3 with state zone approximations [II7].

5 Conclusion

In this paper, we considered two state space abstractions of the TPN: the SCG
and the ZBG. For the SCG, we showed that only some timed schedules of each
state class (one timed schedule per transition) are relevant to compute a TPN
reachability graph (TSBG). In addition, the resulting graph is smaller than the
SCG. For the ZBG, we first proposed a firing rule that computes, in one step, state
zones in canonical and relaxed form. Afterwards, we showed that only some clock
valuations of each state zone (one clock valuation per transition plus the minimal
clock valuation) are relevant to compute a TPN reachability graph (CVBG). To
ensure the finiteness of the CVBG, we proposed a relation of equivalence over it
which preserves markings and timed traces of the TPN.

In the near future, we will investigate the implementation of the TSBG and
CVBG using binary decision diagrams or other appropriate data structures. We
will also investigate the contraction of the CVBG.
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Abstract. In this paper, we propose a new framework for the paramet-
ric verification of time Petri nets with stopwatches controlled by inhibitor
arcs. We first introduce an extension of time Petri nets with inhibitor
arcs (ITPNs) with temporal parameters. Then, we define a symbolic
representation of the parametric state space based on the classical state
class graph method. The parameters of the model are embedded into the
firing domains of the classes, that are represented by convex polyhedra.
Finally, we propose semi-algorithms for the parametric model-checking
of a subset of parametric TCTL formulae on ITPNs. We can thus gen-
erate the set of the parameter valuations that satisfy the formulae.

Keywords: Time Petri nets, stopwatches, model-checking, parameters,
state-class graph.

Introduction

Formal methods are widely used in the conception of real-time systems. Methods
such as model-checking allow the verification of a system by exploring the state-
space of a model. A popular class of models is Petri nets and their extensions
among which Time Petri nets (TPNs) [I] are a widely used time extension in
which transitions can be fired within a time interval.

In order to take into account the global complexity of systems, we can use
models that encompass the notion of actions that can be suspended and resumed.
This implies extending traditional clock variables by “stopwatches”. Several ex-
tensions of TPNs address this issue, such as Preemptive-TPNs [2] or Inhibitor
Hyperarc TPNs (ITPNs) [3]. ITPNs introduce special inhibitor arcs that con-
trol the progress of transitions. These models all belong to the class of TPNs
extended with stopwatches (SwPNs)[4].

The model-checking of these models has become more and more efficient. It
nevertheless requires a complete knowledge of the system. Consequently, the
verification of the behavior must be done after the conception when the global
system and its environment are known. On the one hand, it increases the com-
plexity of the conception and the verification of systems. For too complex systems
this can lead to a combinatory explosion. Besides, if the system is proven wrong

* Work supported by the French Government under grant ANR-SETI-06-003.

F. Cassez and C. Jard (Eds.): FORMATS 2008, LNCS 5215, pp. 280{294| 2008.
© Springer-Verlag Berlin Heidelberg 2008
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or if the environment changes, this complex verification process must be carried
out again. On the other hand, getting a complete knowledge of a system can be
impossible. In many important applications, a system is defined by parameters
that are in relation with several other systems. In the existing tools for modelling
and verification, parameters are often used, however they must be instantiated
to perform analyses. The next development step of the technology is to be able
to directly analyze a parametric model.

Related Works. Parametric analysis of real-time systems has been studied
in [B]. They introduce Parametric Timed Automata (PTA) and prove that, in
the general case, the emptiness problem is undecidable. On this subject, in [6]
the authors prove that for a particular class of PTA called L/U automata this
emptiness problem is decidable. They also give a model-checking algorithm that
use parametric Difference Bound Matrices. Parametric model-checking can be
used to generate a set of constraints on the parameters such that the property is
verified. In discrete time, parametric model-checking of PTA has been studied in
[7, and some decidability results have been found. On hybrid automata, state-
space exploration algorithms have been extended to allow a parametric analysis
and implemented in the tool HYTECH [8].

Another approach developed in [J] focuses on the verification of parametric
TCTL formulae on clock automata. They consider unbounded parameters that
take their value among integers and the problem is proved decidable. In [I0], this
approach is used in parametric TPNs, but with bounded parameters. However,
they consider and analyze a region graph for each parameter valuation.

Our Contribution. In this context, we propose to study the parametric model-
checking problem on time Petri nets and more generally on ITPNs. We consider
unbounded parameters and thus, we need a proper abstraction of the state-space
of the parametric model. In TPNs, considering that the time is dense, the state-
space of the model is infinite, but it can be represented by a finite partition as in
the state-class graph [T1]. We therefore extend the state-class graph construction
with parameters and define parametric state-classes that represent at the same
time the temporal domain and the parameter domain. Although the state-class
graph does not preserve timed properties, there exists methods [12] to verify
a subset of TCTL with this abstraction. We consider this subset of formulae
and extend it with parameters. Then, we propose and prove semi-algorithms for
parametric model-checking.

Outline of the Paper. In section [Tl we present our parametric extension of
ITPNs (PITPNs). Then, in section 2] we introduce some decidability and unde-
cidability results. Section [3 defines the parametric state-class graph of PITPNs.
In section @ we study the parametric model-checking of a subset of TCTL
with parameters. Finally, in [l we discuss our solution to the parametric model-
checking problem.

Due to the lack of place proofs of theorems and algorithms are not included
in this paper but can be found in the internal report based on this article [13].
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1 Parametric Time Petri Nets with Inhibitor Arcs

1.1 Notations

The sets N, Q1 and R are respectively the sets of natural, non-negative rational
and non-negative real numbers. An interval I of RT is a Q-interval iff its left
endpoint ! belongs to QF and its right endpoint I belongs to QT U {co}. We
denote by Z(Q) the set of Q-intervals of RT.

1.2 Formal Definitions of PITPNs

We parameterize the ITPN model with a set of temporal parameters Par =
{A\1,A2,..., AN} by replacing some of the temporal bounds of the transitions
by parameters. These parameters are considered as constant variables in the
semantics, and take their values among rationals.

Some initial constraints are given on the parameters. These constraints define
the domain D), C Q‘*Par of the parameters which is a convex polyhedron. These
constraints must at least specify that for all parameters valuations in D, the
minimum bounds of the firing intervals of the transitions are inferior to the
maximum bounds. Additional linear constraints may of course be given.

A waluation of the parameters is a function v : Par — QT, such that
V(A1) v(A2)...v(N)]T € D,, which is equivalent to say that v is a point of
D,. We will also write that v = [\ Az... \]T.

A linear constraint over the parameters is an expression vy = ZZ:O a;x A; ~ b,
where V0 < ¢ <1, a;,b € R and ~€ {=,<,>,<,>}. A convex polyhedron is a
conjunction of linear constraints.

A parametric time interval is a function J : D, — Z(Q™") that associates to
each parameter valuation a Q-interval. The set of parametric time intervals over
Par is denoted by J(Par).

Definition 1. A parametric time Petri net with inhibitor arcs (PITPN) is a
tuple N = (P, T, Par,*(.), (.)*,%(.), Mo, Js, D)), where:

— P={p1,p2,...,Dm} is a non-empty finite set of places,

— T = {t1,ta,...,tn} is a non-empty finite set of transitions,

— Par ={\,Aa,..., N/} is a finite set of parameters,

— *(.) € (NP)T s the backward incidence function,

— ()* € (N?)T s the forward incidence function,

— °(.) € (NP)T is the inhibition function,

— My € N¥ is the initial marking of the net,

— Js € (J(Par))T is the function that associates a parametric firing interval
to each transition,

- D, C Q*Pm 18 a convex polyhedron that is the domain of the parameters.

A marking M of the net is an element of N” such that Vp € P, M(p) is the
number of tokens in the place p.
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A transition ¢ is said to be enabled by the marking M if M >°t, (i.e. if the
number of tokens in M in each input place of ¢ is greater or equal to the value on
the arc between this place and the transition). We denote it by ¢ € enabled (M).

A transition t is said to be inhibited by the marking M if the place connected
to one of its inhibitor arc is marked with at least as many tokens than the weight
of the considered inhibitor arc between this place and ¢: 0 < % < M. We denote
it by t € inhibited (M ). Practically, inhibitor arcs are used to stop the elapsing of
time for some transitions: an inhibitor arc between a place p and a transition ¢
means that the stopwatch associated to t is stopped as long as place p is marked
with enough tokens.

A transition ¢ is said to be active in the marking M if it is enabled and not
inhibited by M.

Exzample 1. In the figure [[l an example of PTPN is given that includes three
parameters a, b and c.

t1[a, 10] t2[b, ] t3[5, 5]
C D E

Fig. 1. A parametric time Petri net

1.3 Semantics of Parametric Time Petri Nets with Inhibitor Arcs

The semantics of a Parametric Time Petri net with Inhibitor Arcs A is defined
for a parameter valuation v € D), as the non-parametric ITPN obtained when
replacing in N all the parameters by their valuation.

Definition 2 (Semantics of a PITPN). Given o PITPN N = (P, T, Par,
°(.), ()%, %.), Mo, Js, Dp,), and a valuation v € D, the semantics [N], = (P, T,
°(.), ()%, %.), Mo, Is) of N is a ITPN such that Vt € T, I(t) = Js(t)(v).

We now recall the semantics of an ITPN.

A transition ¢ is said to be firable when it has been enabled and not inhibited
for at least I,(t)! time units.

A transition tj is said to be newly enabled by the firing of the transition ;
from the marking M, and we denote it by 1 enabled (¢, M, t;), if the transition
is enabled by the new marking M —°*¢; + t7 but was not by M —*¢;, where M
is the marking of the net before the firing of ¢;. Formally:

Tenabled (t, M, t;) = (6 < M —°*t; +¢3)
Aty =t) V ("t > M —*t;))

By extension, we will denote by 7 enabled (M, ;) the set of transitions newly
enabled by firing the transition ¢; from the marking M.
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Definition 3. A state of a ITPN is a pair ¢ = (M, I) in which M is a marking
and I is a function called the interval function. Function I € (Z(Q))T associates
a temporal interval with every transition enabled at M.

The semantics of an ITPN is defined as a timed transition system (TTS) [14],
in which two kinds of transitions may occur: time transitions when time passes
and discrete transitions when a transition of the net is fired.

Definition 4 (Semantics of an ITPN). The semantics of a time Petri net
with inhibitor arcs N = (P, T.,*(.), (.)*,%(.), Mo, Is) is defined as the TTS Sy =
(@, g0, —) such that:

- Q=N"x(Z(Q)",
— qo = (Mo, 1),
— =€ Q@ x (TURT) x Q is the transition relation including a time transition
relation and a discrete transition relation.
The time transition relation is defined ¥d € RT by:
(M, I) % (M, T') iff Vt; € T,
I’(t»):{ I(t;) if t; € enabled (M) and t; € inhibited (M)
! I'(t;)'=max(0, I(t;)! —d), and I'(t;)} = I(t;)
M>*t;=I'(t;)} >0

— d otherwise,

The discrete transition relation is defined Vt; € T by:

t; € enabled (M) and t; ¢ inhibited (M),

M'=M —*t; + 13,
(M. I) 2 (M, ') iff { I(t:)! =0,

Vit €T, I/(tk) _ {Is(tk) Zf Tenabled (t]w]\l7 ti)

I(ty) otherwise

A run p of length n > 0 in Sy is a finite or infinite sequence of alternating time
and discrete transitions of the form
p:qod_o)qurdO o, gt d_l)ql +d t_m...an)...

We write first(p) the first state of a run p. A run is nitial if first(p) = qo. A
run p of N is an initial run of Sys. For a state ¢, the set of all the infinite runs
starting from ¢ is denoted by 7(g). The set of all the runs of N is m(qp).

For a state ¢ in p the absolute time elapsed (relative to the initial state)
is time(q) = do + dy + -+ + di—1. For a run p the total elapsed time in p is
time(p) = Y., di. In this paper we restrict ourselves to non-zeno ITPN, which
means that the elapsed time is diverging (i.e. Vp € 7(qo), time(p) = 00), and by
extension to non-zeno PITPN (i.e. such that Vv € D,, [N], is non zeno).

2 Decidability of Parametric TPNs

In this section, we give some results concerning the decidability of the emptiness
and reachability problems for bounded parametric time Petri nets (without in-
hibitor arcs). The case of PITPNs is of little interest since these problems are
already known undecidable for bounded ITPNs [4].
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Let us consider lower/upper bound (L/U) bounded parametric TPNs i.e. every
parameter occurring in the PTPN is either the lower bound of some of the time
intervals or their upper bound, but there exists no pair of intervals I, I and no
parameter A such that A = 1'1T and A = 121.

Theorem 1. The emptiness and reachability problems for bounded L/U para-
metric TPNs are decidable.

Proof (Theorem ). The structural and syntactical translation proposed in [I5]
from a TPN into a bisimilar timed automaton (TA) can straightforwardly be
extended from L/U PTPNs to L/U parametric TA [6]. Therefore, since the
emptiness and reachability problems are decidable for L/U parametric TA [6],
they also are decidable for L/U PTPNs.

Theorem 2. The emptiness and reachability problems for bounded parametric
TPNs are undecidable.

Proof (Theorem[d). The structural and syntactical translation preserving timed
language acceptance proposed in [I6] from a TA into a bounded TPN can
straightforwardly be extended to parametric TA. Thus, for every parametric
TA, we can compute a parametric TPN that accepts the same timed language.
Since the emptiness problem (and then, the reachability problem) is undecidable
for parametric TA [5], it is also undecidable for parametric TPNs.

3 The Parametric State-Class Graph of a PITPN

Since the state-space of a non-parametric TPN is generally infinite in dense-time,
it is required to abstract the time by merging some states into some equivalence
classes. Consequently, symbolic representations of the state-space are used. One
of the approaches to partition the state-space in a finite set of infinite state classes
is the state-class graph [I1]. This approach has been extended for ITPNs in [3].

However, there also exists an infinite number of parameter valuations. Thus, in
the same way, we need to use symbolic representations of the parameter domains.
In time Petri nets or timed automata, the time domain of an abstract state can
be efficiently encoded by a difference bound matrix (DBM). This is why, in the
parametric timed automata proposed in [6], the authors define parametric DBMs
in which they encode both the time domain and the parameter domain. When
considering stopwatch time Petri nets, the firing domain of a class is a general
polyhedron and cannot necessarily be represented by a DBM. Consequently, in
the parametric state-classes of PITPNs we will use polyhedra, which describe
both the transition variable domains and the parameter domains.

3.1 Parametric State-Classes

Definition 5. A parametric state-class C' of a PITPN is a pair (M, D) where
M is a marking of the net and D is a firing domain represented by a (con-
vezx) polyhedron involving [+ n variables, with n being the number of transitions
enabled by the marking of the class and | the number of parameters in the net.
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A point (v,v') of the firing domain is constituted by a valuation v of the
parameters in Par and a valuation v’ of the firing times 0 of enabled transitions.
The set of those variables 8 of D will be noted ©.

We denote by D|p,, the projection of a firing domain D on the set of parameters:
Dipor ={v € Q+l | ' e R" s.t. (v,V)) € D}

This definition can be extended to any arbitrary subset of variables of D.

3.2 Computation of the Parametric State-Class Graph

The parametric state-class graph is computed similarly to the non-parametric
case. Parameters are embedded into the firing domain of the initial class, and the
operations that compute the successor classes do not concern the parameters.
However, throughout the computation of the graph, the domain of the parame-
ters in a class will be automatically reduced to consider only the valuations that
make this class reachable.

Definition 6 (Firability). Let C = (M, D) be a parametric state-class of a
PITPN. A transition t; is said to be firable from C iff there exists a solution
(v,v') of D, such that ¥j € {1,...,n} — {i}, s.t. t; € enabled (M) andt; ¢
inhibited (M), v/(6;) < v'(0;). We will write this: t; € firable (C).

Now, given a parametric class C = (M, D) and a firable transition ¢, the para-
metric class C' = (M’, D’) obtained from C' by the firing of ¢;, which we write
C" = suce(C, ty), is given by
— M’:M—'tf+t}
— D' is computed along the following steps, and noted next(D,ts)
1. intersection with the firability constraints : Vj s.t. ¢; is active, 0y < 6;
2. variable substitutions for all enabled transitions that are active t;: 0; =
3. elimination (using for instance the Fourier-Motzkin method) of all vari-
ables relative to transitions disabled by the firing of ¢y,
4. addition of inequations relative to newly enabled transitions

Vtp €Tenabled (M, ty), Js(te)! < 0, < Jo(t)*

Case of a point : Let C = (M, D) be a parametric state-class of a PITPN;,
x = [A...\ 01...0,]7 be a point of D and ty be a transition firable from
(M, {x}). The successor of {z} by the firing ¢; from marking M is given by

ov
- | |05 € Is(t;) if Tenabled (t;, M, ty)
/\' 0, =0, if t; € enabled (M)
next({z},t;) = { Vi e [1.n] | ) | | and t; € inhibited (M)

1] | and not Tenabled (¢;, M,ty)

| |0} =0; — 0 otherwise

9.’



Parametric Model-Checking of TPNs with Stopwatches 287

The next operator straightforwardly extends to finite or infinite unions of points.
The parametric state-class graph is generated by iteratively applying the func-
tion that computes the successors of a state-class:

Definition 7. Given a PITPN N, the parametric state-class graph of N is the
transition system G(N') = (C, —, Co) such that:

— Cy = (Mo, Do) is the initial class such that Dy = D, AN {0 € Js(tx) | t €
enabled (M)}

— 0L ¢ ifft € firable (C) and ' = suce(C, 1),

— C={C|Cy —* C}, where —* is the reflexive and transitive closure of —».

3.3 Valuation of the Parametric State-Class Graph

From the parametric state-class graph of a PITPN it is possible to choose a val-
uation of the parameters and to replace in the graph all the parameters by their
value. Then, we obtain a non-parametric graph. However, some firing domains
of the classes may become empty, which means that the class is not reachable for
this valuation. Those classes must be removed from the non-parametric graph.
The graph finally obtained corresponds to the state-class graph of the ITPN
obtained for this valuation.

Definition 8 (Valuation of a Parametric State-Class). Let C = (M, D)
be a parametric state-class of @ PITPN N and let v € D, be a valuation of the
parameters of N'. The valuation of C' by v is a non-parametric class [C], =
(M, [D],) where

[D], ={V e R" | (v,v)) € D}

The valuation of the parametric state-class graph is obtained by valuating the
classes of the graph, starting from the initial class and stopping if the firing
domains become empty.

Definition 9 (Valuation of the Parametric State-Class Graph). Given
a PITPN N and a valuation v € D,, [G(N)], = (Cu, —, [Co].) where:
— [Colv is the valuation of the initial class Cy of G(N),

~ [C), > [C'], iff € = (M, D),C" = (M', D) € GN)C = C" and [D'], #0
- C, = A{[C], | [Co]y =" [C]v}, where —* is the reflexive and transitive
closure of —.

The theorem Bl establishes that the valuation of the parametric state-class graph
of a PITPN matches the non-parametric state-class graph of the ITPN obtained
for the same parameter valuation. Theorem [ allows to directly determine the
accessibility condition of a parametric state-class.

Theorem 3. Given a PITPN N and a valuation v € D, then
[N = G(INTL)-
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Theorem 4. Given a PITPN N and a valuation v € Dy, let C = (M, D) be a
parametric state-class in GN'). Then

[[C]]V € [[Q(N)]]l/ Zﬁl/ € D|Pa'r-

4 Parametric Model-Checking

The model-checking problem consists in checking that a model N satisfies a
property ¢ expressed in a given logic, which is more formally written N = ¢.
The answer to this problem is either true or false. Concerning the parametric
model-checking problem, given a parametric model A and a property ¢, which
may also be parameterized, we want to determine the set of parameter valuations
F(N,¢) such that Vv € F(N, ¢) the non-parametric model [N, obtained for
the valuation v satisfies the non-parametric property [¢], obtained for the same
valuation. This set will be represented by a set of constraints on the parameters
of the problem.

4.1 Parametric TCTL Formulae

Like ITPN, we parameterize TCTL formulae by allowing that the bounds of the
temporal intervals of the formulae are parameters. The parameters used in the
formulae are added to the set of parameters of the PITPN in study. Besides, we
consider only a subset of TCTL formulae for which ”on-the-fly” model-checking
algorithms have already been proposed for TPNs [12]. This subset is sufficient
to verify many interesting problems (reachability, safety, bounded liveness. .. ).

First, we recall the syntax and semantics of TCTL formulae in the context of
TPNs (or ITPNs).

Definition 10 (TCTL for TPN). The grammar of TCTL formulae is:
TCTL =P | —p| =1 |3pUrp | Vol

where p,p € TCTL, I € Z(Q"), P € PR, and PR = {P | P : M —
{true, false}} is the set of propositions on the marking on the net.

We use the following abbreviations 3O = Jtruelrp, VOrp = VirueUsyp,
019 = V&1~ and Vrp = =3O,

We define the bounded time response by ¢ ~1 ¥ = VO(p = Vo).

TCTL formulae are interpreted on the states of a model M = (Spr, V), where

Sy is the state space of the TPN and V : Sy — 27 is a function that evaluates
the marking of a state, such that V(¢) = {P € PR | P(M) = true}. Now, let

q € Sy be a state and p € 7(g) a run starting from ¢, such that p = ¢° o,
qo~¢-dolf—0>q1 d—1>q1+d1 L, ... We define p* : Rt — Sy by p*(r) = ¢' +6
if r=3""{d;+ 6, withi>0and 0 <6< d.

Definition 11 (Semantics of TCTL). Given a TPN N and its model M =
(Snr, V), the truth value of a TCTL formula for a state ¢ € Sy is
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¢ =P iff P e Vi),

—qFE e ifalF e,

qFe=vifqEe VaE,

qE3eUry iff 3p € w(q), Ir € I s.t. p*(r) E Y and V' <r, p*(r') = ¢
q EVUY iffVp e m(q), Ir €1, s.t. p*(r) E Y and V' <r, p*(r') E ¢

Given a model M = (Sy, V), for a marking proposition P € PR and a state
q = (M,I) € Sy, we use the notation M | P if P € V(q) and M [~ P if
P& V(q)

Finally, a TPN N satisfies a TCTL formula ¢ if and only if gy = ¢.

We present now the syntax and semantics of Parametric TCTL (PTCTL)
formulae for PITPN.

Definition 12 (PTCTL for PITPN). The grammar of PTCTL formulae is:

PTCTL == 3oUs | YUyt | 3O 50 | YO0 | Ty | VO 0 | @~ g, 1)

where @, € PR, J,J. € J(Par) are parametric time intervals, with the re-
striction that J. = [0,b] with b € QT U Par, or J, = [0, 0].

The semantics of PTCTL formulae are defined similarly to the semantics of
PITPNs. Given a valuation, the parameters in the formulae are replaced by their
value to obtain a TCTL formula, which is interpreted on the ITPN obtained for
this valuation.

Definition 13 (Semantics of PTCTL). Let N be a PITPN and ¢ be a
PTCTL formulae and v € D, be a valuation of the parameters of N (which
are shared with ¢). [¢], is the TCTL formula obtained when replacing in ¢ the
parametric time interval J (or J,.) by the Q-interval J(v) (or J.(v)).

Then N satisfy ¢ for the valuation v if and only if [N], E [¢].-

4.2 Extending the Parametric State-Class Graph with a Global
Clock

In the state-class graph, the firing domain of a class gives the firing dates of
the transitions with the entrance in the class as a time origin. Timed properties
are difficult to verify in this context. In order to easily check timed properties
with the state class graph abstraction, it is necessary to be able to evaluate the
time that has elapsed between classes. For this purpose, we propose to extend
the parametric state-classes with an additional variable noted 6.. This variable
is initialized to zero in the initial class, and then decreases when time flows, like
a transition variable[] . However, the variable will not constrain the transitions
variables when determining the firability constraints. Then, for all classes, the
time elapsed from the initialization of 6. to the entrance in the class is: 7. = —0..

! The value of this variable will always be non-positive. But this is not a problem in
the computation of the state-classes. The alternative would be to initialize it, not to
zero, but to a sufficiently large value, but this value is hard to determine.
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Definition 14. An extended parametric state-class C' of a PITPN is a class
whose firing domain D is extended with an additional variable 6. € O.

The definition of the firability of an extended class is not modified. The firability
constraints indeed only involve the variables 6; where Vi € {1,...,n}, t; € T.
The next operator is redefined for an extended class such that for a point z =
Ao 01...0, 0.7 of D, in next(({z},ts) we have ¢/, = 6. — 0.

The extended parametric state-class graph G.(N) is then computed iteratively
in a similar way, starting from the initial class Cy = (Mo, Do) where

Do = Dy A {6, € J(tx) | t1. € enabled (Mp)} A {6 = 0}

Finally, given an extended parametric state-class C' = (M, D), we are able to
determine:

— Timin(C), the absolute minimum time elapsed when entering the class. This
a function of the parameters Par of the net 7,,:,(C) : D, — QF, such
that 7,,in(C)(v) = ming_(, ,1ep(7e). It can be expressed as the maximum
between the minimum values of 7. and it is necessarily positive and finite.

— Tmaz(C), the absolute maximum time elapsed when entering the class. This
a function on the parameters Par of the net 7,,,4,,(C) : D, — Q1T U{o0}, such
that 742 (C)(v) = max,—(,,,)ep(7e). It can be expressed as the minimum
between the maximum values of 7. and it is necessarily positive but may be
infinite if there is no maximum time.

If [Cy € [Ge(NM)]w, let ¢ € [C], be a state. Then the elapsed time of the
state is such that 7,,:, (C)(v) < time(q) < Tima (C) (V).

Ezample 2. In the PTPN of the figure [l we can exhibit the two following ex-
tended classes:

Ci = (M;,Dy) :
Co = (Mo, Do) : 1_( 1,D1)
M1—(B7C)
Mo = (A, B) t 03 —0.=5
0sa<f =10, —— b< b — 0, <
Dy={0<b<6<c D=7 00
03 =5,0.=0 —Te ="

0<6,0<a,0<b.

Thus, the elapsed time after the firing of ¢; is such that 7,,:,,(C1) = a and
Tmaz(C1) = min(5, ¢).

4.3 Principles of Parametric Model-Checking with the State-Class
Graph

Given a PITPN A and a PTCTL property ¢, in the parametric model-checking
problem we want to characterize the set F'(N, ¢) of all the parameters valuations
that resolve the problem, which is defined by:

FN,¢) ={v e Dy | [N  [¢].}
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To achieve this we are going to recursively compute, on each extended class
C = (M, D), a logical predicate on the parameters that corresponds to the
verification of the property on the current class and its successors. This predicate
represents the set: F?(C) = {v € Dpar | [Cly = [¢]0}

We begin by giving an interpretation of the verification of a PTCTL formula
¢ on an extended parametric state class C, which we write [C], = [¢].-

Formulae ¢ = JplU;yp or ¢ = VeplUyip: For a valuation v € D|p,, and a
state ¢ € [C],, we define [¢[J — time(q)]], as the TCTL formula obtained after
replacing in ¢, the parametric time interval J by J(v)—time(q). Then, according
to the form of the PTCTL formula ¢ we define:

— if ¢ = JpUy1p, then [C], = [¢], iff 3q € [C]., q |= [¢]J — time(q)]].
— if ¢ = VUi, then [C], = [¢], iff Vg € [CT., ¢ = [¢]J — time(q)]].

Formulae ¢ = ¢ ~»j, 1: We extend the PITPN A with an additional place
named Prp that will be marked if and only if we are looking for v¥». We denote
by Npr the resulting PITPN. In this model, the successor ¢/ = (M',D’) =
succrr(C,t) of an extended parametric state-class C = (M, D) € G.(Nrr) by a
transition ¢y € firable (C), is given by:

if (M’ = and M’ }£ ) then M'(Prr) =1,
— M'=M —*t; + 1} and { else if (M [ ¢) then M'(Prr) =0,
else M/(PLT) = M(PLT)
— D' =next(D,ty) and
if (M(Prr)=0or M [= 1) then the clock variable 6. is reset to zero.

On this model we define that [C], = [¢]. if and only if Vq € [C],, Yp € 7(q),

30 <7y < J.(v)t —time(q) s.t. p*(r1) E 1 and
M(PLT):1=> VTQZ?"l p*(TQ)':M(PLT):1:>E|T32T2
s.t.rg — 1y < J.(v)F and p*(r3) E 9
VTQ > 0 p*(TQ) ): M(PLT) =1= 37’3 > 79
s.t.rg — 12 < J.(v)F and p*(r3) E

In this model, time(g) refers to the time elapsed since the last reinitialization
of #.. We notice that when the time has been reset (then time(g) = 0) the two
definitions above are equivalent and correspond to ¢ = [¢]..

Finally, the theorem B states that we are able to resolve the parametric model-
checking problem if we compute the set of solutions on the initial class.

Theorem 5. Given a PITPN N and a PTCTL formula ¢, F(N,¢) = F?(Cy),
where Cy is the initial class of the extended parametric state class graph of N.

M(Ppr) =0:>{

4.4 Parametric Model-Checking Semi-algorithms

To verify PTCTL formulae we propose three semi-algorithms according to the
form of the formulae. These algorithms recursively characterize, for each class
C, the set F?(C). This set is represented by conjunctions or disjunctions of
linear constraints on the parameters. We use a disjunctive normal form (i.e. a
disjunction of convex polyhedra).
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Algorithm EU: This semi-algorithm is designed for formulae whose form is
¢ = ApUs1p, where J € J(Par). Let be C = (M, D) € G.(N), we compute:

Fgu(C) =Dipar A {Tmin(C) < J'} A ((M E ¥ A{Tmas(C) > JT})
v (M|:¢ ANMEY A (firable(C):Q]\/

(V@ 20} Diea))

t&firable(C')
C'=(M’',D")=sucec(C,t)

v (M':gp A firable (C) # 0 A ( \/ FEU(C/)))>

t&firable(C)
O’ =succ(C,t)

This formula establishes three conditions in disjunction to prove the formula ¢:

— The first disjunction is used when C' verifies ¥ but not ¢. Thus, the elapsed
time must be entailed in the interval J as soon as we get into the class.

— The second case is when both ¢ and v are verified. Comparing to the first
one it allows to wait in the class.

— The third disjunction is used when only ¢ is verified. In this case we have to
compute the successors of C.

Ezample 3. In the net of the figure [l we check the formula:
¢1 = IO .ins((M(D) = 1). The result is Fgt,(Co) = {b <= 5}.

Algorithm AU: This semi-algorithm is designed for formulae whose form is
¢ = VU i), where J € J(Par). Let be C = (M, D) € G.(N), we compute:

F{y(C) = Dipar A {:’Z‘;z((g)) i ‘;i } A <<M EY A {Tmin(C) > JT}>

V(Mlzga ANMEY A (firable(C):Q)V

(A RO VD))

tefirable(C)
C'=(M',D")=succ(C,t)
D"=D'A{6.>—J}

Vv <M = ¢ A firable (C) £ 0 A ( A (F$,(C) v ﬂD’Pm)))>

t&firable(C)
C'=(M',D")=succ(C,t)

Similarly, there are three conditions in disjunction. Unlike previously,. in the
second one successors are computed, but only on the points of the class for
which the property has not been verified yet. The conditions —|D|’ Par OF ﬂDl’;,M
forbid the accessibility of the class if it does not verify the property.

Example 4. In the net of the figure [l we check the formula:

¢2 = YO .ing (M(D) = 1). The result is F§7(Co) = {c < 5}.
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Algorithm LT: This semi-algorithm is designed for formulae whose form is
¢ = ¢~y 1, where J, € J(Par) such that J, = [0,b] with b € Q" U Par, or
Jr =1[0,00[. Let be C = (M, D) € G.(NrT), we compute:

F{r(C) =Djpar A (M(PLT) -0V {Z:Z((g)) i ii })

A ((firable (C)=0A (M(Prr) =0V M E w))v

(firable (C)#0 A( /\ (Fip(C) v ﬁD"Par))))

tcfirable(C)
C'=(M',D")=succpT(C,t)

This algorithm is similar to Fiuy when J! = 0. However analysis only stops if
no successor is found.

5 Discussion

The semi-algorithms presented in this paper have been implemented in the tool
RoMEO [I7], a software for time Petri nets analysis. For polyhedra manipula-
tion, the Parma Polyhedra Library [I8] is used to represent the firing domains
of the parametric state-classes and the logical formulae computed by the model-
checking algorithms. These formulae are represented as powersets of convex poly-
hedra, that is to say a finite disjunction of polyhedra.

As mentioned before, the parametric model-checking problem is undecidable.
Indeed the parametric state-class graph of a PITPN may be infinite. Addition-
ally, to determine the whole set of parameters valuations that satisfy a formula,
it would be in general necessary to analyze every parametric state-class. Never-
theless, some methods can help with the termination. In this way, if a parametric
state-class C' = (M, D) is included in another class C' = (M’, D’) (i.e. M = M’
and D C D'), it can be shown that Fg, (C) C Fg,(C'), and on the contrary
that F,,(C") C F4(C)V-D)pay and Fp(C") € Fp(C)V-D)pay. As a result,
in our “on-the-fly” model-checking approach it will not be necessary to analyze
the whole state-class graph, but we will be able to stop the analysis of successors
when finding included parametric state-classes.

Conclusion

In this paper, we have introduced a parametric extension of time Petri nets with
stopwatches where the temporal bounds of the firing intervals are replaced by
temporal parameters. We have proposed a symbolic representation of the state-
space of these parametric models which is based on a parametric extension of
the state-class graph. Upon this abstraction we have developed semi-algorithms
for the parametric model-checking of parametric TCTL formulae.

In our future works we want to integrate this parametric approach in the
development cycle of real-time systems through the functional decomposition of



294 L.-M. Traonouez, D. Lime, and O.H. Roux

the systems. On concrete examples, a parametric decomposition combined with
a projection of the formulae to verify can be useful in the development process.
We hope to succeed in the elaboration of a formal framework for this method so
that the process could be automated.
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